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IMPROVED VOLATILITY ESTIMATION BASED ON
LIMIT ORDER BOOKS *
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For a semi-martingale X, which forms a stochastic boundary,
a rate-optimal estimator for its quadratic variation (X, X): is con-
structed based on observations in the vicinity of X;. The problem
is embedded in a Poisson point process framework, which reveals
an interesting connection to the theory of Brownian excursion ar-
eas. A major application is the estimation of the integrated squared
volatility of an efficient price process X; from intra-day order book
quotes. We derive n~!/3 as optimal convergence rate of integrated
squared volatility estimation in a high-frequency framework with n
observations (in mean). This considerably improves upon the classi-
cal n~ /4 rate obtained from transaction prices under microstructure
noise.

1. Introduction. Consider observations ();) above a stochastic bound-
ary (X t € [0,1]), which is formed by the graph of a continuous semi-
martingale. The objective is to optimally recover the driving characteristic
(X, X)¢ of the boundary X;, given the observations ();). Such (stochastic)
frontier models naturally arise in many applications and a quantification
of the information content in these observations is non-trivial. We formu-
late the problem with an emphasis on the financial context of limit order
books. From a microeconomic point of view ask prices will always lie above
the efficient market price. Here the underlying latent efficient log-price of
a stock (Xy, t € [0,1]), observed over a trading period like a day, serves as
the boundary, whereas ask prices form the observations ();). Bid prices can
be handled symmetrically and independently, which can be used to validate
the model.

Let the continuous It6 semi-martingale

t t
(1.1) Xt:X0+/ asds—i—/ oy W, t € [0, 1],
0 0
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Fic 1. Left: Microstructure noise model Y; = X/, +¢€4,4 = 0,...,n = 1000, with €; (S

Exp(50). Right: Poisson point process model with intensity Aty = 50nly>x,) with X, an
Ité process.

be defined on a filtered probability space (2, F, (F;),P), which satisfies the
usual conditions, with W denoting a standard (F;)-Brownian motion. Its
total quadratic variation (X, X); = fol 02 ds is also called integrated squared
volatility and forms a central object for risk and portfolio management. A
natural continuous-time embedding of the boundary problem is in terms of
a Poisson point process (PPP). Conditional on (X, ¢t € [0,1]) we observe a
PPP on [0,1] x R with intensity measure

1
(1.2) A(A) = / / La(t,y) ey dtdy, where Ay =nAl(y > X;).
0o JR

We denote by (7},);) the observations of that point process, which are
homogeneously dispersed above the graph of (X, t € [0,1]). Theoretically
and also intuitively, information on the stochastic boundary can only be
recovered from the lowest observation points and a homogeneous intensity
away from the boundary is assumed for convenience only.

An associated discrete-time regression-type model, which explains well
the difference to regular microstructure noise models, is defined by

(1.3) Yi=Xpr tei,i=0,....n, 620, 5 Fy,

with observation times ¢ and an error distribution function F) satisfying
(1.4) Fy(z) = Ax(1+0(1)), as x | 0.

One natural parametric specification is €; ~ Exp(\). The noise is assumed
to be independent of the signal part X. In microstructure noise models for
transaction prices it is usually assumed that E[e;] = 0 holds, while here X;»
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defines the boundary of the support measure for Y;, which we may interpret
as best ask price at time ¢}'. In fact, if the boundary function was piecewise
constant, then by standard PPP properties we would obtain the regression-
type model (1.3) with exponential noise from the PPP-model (1.2) by taking
local minima (on those pieces). Here we show that under so called high-
frequency asymptotics, the fundamental quantities in both models exhibit
the same asymptotic behaviour, see Proposition 3.2 below. Compare also [17]
for the stronger Le Cam—equivalence in the case of smoother boundaries.
Both observation models are illustrated in Figure 1.

Mostly, we shall concentrate on the more universal PPP model which also
allows for simpler scaling and geometric interpretation. Local minima m,,
of Y; for T; in some small interval [khy, (k + 1)hy,) C [0,1] will form the
basic quantities to recover the boundary, which by PPP properties leads to
the study of

(k+1)hn,

(Xi+a)pdt)|, v €R,

P(mp i >z) =E {exp ( — /

khn
where Ay = max(A4,0), and its associated moments. For the fundamental
case Xy = oW, this opens an interesting connection to the theory of Brow-
nian excursion areas and also reveals the difficulty of this problem. It is well
documented in the literature, see e.g. [16], that no explicit form of the expec-
tation in the expression above is available. Essentially only (double) Laplace
transforms and related quantities are known, cf. Proposition 3.3 below and
the attached discussion. This makes the recovery of (X, X); an intricate
probabilistic question. Still, we are able to prove that our estimator attains
the improved rate n~/3, compared to regular microstructure noise models.
What is more, by information-theoretic arguments we are able to derive
a lower bound showing that the n~!/3-rate is indeed minimax optimal. A
more direct proof seems out of reach because the Poisson part from the
noise intertwines with the Gaussian martingale part in a way which renders
the likelihood and respective Hellinger distances difficult to control, even
asymptotically.

The growing finance literature on limit order books so far focusses on
modeling and empirical studies. Empirical contributions as [4], [6] and [18§]
have investigated price and volume distribution, inter-event durations as well
as the structure of the order-flow. Probabilistic models proposed for a limit
order book include point process models, see [9], [2] and [15], with mutually
exciting processes. Other models come from queuing theory, for instance [11],
[24] and [10], or stochastic optimal control theory as [7]. The main objective
of most modeling approaches is to explain how market prices arise from the
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F1a 2. Order price levels for Facebook asset (NASDAQ) from 12:00 to 12:30 on June 2nd
2014. Colored areas highlight spreads between different bid and ask levels from level 1 up
to level 5, bid-ask spread is colored in dark red.”

book. For the financial application, this papers adopts a new course. It is
the first work, to the best of our knowledge, with the focus on statistical
inference for the volatility based on observations from a limit order book.
We have already highlighted the relationship of the suggested model to the
regular microstructure noise model which constitutes the standard setup for
developing volatility estimators. Let us mention the work by [1], [27], taken
up by [3] and [14], among many others, who describe high-frequency intra-
day trading prices as convolution of discretized observations of the efficient
log-price with additive observation noise ascribed to market microstructure.
The optimal convergence rate for volatility estimation in this model with
Caussian noise and n observations on an equidistant grid is n~'/4, see [13].
Recently, as information from order books become more and more available,
researchers and practitioners have sparked the discussion to which kind of
observed prices estimation methods should be applied. [12] discuss this point
and the possibilities of mid-quotes, executed traded prices or micro-prices
which are volume-weighted combinations of bid and ask order levels. None
of these observed time series, however, is free from market microstructure
corruptions and the idea of an underlying efficient price remains untouched.
Figure 2 visualizes the information about the evolution of prices provided
by a limit order book for one specific data set. The colored areas highlight
differences between the five best bid and five best ask levels, the dark area
in the center marking the bid-ask spread between best bid and best ask.

?Data provided by LOBSTER academic data — powered by NASDAQ OMX.
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The idea is that an efficient price must always lie below the best ask (and
symmetrically above the best bid) and that its distance to this stochastic
frontier is homogeneous.

The remainder of the paper is organized as follows. In Section 2 we present
an estimation approach based on local order statistics whose asymptotic
properties are explored in Section 3. In Section 4 we prove the lower bound
for the minimax estimation rate. Section 5 concludes. Proofs are provided
in the Appendix.

2. Volatility estimation based on local minima. We construct the
integrated volatility estimator in both models (1.2) and (1.3). We partition
the unit interval into h,! € IN equi-spaced bins 7;" = [khy, (k + 1)hy), k =
0,...,h,; ! —1, with bin-widths h,,. For simplicity suppose that nh, € IN. As
n — oo the bin-width gets smaller h,, — 0, whereas the number of observed
values on each bin gets large, nh, — oo. If we think of a constant signal
locally on a bin observed with one-sided positive errors, classical parametric
estimation theory motivates to use the bin-wise minimum as an estimator of
the local signal (it then forms a sufficient statistic under exponential noise
or equivalently in the PPP model). In the regression-type model (1.3) with
equidistant observation times t' = i/n, we therefore set

(2.1) My = rg%nYZ , I = {khpn,khyn+1,...,(k+ 1)hyn — 1}.
€Iy

Equally, in the PPP model (1.2) the local minima are given by

(2.2) My = min YV; , T = [khy, (k+1)hy,) .
T;eT

The same symbol m,, ; is used in both models because the following con-

struction only depends on the m,, ;. All results and proofs will refer to the

concrete model under consideration.

Since Var(my,x | (X)) o< (nAhy,) ™2 holds in both models, the variance is
much smaller than for an estimator based on a local mean. Nevertheless,
we may continue in the spirit of the pre-averaging paradigm, cf. [14], and
interpret m,, ;, as a proxy for X; on 7;, which in a second step is inserted in
the realized variance expression Zf;ll (Xkh, — X(k-1) hn)2 without noise. The
use of a locally constant signal approximation X; = Xy, + Op(h}/ 2) on T
is only admissible, however, if h,, is chosen so small that h/? = o((nAh,)™1),
which would result in a sub-optimal procedure.

Rate-optimality can be attained if we balance the magnitude (nAh,)~!

of bin-wise minimal errors due to noise with the range hi/ 2 of the motion of
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FIG 3. The points indicate the function ¥ (o) with IC = 31.6 for small (left) and moderate
(right) values of o®. The calculation is based on accurate Monte Carlo simulations. The
lines show close linear functions for comparison.

X on the bin. This gives the order

Wi

-

Wl

(2.3) by, o (n)\)_%, nhy, X n

In the PPP model (1.2) this natural choice of the bin-width also follows

nicely by a scaling argument: W; = hy, Y 2I/tht defines a standard Brownian
motion for ¢ € [0, 1] based on the values of W on [0, h,]; the correspondingly
scaled PPP observations (7},Y;) with T; = h,'T;, V; = h;l/Qyj have an
intensity with density A\;, = n)\h;g’/ 2]l(y > W;), which becomes independent
of n exactly for h,, = (n\)~2/3.

In this balanced setup the law of the statistics m,,  depends on the motion
of X as well as the error distribution in a non-trivial way. Still, the natural
statistics to assess the quadratic variation of the boundary process X are

the squared differences (my, j, — mmk_l)2 between consecutive local minima.
In the PPP model and with the choice

(2.4) hn = IC%(n)\)*% for some constant X > 0

the law of hy, "/*m,, 1 is independent of n, hy, and A and for X; = X(4_1yn, +
o f(tk—l)hn dWs on T* { UT,", we may introduce

n

(2.5) U (%) = by B[ (g = mnge1)] k=1, byt — 1

Below we shall derive theoretical properties of ¥ and in particular we shall
see that it is invertible as soon as K > 0 is chosen sufficiently large. Numer-
ically, the function ¥ can be determined by standard Monte Carlo simula-
tions, see Figure 3, and is thus available. This paves the way for a moment-
estimator approach. In fact, S5 (my 2k — M 2k—1)? approximates [ W(o?)dt
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with corresponding summation and integration intervals. Under regularity
assumptions on ¢ — o7 and by the smoothness of ¥ shown below, we have

Irpt/2

— 2., -

I G S e R R
k=(—-1)r;t/24+1

where r,,;1h, is a coarse grid size with r,h,*, 7,1 € 2IN. This gives rise to

the following estimator of integrated volatility IV = fo oZdt in the PPP

model (1.2) with bin-width (2.4):

h . Tnhy 1 lr;1/2 9
(2.6) IV, "= Z\IJ < Z (mn,gk—mnvgk_l) 2h;1rn>hnr;1.

k=(-1)yrpt/2+1

In the regression-type model (1.3) the corresponding second moments still
depend on n and we write explicitly

27)  Wa(0?) = b "B (g — map 1) ] k=1, by

We shall see below that ¥,, — W holds, but a non-asymptotic form of the
volatility estimator from regression-type observations is given by

rahnt lr;l/2

(2.8) hmrn Z v < Z (mmgk—mngk_l)Q 2h;1rn> hnr,, L

k=({—-1)ryt/2+1

For a parametric estimation of o0y = ¢ = const., we employ an estimator
—=hn,hn . . . . .
IV,"7". This means inversion of the whole sum of squared differences is

conducted. In the nonparametric case of varying o; instead an estimator

—=hn,rn .
Iv,"” ", with r, — 0,7, h, — 0, is applied. A balance between a second
order term on each coarse interval of order r, and an approximation error

controlled by a Lipschitz assumption on o} of order r 'h, will lead to the
choice 7y, o hi/? (n\)~1/3.

3. The law of local minima and the convergence rate of the
estimator. In order to centralise the local minima, we write

(3.1) Mg — Mp k-1 =Rk — Lok k=1, bt =1,

n

where R, = My — Xgn, and Ly, = my p—1 — Xgp, measure the dis-
tances between the minima on bin 7;* and 7," ;, respectively, to the cen-
tral true value Xy, between both bins. In our high-frequency framework
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Fi1G 4. Distributions of bin-wise minima of the signal process, noise and the convolution.
Based on 100000 simulated bins with o = 1, €; ~ Exp(5), nh, = 100.

the drift is asymptotically negligible and a regular volatility function will
be approximated by a piecewise constant function on blocks of the coarse
grid. In this setting, where X; = Xgp, + o(Wy — Wiy, ), we may invoke
time-reversibility of Brownian motion to see that X; — Xy, t € 7T;" |, and
X; — Xpp,, t € T, form independent Brownian motions of variance o2 such
that Ry, Log, k = (I — D)yt +1,...,0r, Y, are all identically distributed

and there is independence whenever different bins are considered (but R, x
and Ly, y4+1 are dependent). From (2.5) and (3.1) we infer

U(oin, )hn = E[Rp 4] + E[L2 ] — 2E[Rp k|E[Lr ] = 2 Var(Ry ),

and similarly for W,. The histogram in Figure 4 shows the distribution of
Ry i (equivalently £, ;) in the regression model jointly with the associated
histograms for miniezg Xt? —Xkh,, and miniez’? ;. In this situation the law of
R,k is given as the convolution between an exponential distribution and the
law of the minimum of Brownian motion on the discrete grid Z;'. The latter
converges to the law of the minimum of W on [0,1], but the simulations
confirm the known feature that the laws deviate rather strongly around zero
for moderate discretisations. Let us state and prove a slightly more general
result.

PRrROPOSITION 3.1.  Choose hy, according to (2.4). Consider t € T,* for
fized k and suppose that Xy = Xy, + féhn odWs,t € T;". Then in the PPP
model (1.2) for all x € R

(3.2) P(h;l/Qank > :r:cr) = E[exp ( - ’CO’/OI(ZL' + W)+ dt)].
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PROOF. By conditioning on the Brownian motion we infer from the PPP
properties of (T},Y;):

P(h;l/QRn’k > o ‘ W) = exp (_ / n /xah,ﬂ/2+thn )\t’y>
P e

= exp (— n)\a/ (zhy/? — (Wy — Win,)) dt).
'7’kn

Noting that Wy = hﬁl/Q(W(kJrS)hn — Wk, ), s € [0,1], is again a Brownian
motion, the result follows by rescaling and taking expectations. O

For the regression-type model the survival function is asymptotically of
the same form.

PROPOSITION 3.2.  Choose h,, according to (2.4). Suppose that X; =
Xkh, +fl:hn odWs, t € T.", for a fized bin number k. Then in the regression-
type model (1.3) for all z € R

(33)  lim P(h; "Ry s > 20) = E[ exp (~ Ko /01(9; + Wa)pdt)].

The approximation error due to non-constant ¢ and drift is considered
in detail in Appendix A.1 and proved to be asymptotically negligible. This
way, the asymptotic analysis of our estimation problem leads into the theory
of Brownian excursion areas. Let R; be a real random variable distributed
as lim,, oo h;I/ZRn,Lthglj' The law of R; determines ¥(o?) via

(3.4) Var(Ry) = %\1/(03).

The Feynman—Kac formula gives a connection of the right-hand side in
Proposition (3.1) to a parabolic PDE based on the heat semigroup for Brow-
nian motion. We can prove the following explicit result on the Laplace trans-
form which determines the distribution of (R;),t € [0, 1].

PROPOSITION 3.3. The Laplace transform (in t) of

E{exp ( — V29 /Ot(a: + W)+ ds)}

with ¥ € R satisfies the following identity:

E {/OOO exp ( — st — \/il?/ot(SU + W)+ ds) dt} = 19‘%@(1:,19),
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with Cs (ZL‘, 19) = CS,f(xv 19)]1(—0070) (:L‘) +<8,+ (l‘, 19)]1[0,00) (JT) defined by the func-
tions

m (V3G (972/3s) — \/sGi(972/35s)) + 02/3571/2
Vs Ai(972/3s) — 91/3 A (9-2/35)
x Ai(V20' P 4+ 973s) + nGi(V20'Pr + 972 3s) |
e <192/3s—1f2Ai(19-2/3s) + 191/'3/11(19-2/35) _ 1y /3>
’ Vs Ai(972/35) — 91/3 A’ (9-2/35)
X exp (\/%m) + s 19?3

where Ai is the Airy function which is bounded on the positive half axis,

CS,-F (x7 79) =

Ai(z) = n 1 / cos (t2/3 + xt) dt
0

and Gi is the Scorer function bounded on the positive half axis
Gi(z) = 7! / sin (3/3 + xt) dt,
0
and we define Al(z) = [° Ai(y)dy.

This result generalizes the Laplace transform of the exponential integrated
positive part of a Brownian motion derived by [22]. Inserting = = 0 and set-
ting ¥ = 1 renders the result by [22]. An inversion of the Laplace transform
in Proposition 3.3 in order to obtain an explicit form of the distribution
function and then W appears unfeasible as several experts vainly attempted
to solve related problems, see [22] and [16]. Exploiting the strong Markov
property of Brownian motion together with hitting times, we are able to
circumvent this problem in our study of W(o?), for details we refer to the
Appendix.

We formulate now the main convergence results whose proofs are given in
the Appendix. For that we impose some regularity on the drift and diffusion
coefficient which are also assumed to be deterministic or more generally
independent of the driving Brownian motion W. Moreover, we need that the
function ¥ is invertible and sufficiently regular, which by Proposition A.2
below is ensured by a sufficiently large choice of IC, but at least numerically
seems to be the case for much smaller choices, cf. Figure 3 and [5].

ASSUMPTION 3.4.  The drift as in (1.1) is bounded and Borel-measurable,
the volatility oy in (1.1) is a Lipschitz function that does not vanish, ox > 0.
The constant K in the definition (2.4) of hy is chosen large enough that
Proposition A.2 below applies.
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THEOREM 3.5.  Grant Assumption 3.4, choose hy, according to (2.4) and

= kn /3 for some k > 0. Then the estimator (2.6) based on observations
from the PPP-model satisfies

s [ N
(3.5) (v, - /0 o2 ds) = Op(n%).

Based on the same strategy of proof we can obtain an analogous result
for the regression-type model.

COROLLARY 3.6. Grant Assumption 3.4, choose h, according to (2.4)
and r, = kn~/3 for some k > 0. Then the estimator (2.8) based on obser-
vations from the regression-type model satisfies

S 1 1
(3.6) (v - /0 02ds) = Op(n"3).

4. Lower bound for the rate of convergence. Consider our PPP-
model (1.2). We show that even in the simpler parametric statistical exper-
iment where X; = cW,, t € [0, 1], and o > 0 is unknown the optimal rate of
convergence is n~ /3 in a minimax sense. This lower bound for the paramet-
ric case then serves a fortiori as a lower bound for the general nonparametric
case. A lower bound for the discrete regression-type model is obtained in a
similar way; in fact the proof is even simpler, replacing the Poisson sampling
(T7) below by a deterministic design of distance n=2/3,

THEOREM 4.1. We have for any sequence of estimators 62 of 0% €
(0,00) from the parametric PPP-model for each 03 > 0, the local minimaz
lower bound

36 > 0: liminfinf max P,2(|62 — 02| > én~ /) > 0,

n=00 6n 02e{02,02+5n"1/3}

where the infimum extends over all estimators &, based on the PPP-model
(1.2) with A =1 and X; = cW;. The law of the latter is denoted by P,2.

The proof falls into three main parts. We first simplify the problem by
considering more informative experiments. These reductions are given in
the two steps below. Then, in the third step we use bounds for the Hellinger
distance. The more technical step 3 is worked out in Appendix B.

1. A PPP with intensity A is obtained as the sum of two independent
PPPs with intensities A, and Ag, respectively, satisfying A = A, + A,
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see e.g. [20]. Hence, for b > 0 the experiment of observing (77, Y} )i>1
from a PPP with regularised intensity density

M(t.) = n(((v - X0+/)° A1)

and independently (77,Y;);>1 from a PPP with discontinuous inten-
sity density As = A — A, is more informative. We now provide even
more information by replacing (77, ¥});>1 by (I}, X73)j>1, the di-
rect observation of the martingale values at the random times (77). A
lower bound proved for observing (77, V] )i>1 and (17 ,XT;)jzl inde-
pendently thus also applies to the original (less informative) observa-
tions.

2. Dueto [ [ As(t,y)dt dy = (2/3)nb, we conclude that the times (77) are
given by a Poisson sampling of intensity (2/3)nb on [0, 1] and there are
a.s. only finitely many times (TJS) j=1,...,7- Let us first work conditionally
on (77) and put 7§ = 0, T3, ; = 1. All observations of (1], Y] )i>1 with

T} € [T}, T}) are transformed via

r

@) o (17 =8, V7 — (e e X
i Y% i =174 Tj_1 J-,]s — ,-Tjs_l Tj Tjs — jﬂf_l .

Noting that (B; — (t/T)Br,t € [0,T]) defines a Brownian bridge B%”
on [0, T, we thus obtain conditionally on (77) for each j =1,...,J+1
observations of a PPP on [0, 17 — Tj";l] with intensity density

N(t,y) = n(bil(y — JB?’TJ§_T’§*1>+ A 1).

The transformation has rendered the family of PPPs with intensity
densities (M) j=1,...,J+1 independent by reducing the Brownian motion
to piecewise Brownian bridges. Conditionally on (TJS) we thus have
independent observations of (TJS , XT;)j:l,..., s and independent PPPs

with intensity densities ()\j)jzl,.“"]+1.

By using the latter more informative experiment and by choosing b
n~1/3 we show below that for a Poisson sampling (fl’jfg)jzl,m,J on [0, 1] of in-
tensity (2/3)nb o n?/3 of direct observations Xrs as well as for independent
observations of PPPs, generated by o times a Brownian bridge in-between
the sampling points (77);, we cannot estimate at a better rate than n~1/3,
This is accomplished by bounding the Hellinger distance between the exper-
iments for 6% = 3 and 02 = o3 + on~/3.
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5. Conclusion. We have modeled the relationship between limit order
book bid and ask quotes and an efficient price process by a stochastic fron-
tier model. The model does not attempt to describe the fine structure of
order book dynamics, but is only based on the natural ordering between
quotes and prices. This agnostic point of view seems attractive for statisti-
cal purposes. Still, we find n~'/3 as optimal convergence rate of integrated
squared volatility estimators which improves upon the n~/4-rate, known for
transaction price models with regular microstructure noise.

The estimation approach uses local order statistics and a coarse-fine grid
approximation whose analysis is connected to a Brownian excursion prob-
lem. Owing to the nonlinear and implicit definition, finer properties of the
estimator like its asymptotic distribution remain open. First numerical re-
sults in [5] are in any case promising. An empirical validation, using the
three data sets of bid and ask quotes and transaction prices independently,
is feasible.

APPENDIX A: PROOFS OF SECTION 3

Proposition 3.2 considers the simplified model where X;,t € T;”, is ap-
proximated by Xpgp, + flzhn Okh, dW;. The resulting approximation error
is bounded within Proposition A.1 for the PPP-model and an analogous
proof carries over to the regression-type model. From here on A, < B,
expresses shortly that A, < K - B, for two sequences A,, B, and some
real constant K < oco. We write Ay = AL(A > 0), A_ = |A|1(A <0) and
1Zl, = E[IZ|")"/7,p > 1.

PrOOF OF PROPOSITION 3.2. By law invariance of R, with respect to
k for Xy = Xo + oW;, we can simplify
P(h;lﬂRn’k > xo) = IP>(hgl/2 _ min (X, — Xo+g) > ZEO’)

1=0,...,nhp—1

_ : —1;-1/2_.
= P(i:[)’??llr}lln_l(wi/(nhn) +ohy, Tei) > x)
where we used that h}/ 2Wt /hy, 18 another Brownian motion. We condition
on the driving Brownian motion W = (Wy,t € [0, 1]) and obtain in terms of
the distribution function F) of &;:

nhp—1
P(h YR, g > z0) = El IT P(ei > ohl/*(x = Wijgan,)) \ W)]
=0
nhp—1
= E[exp ( Z log (1 - F)\(Uh,}/2(x - Wz/(nhn)))))} .
1=0
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The expansion (1.4) of F) together with expanding the logarithm therefore
yields

nhy,—1
P(hy /Ry, > w0) = E | exp (= oA D" (2 = Wijgun,)+ (14 0(1))],
=0

where 0(1) is to be understood w-wise and holds uniformly over i and n
whenever max;cp 1)(z — Wi(w))+ is bounded. By the choice of h,, we have

P2\ = K(nhy)~! and the integrand is a Riemann sum tending almost
surely to exp(—o K fol (x — W) 4dt). Noting that a conditional probability is
always bounded by 1, the assertion follows by dominated convergence and

d
use of —W =W. O

PROOF OF PROPOSITION 3.3. Throughout the proof, we drop the depen-
dence on ¥ in (s(x, 1), (s,—(z,9) and (s 4 (z,9) to lighten the notation. We
shall apply the Kac formula in the version as in formulae (4.13) and (4.14)
of [19]. It connects the considered Laplace transform with the solution of a
differential equation which becomes in our case:

d2¢

(Ala) W = 2SC — 2192/3 , L < 0,
d2¢

(A1b) 5= 2(V20x + s)¢ — 2023 x> 0.
X

Since all assertions necessary to apply the Kac formula are fulfilled, the
Laplace transform from above multiplied with a constant Lagrangian 92/3
satisfies

00 t
E U 92/3 exp ( — st — \/519/ (x4 W)y ds) dt} = ¢o(z).
0 0
The general solution of (A.la) is given by

(A.2a) Cs—(x) = Aexp (@x) + 923571

with a constant A (depending on s but not on x). Airy’s function Ai solves
the homogenous differential equation of the type (A.1b), whereas the Scorer
function Gi is a particular solution of the inhomogenous equation " — z¢ =
71, both being bounded on the positive real line. Hence, a solution ansatz
for (A.1Db) is given by

(A2b)  Coy(x) = BAI(V29'32 + 97%%5) + nGi(V29' P + 972/35)



15
with a constant B. Continuity conditions on ¢ and d{/dx at x = 0 give rise
to

m (V3G (972/3s) — \/sGi(97%3s) ) + 93571/
- VEAi(972/35) — 9B AL (9-2/3s)

In order to express A in a more concise and simple manner, we exploit the
following relation for the Wronskian of Ai and Gi:

(A.3) m(Gi'(2)Ai(z) — Al ()Gi(x) ) = Al(x) = / Ai(y) dy .
A proof of the latter equality can be found in [26]. Thereby, we obtain

N 192/33*1/2Ai<7972/33) + 191/3AI(1972/38> 1923 )
\/§Ai(19_2/38) _ 791/3Ai/(29_2/33>

This result concludes the proof. O

A.1. Asymptotic analysis of the estimator. As a first step, we ex-
tend Proposition 3.1 by analysing the approximation error due to neglecting
the drift and assuming a locally constant volatility. Then we prove Theorem
3.5 exploiting properties of ¥ which are established in Appendix A.2.

PRrROPOSITION A.1.  Consider hy in (2.4) and t € T, for fived k. Then

1
P (min Vi — Xkn, > xakhn\/hn> = E{exp ( — Kok, / (x + Wt)+dt>}
JETY 0
+ nARY2G (),

where |G(x)| < CP<|W1| > C’gxakhn/2>, with Cp,Ca > 0.
If o4 is constant and a; = 0 fort € T, then G(x) = 0.

PROOF. Proposition 3.1 already gives the last statement. Let A, = T, x
(—o00,2] and z = xogp, Vhn. Let AXy (k) = f,ﬁhn osdWs and AA(k) =
f,ﬁhn as ds. Then, using basic properties of a PPP, it follows that

P (}g% Vi — Xin, > z) =E [P (A(Az) = O\X)} = E[exp ( - A(-’“z))}

k

E[exp ( —nA /AZ LA X (k)+AA (k) <y} At dy)}

E[exp ( —nA

(A.4) (2 = AXy(k) — AAy(k)) 1 dt)].

7'kn
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Introduce

Te=n\ [ (2= AXy(k) — AA (k) dt

7’];’7.
(k-+1)hn,
Vi, = n\ . (2 = Ohhy Wikt 1yn, — thn))ert,
(k+1)hn| ft
U =nA / (05 — Okp, )dWs|dt and A = n)\h% max‘akhn — at‘.
khy, khy, LET,!

Then we have the upper and lower bounds
Vie—= Ui — A <Tj < Vi + Ug + Ay

By scaling and symmetry properties of Brownian motion, we have that

1 1
Vi 4 n)\thnhi/z/ (x + Wt)+dt = ,Cakhn / (Wt + iL‘)+ dt.
0 0

As a first objective, we derive an upper bound for E{exp ( — ka>], y > 0.
To this end, note that by the Dambis-Dubins-Schwarz Theorem (Thm. 4.6

in [19])
d
AXi(k) = Wiax(k),aX (k).
Since (AX (k), AX (k))¢ = [1, o2ds for t > khy,, we deduce
]P’( sup |AXy (k)| > z/2) < IP’( sup |Wy| > Cakhnx>
teT 0<t<1
S 2P<|W1‘ Z C.I‘Ukhn/2) N
with some C' > 0. By the boundedness of ay, it follows that

(A.5) Ap <nAh? max |a,| < n”V5.
t€(0,1

)

We thus obtain for y > 0 the upper bound
(A.6) E{exp ( — ka)} < 2P(|W1] > Cl$0khn/2>
+exp ( — Crxynh,ogn, /2 + ngn_l/?’),

where C1,Cy > 0 are finite constants. This also supplies a bound for
Elexp(—yV)]. Next, observe that

U, < nhpA sup def U,j.

t
/ (05 — Okp, )W
khp, <t<(k+1)hn |’k

hn
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Using the law of the maximum of (time-transformed) Brownian motion, we
see

J (k+1)hn
Ul = nhpA / (05 — Ok, )2ds|Z| with Z ~ N(0,1).
khn,

By the Lipschitz property of oy, the integral is of order h3. We obtain by
Cauchy-Schwarz inequality

Blexp (=) | <Elewp (= i) |+ [lexp (= W), | (exp@i) ~ 1)
< E[exp ( - Vkﬂ n Hexp ( - Vk> HQ\/eXp (C(nhi/QA)Q) 1

< E[exp < - Vk)} =+ E{exp ( — 2Vk)} 1/2C”nh§/2)\,

with some constants C,C’, noting nhg/ 2\ — 0. Combining the above with

K > 1, we thus conclude for some constant C"
E[exp (— Tk)] < E[exp (— Vk)} —|—CHexp (— Vk> HQn)\hi/z
<E[exp (= Vi) +CnAnY2P(IWi| > Caogn, /2).
In the same manner, one obtains a lower bound, and the claim follows. [

PrROOF OF THEOREM 3.5 AND COROLLARY 3.6. Let M;,, = (mn’gk —

mn,2k71>22h51rn and an; = lr; /2, spy = lhyry b = 2a5,1hy. 1t follows with
(A.14) that

an,l

> (E[Myy) = 2r%(02, )| Shat+  sup  |¥(07) - (o2 ).
k:an,l—1+1 ’ Sn,lflgtgsn,l ’
Proposition A.2 and the Lipschitz continuity of o; yield that

sup ‘\Il(cr?) — \If(agn OIS sup )at — 05| ST
Sn1—1<t<sp ’ Sp1—1<t<s,
We thus conclude
anp,l
(A7) |Akn| Shatmafor Agu= > (E[Mya] - 20,%(02, ).
k:an,lfl“!‘l

Next, we have that Mk,n = M pn — E[Mkn] is a sequence of independent
random variables. Proposition A.1 yields that all moments of Mk,n exist.
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Hence for any index set J C {0, oo hl— 1}, Rosenthal’s inequality ensures

n
that for any p > 1
S rn\/‘J,

P
where ’j ‘ is the cardinality of the set J. Let

(A.8)

Z Mk,n

keJ

M, = { Z Mk,n+\1/(a§n,ll)/2>0}, and M = m M,.

k:an’l,l—&-l =1

Note that Proposition A.2 yields that \I/(xz) > 0 for z > 0. Then we obtain
from the Markov inequality and (A.8) that

hyl-1 hpl—1 hpl—1 an,l
p(U M) < s pa) sz s w(e, )7 X
=0 =0 k=a, ;-1+1 D
hol-1
(A.9) < Y P =o(1),
1=0

for p > 4. We are now ready to proceed to the main proof. From (2.6) it
follows that

rnhn, 1

Nhru n _ 1

IVT—/otdt Zasll —/Oafdt
Tnh;I Al

+ Z <\I’_1< Z (M 2k —mn72k_1)22 h;lrn> —J?n’l_1>hnr;1.
=1

k=apn;—1+1

Consider first the approximation error in the quadratic variation by set-
ting the volatility locally constant on the blocks of the coarse grid. By the
boundedness and Lipschitz continuity of oy we can estimate the approxima-
tion error:

'rnh_

(R =t <2l 3 [

Sn,l—1

= O(hnry! ) =0(n'?).

-1
rnhn Sn.i
;

Ospi1 — O't‘ dt

=1 Sn,l—1
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In order to bound the remaining estimation error
’I"nh;1 Qn ]
—1 -1
> (‘1’ ( )3 Mkn> — ., 1>hnrn :
=1 k= Qn, 1 — 1+1

we use a Taylor expansion and that the first two derivatives of ¥~! exist and
are bounded according to Proposition A.2 below. More precisely, it follows
that

Q1
\I’_l( Z Mk,n*‘lj< Snl 1>+‘1J< Snl 1))

k=apn1-1+1
an,l
=a; ., + (\Il_l)’<\11(0'§n’l_l))< ST (Migy — E[My] + A,m))
k=ap;-1+1
1 " ol 2
@ X (M B ) )
k:anﬁl,1+1

ot +A(0),, + ()

5 J—1 1,2’

where & > ‘I/< . 1)/2 > 0 on the set M;. We first deal with A(W)ll

and set Z; = ZZ" ;nl 4 (Mkn - E[Mkn]) Using the independence of 7,
it follows from (A.8) that

rnh;1 2 rnhn
(A.10) S (e (v, )4 £ Y ZZH <2yt =0(1).
=1 2 =1
On the other hand, we obtain from (A.7) that
rnhﬁl Qn,l
(A.11) (T (w02, ) S Awa| <2t =0(1).
=1 k=an—1+1

Combining (A.10) and (A.ll) we find

S5 a(w), 1 =0

In the same manner, but using additionally |[(¥~1)"(§)Lay,]lec < oo by
Proposition A.2 below, we obtain

(A.12)

-1

rahnt rohi
3 a5 (2 (5 sn))=ow

=1 —anl 1+1
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Since IP’(MC) = (9(1) by (A.9), this suffices to guarantee that
T 'y -1/3
v 7/ Utdt:O]p(n )
0

Based on a Taylor expansion for ¥, ! and using analogous bounds and
Proposition A.3, we obtain likewise

Tl vy -1/3
v —/ O'tdt:O[P(TL )
0
and conclude Corollary 3.6. O

A.2. Properties of W. We shall use the following identities for mo-
ments of real random variables:

(A.13a) IE[X} = /OOO]P’(X > m)dw - /OOO]P)(—X > x)d:n,

(A.13b) E[X?] = 2/ 2P(X > x)dx + 2/ 2P(-X > x)da.

0 0
It follows from Proposition A.1 and (A.13a), (A.13b) that for ¥(o) = ¥(o?)
(A.14) h 'E[ (M — mnge—1)?] = (o) + O(nh/?).

Having understood the behaviour of ¥(o), analogue properties of ¥(o?)
readily follow. Let

1

(A.15) H(z) = / (W, + ). dt.
0

Then by (A.13a), (A.13b), we derive

‘i’(o’) — 452 /oo {L'<E [efKaH(x)] +1-F [BICUH(x)]>d1'
0

a2 [T (el e ) Jar)

Next, consider the distribution on the negative half axis. With x < 0, we
make the decomposition

E

6—JIC fol (Wt—x)dt:|

—F e‘”’cfol<Wf—”~“)*dt11( inf W; <)+ ]l(oinlet > )

0<t<1 <t<

YU (z) + Us(2).
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Let T, be the first passage time of W to level x with density

]

671’2/2t 7t 2 07
273

fr.(t) =

see (6.3) in Section 2.6 of [19]. From {Tx < 1} = {infogtgl W, < 33} it
follows from the strong Markov property of W that

Ui(z) = /OlE e
= /OlE =k fyWo- }fTI(S)dS.

Using a time shift yields

1
e O

Ul(x):/olE e

K12 fJWMﬂ fr. (s)ds.

We then obtain that

g oK (1=9) fol(Wt)_dt fr,(s)ds

1 1
E efa/cfo (th)—dt} :P( inf W, > x) +/ E
0<t<1 0
def . _
. = > .
(A.17) P<0££1Wt_$>+A (), forz<0

Let I(Ko,s) =E

e—KU(1—5)3/2 fol(Wt)dt} . Then by (A.17)

oo

/O :r:(l _E {e—ICaH(—w)])da: :/0 ac(]P’(OiSItlgl W < —:U) - A_(—:E))dx

= /oo xzP( inf Wt < —zx)dr — /1 I(Ko,s) /OO zfr,(s)dzds
0 0

0<t<

*—*/I]CO'S

since [~ 2P(infoci<1 Wi < —x)dx = % Likewise, it follows that

/Ooo(l E [e_lcoH(—ac)de _ /Oop(ogtli W < x dm— \/>/ I(Ko,s)d

(A.18) \[ \[/ (Ko, s)d
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We thus obtain
‘i’(a):éla’z(/ xE[ ’COH(’U) dx —I—f—f/IICU, >
0

_ 202(/:01@ [ <o H@)] 4y — \/; + \/;/0 I(Koa, s)ds>2

(A19)  =207(2A1(0) — A3(0)),

with functionals Aj, Ag. In the sequel, we write 0% f(z) = 0% f(x)/0*x. The
further analysis of properties of W is structured in several lemmas which
combined imply the following key proposition.

PROPOSITION A.2. Suppose that o > oo > 0, K > C(og) for C(oy)
sufficiently large (the exact value of C(og) follows from (A.24)). Then we
have uniformly for o > og

0% (o) :40(1—2)+O<K2> >0 and

™

3
2
- 2 o3
A.20 \110:202(1——)+(9 — | >0.
(am) () =202 (1-2)+o (%
Moreover, it holds that
(A.21) sup |0F®(0)| < oo fork=1,2.
o>00

Using the relation

1

(A.22) 00 = o

¥(o) = o,

we get that the second derivative is uniformly bounded for ¢ > o9 =
- (Qo)

9*® (o

(A.23) su
. (0®(0))

0200

3<oo.

o*w! ‘ = sup

o>0g

So far we have focused on results for W(o) = ¥(0?). Essentially the same
results are valid for ¥, (02), which we state now.
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PRroOPOSITION A.3. Introduce

o0
Bpa :/0 xp(ogfélfii_lwi/("hﬂ > x) dr and

o0
B2 :/0 P(ngglfﬁilwz/(nhn) > -T> dz,

which satisfy Bn1 — &, Bpa — \/% Then (A.20) and (A.21) in Proposition
A.2 remain valid if we replace @(0) with ¥, (02) and 1—% with 2B, 1 —B,QL’Q.
Likewise, (A.23) also holds.

PROOF OF PROPOSITION A.2. We write shortly A1 = Ai(0), Ay =
As(0). We have that

0% (o) =40 (281 — A3) + 207 (20A1 — 2A20A5) .

Using Lemmas A.4 and A.7 from below, we obtain with (A.19)

SN

1 2 3 Ko 5 def
—_— < —_— — =
‘Al 2‘ < 6(Ko)™s + 2 <log(lCJ)> B

Az ﬁ\ < 2(\/§+ 1)(Ka) 5 + 3ﬁ <loglfl(éa)>§ < Ry,

Moreover, applying Lemmas A.5, A.6 and A.7 yields

2
_1 3 Ko 5 def 2
< 3 2 - g 2 < -
o <o0) 4 () o 352
2
‘A28A2’ < (RA2 + \/;) <4(1 + (27) 2>IC 3073 + \/;0, (10g(IC0')) >

“ Ron,.

We thus obtain from the above that

0% —40(1 - %)‘ < 40<2RA1 + R, (Ra, + 2\/2))

+ 40’2(R3A1 + RaAQ) = O(/C7%U%>,

& —20%(1- %)‘ < QJQ(RAl + R, (R, + 2\/2)) = 0K %0%).
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An explicit sufficient lower bound for X in terms of oy can be computed
from the two conditions

2 2
1- p > (21'31\1 + R, <RA2 + 24 W)) +U(R8A1 + R8A2),
2 2
(A24)  1—4/=> R, + R, (RA2+2“>.
T T

It remains to show the boundedness property for the first two derivatives of
. By Lemma A.8, we have

(A.25) 0" J(o)|<C(1+07%), k=12,

where J(a) = 2MA1(0) — A%(0) and C is a constant not depending on o.
Observe that

O*°W = 4J + 600J + 0292,
hence the claim follows. O

PROOF OF PROPOSITION A.3. The proof can be redirected to Proposi-
tion A.2 using Proposition 3.2 and a truncation argument for the integrals
over x. The corresponding computations are very similar to those above and
the Lemmas given below. We therefore omit the details. 0

LEMMA A4, For K > 0, p € Ny, we obtain the following decay behaviour
of the moment integrals:

) p+1
/ 2PE [e*K”H(“)} dx < 2Ptt Ellzl] +T(p+1) | (Ko)~®+1/3
0 p+1
with Z ~ N(0,1).

PROOF OF LEMMA A.4. The following useful relation in terms of the
N(0,1)-distribution function ® is derived from the law of the minimum
of Brownian motion:

(A.26) P(T, <1) =2(1— ®(|z|/V1)).
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Then for 0 <l <1

| arE e et ar < [T AR [1(T L, <1)] d
0 0

- / 2PE [e XoH@ (T, 0 > 1)] de < Ry + Ry.
0
By (A.26) we have

Ry = 2/0003017(1 — ®(x/V4l)) dx

12E[ZP+]

— (41 D/? / 2:P(1 — B(2)) dz = (41) )
0 p+1

We further note that 7_, 5 > [ implies H(z) > fé(—x/Q + x)1dt =1z /2,
such that

o —Kolx 2 ptl
Rﬁ/g aPe o2 dy = <@) T(p+1).

Choosing | = (Ko)~%/3, we obtain

> - B[ Z[P*] -
PR, KoH(@)] g1, < [ opt! op+1p 1 K (p+1)/3
/0 x [e ] x < P + (p + ) (Ko) ,

as asserted. O

LEMMA A5, Let K > 0. Then
/OOO E [KH(z)e @] dz < 4(1+1/vV2m)K3074/3,
Proor oF LEMMA A.5. We make the decomposition
/O “E (Ko H(z)e """ ®)] da = /0 “E [1(T_yj2 < DKo H(z)e *H®)] da
+ /0 “E (U(T_ypo > DKo H(z)e @] da,
with some [ > 0. Using ye™¥ < 1 and (A.26), we obtain
/OOO E[L(T_y2 < )KoH (x)e 77 dz < 2/000(1 — ®(z/VAl)) dx

= /8l/7.
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Now, using ye ¥ < e~ %2 and T 5/ > 1 = H(x) > lr/2, we bound the

other term by
/ E [H(T_x/Q > l)lCaH(a:)e_’CUH(x)] dx < / A F e p—
0 0 Kol

The choice I = (Ko)~2/3 and division by o yield the claim.

LEMMA A.6. Let K > 0. Then
o0 6
—KoH(x)
/0 zE [lCH(x)e } dx < 12,52
ProOF OF LEMMA A.6. We proceed as in the proof of Lemma A.5 and

obtain for any [ > 0
|k [KoH@e @) do < [ " a(20 - oa/vVAD) + o) do
0

0
=20+ (Kaol/4)7".
The result follows with [ = (Ko)~1/2. O
Let K > o~ L. Then

Ko )—2/5'

LEMMA A.7.
3
< (/"
T o (log(lCa)

1 Ko
<
/0 I(Ko,s)ds < 3<log(lCa)

)—2/5 '8f01 I(Ko,s)ds
PROOF OF LEMMA A.7. With A(s) = K(1—s5)%/? we obtain for any T' > 0

Jo

1 1 )
/ (Ko, s)ds = / E[e 07 A ot g
0 0

< /01 (]P’()\(s)a/ol(Wt)_dt <T)+e ) ds

1Z| with Z = [fWydt ~ N(0,1/3), we deduce

From fol(Wt)_dt >
< e, e >0, and thus

P(fy (Wy)-dt <)
d [1 I(Ko,s)ds 1 _ _ _
24 < [ (a0 1) as s o

0o
Using (oA(s))~! < (Ko /T)%® for s <1 — (Ko/T)~?/° the last integral is
bounded by 2(Ko /T)~2/%. The choice T' = log(Ko) yields the first inequality.
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Then using ye ¥ < e ¥/2 we also obtain
1 1 A L (W) dt
- / E{A(S)/ (W) —dt e Jo W0-a] g
0 0
! 1
< a*l/ (]P’()\(S)a/ (Wp)—dt < T) + e—T/z) is.
0 0

The previous bounds now apply in the same way. ]

0 fol I(Ko, s)ds
0o

LEMMA A.8. Consider J(O’) = 2Ai(0) — A3(0). Then there exists a
constant B = B(K) > 0 only depending on K such that

(A.27) *J(o)| <BA+o7%), k=12

PrROOF OF LEMMA A.8. Without loss of generality, we may assume that
K = 1. From the considerations below, existence of the k’th derivative of
J (0) with respect to o follows. We thus focus on establishing (A.27). First

consider fooo zE [e_UH (x)] dzx. An application of the Cauchy-Schwarz inequal-
ity gives

OF [ 2 [e=oH®)] dy 00 kol
0 8[]% ] /0 zE {(—H(@) e oH( )] dz

<A28) < /OO A {H(x)Qk} 1/2 E [6_20H(x)]1/2 de.
0

Applying the triangle and Cauchy-Schwarz inequality further yields

1/2
<1vak,

2k
(A.29) E[H(z)*]"* <E K/Ol W,|ds + |1:]>

The calculations in the proof of Lemma A.4 with [ = \/a% /2 yield
(A.30) Elexp(—20H (z))] < exp(—2*/201/2/2).
Combining (A.29) and (A.30), we deduce that

/Ooo zE [H(x)%] 12 E [6720[1(@} 1z dx

< / (@ vt exp(—a®?0 2 2) de S 0723 (1 4 07H7),
0
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This implies that for some C' > 0
oF [;° 2K [e*"H(:’:)] dx
ko

(A.31) < Co 2B 4 o7k,

Arguing in the same manner, one also establishes that
O [ E [e_"H(I)] dx
Oko

(A.32) < Co Y31 407k,

Moreover, such bounds are also valid for the derivatives of fol I(o,s)ds. O

APPENDIX B: PROOF OF THEOREM 2

After the reductions of the problem to a simpler and more informative
experiment, we now prove Theorem 4.1 using properties of the Hellinger
distance H(P,Q) between probability measures, in particular H?(P; ®
Py, Q10Q2) < H?(P1, Q1)+ H?(P,, Q2) (subadditivity under independence),
H?(P,Q) = E[H?(P,Q|T)] (Hellinger distance conditional on a statistic T

and
H?*(PPP()\),PPP(\y)) / VAL — V)2

(Hellinger bound for PPP measures with intensity densities \;, cf. [21]).
Put 6, = S0y *n=/3. From H2(N(0,02), N(0,02 + 6,)) < 2(6,052)2,

cf. Appendix in [23], and the independent increments of Brownian motion

we infer for the Hellinger distance of the laws of (XT]_s) j=1,...,7 under 0(2) and

08+ 0p

) < 2252 =2J6505".

For each PPP with intensity density A\’ we obtain by integral calculations,
in terms of n = (6 + 6,)/? — oy

H2(PPP(N (03)), PPP(N (a8 +5,)) | (17), B*" ")

= n/OTf‘Tfl /R ((b_1< —o0B, "7 ;71)+) N

(b*l(y (08 + )28, 5 75) Y 1) ayar

K]

= nb/ / uyr N1 — (u - b_lan’TjS_Tj*l)+ A 1>2dy dt

17 -T5 0,15-T¢
Snb/ Ty (YT T2y
0
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Hence, by using the variance of a Brownian bridge we arrive at

H2(PPP(N (a3)), PPP(N (af + 0,)) | (T}))

- Te-T¢ B m72
<ob gt [T - (1 = 1) = T = )R

Since conditional on (T]S) all observations are independent, the total squared
Hellinger distance conditional on (77) is bounded by

nnZ J+1
20600 + o D (T = Ti_))*,
j=1

Taking expectations and using J ~ Poiss(2nb/3), T7 —T;_; ~ Exp(2nb/3) to

apply the Wald identity to the second sum, the unconditional total Hellinger
distance is bounded by

4nbs%  nn? _
H? < 307 + 55 (2nb/3) Y1+ 0(1)).

We have n? < 16205% due to vVI+z < 1+ 2/2 for > 0 and thus by
choosing b o (62/n)"/? optimally and plugging in 8,

(2b n C
30(2] 12b6%2n

H? < 52n1/303/3 inf ) < ('8,
b>0

From the general lower bound Theorem 2.2(ii) in [25] we thus obtain the
result if § is chosen smaller than 2/C".
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