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Return momentum and reversals are persistent
empirical phenomena

» It is well-documented that stock return exhibit momentum at
short horizons (Jegaseesh and Titman (1993)), which partially
reverses at long horizons (Fama and French (1988), Poterba and
Summers (1988))

» Related: continuation after public news announcements (Bernard
and Thomas (1992))

» Appear in many different asset classes (Moskowitz, Ooi, and
Pedersen (2012))

» Effects persist despite wide knowledge of their existence

» Evidence that magnitude of predictability is related to belief
heterogeneity (Zhang (2006), Verardo (2009))



Literature review

» Behavioral theories focus on investor over/under-reaction to
news
» Daniel, Hirshleifer, and Subrahmanyam (1998)
» Hong and Stein (1999)
» Risk based explanations attribute predictability to changes in risk
exposures and/or risk premia
» Berk, Green, and Naik (1999)
» Sagi and Seasholes (2007)
» Vayanos and Wooley (2013)
» Albuquerque and Miao (2014)

Slow aggregation of information?

» Allen, Morris, and Shin (2006) argue that price drifts can arise
due to slow aggregation of info in presence of noise
» Banerjee, Kaniel, Kremer (2009):
» Finite-horizon CARA-Normal model with long-lived rational traders,
random walk supply (iid noise trades).
» With rational expectations, agents use information in price to
correct any predictability that is not due to risk premia

E[pt+1 — ptlpt — pi-1] o< E[Zi11 — Zi|pr — pi—1] = 0,

if Zi1 — Z;id.

» More generally, relation depends only on AR coefficient of supply
» 0 < ¢z < 1, change in risk premia partially reverses = reversals
» ¢z > 1, change in risk premia continues = momentum

» With R > 1, stationary setting (Wang (1994), Alouguerque and
Miao (2014))
» 0< ¢z < 1/R = reversals
» 1/R < ¢z <1 = momentum



Contribution

» Solve dynamic Kyle (1989) model with asymmetric information

» Drifts, followed by reversals, occurs naturally when some traders
account for price impact

» Intuition: A strategic, risk averse trader trades slowly towards a
‘target inventory’ (inventory that would be optimal in a
competitive world).

» Current inventory enters price as an adjustment to risk premium
» Changes in inventory are persistent

> If persistence is sufficiently large, leads to positive serial correlation in
returns

» In the long run, the target inventory reverts to zero (more generally,
fixed fraction of supply), eliminating 'mispricing’
> Returns reverse in long run

Setting

Dynamic Kyle (1989)

v

Infinite horizon, discrete time
Risky asset dividend stream

v

Di 1 = Gt + opept+1,
with persistent component

Gt = ¢gGi-1 + 0Geat

v

Risky asset in zero net supply
Risk-free asset withreturn R=1+r

v



Setting

Dynamic Kyle (1989)

» Informed trader maximizes

E,

fe’s)
E _e_pt_alclt
t=0

» Observes G; and accounts for price impact when forming demand
schedule
» Endowed with Z; shares of a nontradeable asset with payoffs Y;,1

Zt = ¢pzZi 1+ 0zez

_ / 2
Yir1 = ovpyepte1 +oy\/ 1 — ©hyEvit,

with ¢py > 0.
» Mass of competitive uninformed traders

o
Z _e—PT—OéUCUz]

t=0
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» Learn about G; by observing prices and realized dividends

Equilibrium

Search for equilibrium in which agents submit linear demand
schedules that specify their desired trade

X = B Gt + Bz + miDs + x1n Gi—1 + x12Zi—1 — iPr — 6,0
Xut = nuDy + xu1 Ge—1 + xveZi—1 — YuPr — dubur.

where 0; = shares held immediately prior to trade at ¢,
Gi—1 = Eut—1[Gi—1], and Zi_1 = Ey[Z4—1].



Uninformed investor’s problem

Learning from price

» Under linear conjecture uninformed trader faces flat residual
supply schedule

~

Pi=(vi+u)™" (5/1 Gt + Bzt + (1 +1u) Dt + (xn + xut) Gi—1

+(xi2 + xv2)Zi—1 — 6,0 — 5U9Ut)

Uninformed investor’s problem

Learning from price

» Under linear conjecture uninformed trader faces flat residual
supply schedule

Pr=X (5/1 Gt + BZi + nD; + x1Gi—1 + x2Z—1 — 6,0; — 5U9Ut)



Uninformed investor’s problem

Learning from price

» Under linear conjecture uninformed trader faces flat residual
supply schedule

Pr=A (5/1 Gt + BrZi + nDi + x1Gi1 + x2Z 1 + 50Ut)

Uninformed investor’s problem

Learning from price

» Under linear conjecture uninformed trader faces flat residual
supply schedule

Pir=A (5/1 Gt + BrZi + Dt + x1Gi1 + x2Z 1 + 50Ut)

» Can infer statistic

1 N .
Spt = XPt —nDy — x1Gi—1 — x2Zi—1 + 00yt

= Bn Gt + Bl



Uninformed investor’s problem

Kalman Filtering

The conditional distribution of (G;, Z;) given {D;, Sp;} is normal with

mean (G, Z;) and constant covariance matrix v = ( @ VGZ) .
VGz vz

The conditional mean satisfies the following difference equation

C:3t _ <¢G 0> C:3t—1 LK Dy - Gr_1 X
Z 0 ¢z)\ 244 Spt— BndcGi-1 — BrdzZi-1)’

where
Ki1 Kiz
K = .
(K21 K22>

Uninformed investor’s problem

Dynamic programming

» Let
€g,t =D; — ét—1
€8, = Spr — By 06Gi_1 — BrdzZ1,

which is iid with zero mean and constant covariance matrix.
Consider state variables
Muyty1 = R(My — cur — Pexur) + (Our + Xut) Dig1
Out+1 = Our + Xut
Dii1 = G + 5g,t+1
Gt = 06Gr_1 + Ki1(Dr — Gr_1) + Ki2 (Sp.t — Eur_1[Sp.4])
Zt = 72 1 + Ko1(Dr — Gr_1) + Ka2 (Spt — Eur_1[Sp.])
Setr1 = BrdaGr + Broal: + g1



Uninformed investor’s problem

Dynamic programming

» Conjecture that the value function takes exponential-quadratic
form

]
Vu(Mut, Xur) = — exp {—Auo — AumMy; — EX(/thUXUt} ,

where Ayo and Ayw are constants,
Xyt = (HUt, D, Gi_1 21, SPt), and Quis a Symmetric 5x5
matrix.

Uninformed investor’s problem

Dynamic programming

Uninformed investor Bellman equation
0 = max { - exp{—auc} + e "Eu[Vu(Mur1, Xurt1)] = Vu(-)}-

s.t. Mut+1 = R(Mut — cut — Prxur) + (Our + Xut) Dig1
Xure1 = auXue + buéfq + auxur

Pr=A (5/1 Gt + BrZi + nDi + x1Gr1 + x2Z 1 + 59Ut)

Optimal consumption and demand

AumR 1
o Myt + = XymuXue

¢/, = constant + ————
ut * ay + AumR 2

* iy
Xyt = HUXUT7

where my is a 5 x 5 symmetric matrix, and Hyis a5 x 1 vector.



Uninformed investor’s problem

Dynamic programming

» Plugging back into the Bellman equation and equating
coefficients produces

Auo = 1 (¢~ log(rdy) + Rlog(r/R))

.
Aum = FOUs

and matrix Qy must satisfy
Qu =my/R. (1)

» Functional form for price and the statistic Sp; implies x;, can be
implemented by submitting a demand schedule that infers Sp;
from the equilibrium price

Xty = HyXye — hyP:. (2)

This function must match the initial conjecture.
» Eq. (3) and (4) is system of 20 equations in 20 unknowns

Informed investor’s problem

Residual supply schedule

» Under linear conjecture informed trader faces linear residual
supply schedule

Pi(xi) =g (Xlt — dufut + nubDt + xu1 Gt + Xuzz_1)



Informed investor’s problem

Residual supply schedule

» Under linear conjecture informed trader faces linear residual
supply schedule

Pi(xi) = ;' (Xlt — dubut + nuDt + xu1 Gr1 + XU221‘—1)
~—
:)\I

Informed investor’s problem

Residual supply schedule

» Under linear conjecture informed trader faces linear residual
supply schedule

Pi(xi) = N\ (Xlt + 600y + nuD: + xu1 Gi—1 + XU22‘—1>



Informed investor’s problem

Residual supply schedule

» Under linear conjecture informed trader faces linear residual
supply schedule

Pi(xi) = N\ (Xlt + 600y + nuD: + xu1 Gi—1 + XU22‘—1>

» Consider state variables

M1 = R(My — ¢ — Pr(xp)Xit) + (01 + Xit) D1 + Z Y1
Ort1 = O + Xut
Di1 = Gt + 0pep, 41
Gt = 66Gr—1 + Ki1(Dy — Gi—1) + Ki2 (Sp,t — Eur—1[Sp.d])
Zi = ¢2Z; 1 + Kot (D — Gr—1) + Koz (Spt — Eur—1[Sp.4])
Gti1 = ¢cGt + 0GEG,t+1
Zi1 = ¢zZ + 0zE7 141

Yiv1 = oy <90DY5D,1‘+1 +4/1 - SO%Y6Y,t+1)

Informed investor’s problem

Dynamic programming

» Conjecture that the value function takes exponential-quadratic
form

1
Vi(Mg, Xit) = —exp {—A/o — AmM; — EX/thIXIt} :

where Ajp and Ay are constants,
Xi = 0y, Dy, Gi_1,2Z-1,Gt, Z;, Yr), and Qy is a symmetric 8 x 8
matrix with zeros in the last row and column.



Informed investor’s problem

Dynamic programming

Informed investor Bellman equation
0= rT)](S&X {— exp{—a,c} + e‘PE,t[V,(M,t+1 s X1 )] - V/()} .

s.t. Mity1 = R(Mys — cir — Pr(Xit)Xit) + (01 + Xit) Dis1
Xitr1 = aiXip + biéty1 + aXir

Pi(xit) = A (Xlt + 60+ nuDy + xu1 Gi—1 + XU2Z‘—1)
1 . .
Spr = X'Dt(x/t) — Dt — x1Gi—1 — x24t—1 — 00y

Optimal consumption and demand

AmR 1
—— My + = Xpm X

cj; = constant + 5

* iy
X = Hi X,

where m; is a 8 x 8 symmetric matrix, and HU isa 8 x 1 vector.

Uninformed investor’s problem

Dynamic programming

» Plugging back into the Bellman equation and equating
coefficients produces

Ao = (p— log(rdh) + Rlog(r/R))

f
Am = B

and matrix Q; must satisfy
Q = m;/R. (3)

» Functional form for price and the statistic Sp; implies x;;; can be
implemented by submitting a demand schedule

Xi = FHiXi — hiP(x};). (4)

This function must match the initial conjecture.
» Eqg. (3) and (4) is system of 35 equations in 35 unknowns



Equilibrium existence

» Equilibrium characterized by solutions to system of equations

» In principle, 45 equations
» Dimensionality reduced by some analytical manipulations

» Resort to numerical solutions

Definition of drifts and reversals

> Letr? = D¢+ Pt — RPi_y,and r 1k = Zjl'(:‘l o
» Price exhibits momentum (reversal) at horizon k if

Cov(rik, rf) >0 (< 0)
» Alternately, can consider non-cumulative returns

COV(rte,t+ka rte—k,t) >0 (<0)



Symmetric information benchmark

» All investors observe G; and Z; directly

» Quasi-closed form solutions available (up to v;'s and 6 value
function parameters)

roy Ypyopoy OI13¢Z
Xit =1 ( Gt + ( R + 7o roy R(1+Q/3302)> Zt)

02 O' o 2
Xt = (g G + A 2 Qusdz 7)) g — 4P
Ut YU R—g¢g 't ray R(1+QU3302) t ut — Yurt,

where

rog

Qis07 ra\2 (oG _ 2
= Qi — 1+Qua*02 (W) (R—¢a)? b

roy

ans“% ray\2 O'ZG 2
—Quit - 1+Quag*o3 (T) (R—¢a)? T

Vi

Yu

Symmetric information benchmark

Equilibrium price and holdings

» With demand function parameters, equilibrium price and holdings
follow

+ 1
Pi= G+ 2O 7 (1 6) 0
G Y1+ YU Y1+ YU
N s NG ~~ _/
az ag
YuBi2 — viBuz2
Opr1 = Z +(1 -4 0y
" Vi +7u . f )7/ +7uj
by by
Out = =0

» Investors’ positions are mean-reverting to local mean = efficient
risk-sharing



Returns

» Excess returns

It = Dipt + Pryr — RPy
o
= —G2€Gt+1 + ODEDt+1
(R—¢¢c)

az (Zi+1 — RZ;) + ao (Oi41 — ROy)
» Can show that expected excess returns follow 2-factor model

Edrés] = az(¢z — R)Z + as(bzZ; + (by — R)0i)

-~

Risk premium due to Z Risk premium due to 6,

Calibration
(07 4 “ . ’ .
U = 3/4 of “capital” ~ % held MF & retalil
oy 8
R 1.08

6 05 | CK
o6 2 | oK e —1/2

op 1 9G
oy  2.33 | = Var(Dy)
epy 0.7

oz 6 | =1/R
oz 1

TCampbell and Kyle (1993, CK) estimate a CARA-Normal model using aggregate
stock market data.



Simulated series: Z;, 0, 0,7

Figure: Endowment of nontradeable asset (blue), informed holdings (black),
and informed holdings (red) in competitive setting.

Momentum/reversals for kK = 1

At one-period horizon,

Cov(riiit:r1,1)

= & Cov(Zys1 — RZy, Zy — RZ,_1)
+ agaz Cov(Zi11 — RZ;, 0 — ROj_1)
+ agaz Cov(0y1 — ROy, Zt — RZ;_+)
+ a5 Cov(Opp+1 — RO, O — ROy_1)

Depends on
» Autocovariance of (‘excess’) innovations in Z
» Lagged cross-covariance of innovations in Z; and 6y
» Autocovariance of innovations in 6



Economic intuition for drifts/reversals at k = 1

» Autocovariance of Z;.

» Are innovations in quantity of risk Z; positively or negatively related
to future innovations
» In competitive setting: momentum if ¢z > 1/R, reversals if
¢z < 1/R; sign same at all horizons
» In calibrations with ¢z = 1/R this term = 0
» Autocovariance of 0
» Direct effect of predicability of changes in inventory
» In calibrations =~ 0
» Cross-covariances
» Ceteris paribus, nontraded endowment | = informed close out
short positions = r£ 1
» As inventories (and hence prices) respond only slowly and Z; is
highly persistent, this also forecasts a net positive change in risky
asset holdings next period and consequently a price increase
» However, trading against this ‘mispricing’ is risky, so uninformed do
not completely eliminate, leading to momentum
» In the long run, Z; reverts to zero, and ‘mispricing’ due to this shock
converges to zero

Return autocovariances
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Figure: Autocovariance function of one-period returns



Conclusion

» Dynamic, strategic trading model
» Price drifts/reversals depend on:

» Correlation of endowment shocks
» Adjustment speed of strategic traders

» Numerical results suggest return autocorrelations larger when

» Information asymmetry is larger
» Residual risk is higher



