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Here 2 Cc RY, d > 1, is a bounded domain, Apu = div(|Vu|P=2Vu) is the p-Laplace
operator and B € (0, 1) is a given parameter. It is assumed that the initial datum satisfies
the conditions

up € WP (2)NL®(2), up>0ae.in 2.

The right-hand side f:§£2 x R — [0, 00) is a Carathéodory function satisfying the power
growth conditions: 0 < f(x,s) < as|9"! 4+ C, with positive constants «, Cy and q > 1.
We establish conditions of local and global in time existence of nonnegative solutions and
show that if ¢ < p and « and C, are sufficiently small, then every global solution vanishes
in a finite time a.e. in £2.

© 2013 Elsevier Inc. All rights reserved.

1. Introduction

Let 2 CcRY d>1, be an open set with the Lipschitz-continuous boundary 92 and Q1 = (0, T) x £ be the cylinder of
height T < oo with the lateral boundary I't = (0, T) x 9§2. We study the homogeneous Dirichlet problem for the quasilinear
parabolic equation with the singular absorption term

du — Apu+ Ly-qu? = f(x,u) inQr,
(P) u=0 onIT,
u(0,-) =ug in 2.

Here Ajyu = div(|Vu|P~2Vu) is the p-Laplace operator and 8 € (0, 1) is a given constant. By 1{u>0) we denote the charac-
teristic function of the set {u > 0},

1 ifu>0,
Lw=00=10 ifu<o

* Corresponding author.
E-mail addresses: jacques.giacomoni@univ-pau.fr (J. Giacomoni), paul.sauvy@univ-pau.fr (P. Sauvy), shmarev@orion.ciencias.uniovi.es (S. Shmarev).
1 The author acknowledges the support of the research grant MTM2010-18427 (Spain).

0022-247X/$ - see front matter © 2013 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.jmaa.2013.08.051

Please cite this article in press as: ]. Giacomoni et al., Complete quenching for a quasilinear parabolic equation, J. Math. Anal. Appl. (2013),
http://dx.doi.org/10.1016/j.jmaa.2013.08.051



http://dx.doi.org/10.1016/j.jmaa.2013.08.051
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:jacques.giacomoni@univ-pau.fr
mailto:paul.sauvy@univ-pau.fr
mailto:shmarev@orion.ciencias.uniovi.es
http://dx.doi.org/10.1016/j.jmaa.2013.08.051

YJMAA:17869

2 J. Giacomoni et al. / J. Math. Anal. Appl. eee (eeee) see—cee

By convention, throughout the paper we assume that ll{u>0}u‘f’ =0 whenever u = 0. It is assumed that the initial function
ug satisfies the conditions

up e WoP(2)NL®(2) and up>0 ae.in. (11)
The right-hand side f(x,s) is assumed to satisfy the conditions:

f:£2 xR — [0, 00) is a Carathéodory function,
(F1) f(x, s) is uniformly in x € §2 locally Lipschitz-continuous in s € R,
Vae.xe 2, fx,0=0

and the following growth condition:

there exist constants q > 1, o > 0, Cy > 0 such that,

F2
(F2) VxeR,VseR, 0< f(x,5) <als|91+Cqy.

Problem (P) appears as the limit case of a mathematical model describing enzymatic kinetics (Banks [4]), or in the
Langmuir-Hinshelwood model of the heterogeneous chemical catalyst (Cho, Aris and Carr [6] and also Diaz [11]). It has
already been studied for the heat equation, i.e. in the case p =2, by Deng and Levine [10], Fila, Hulshof and Quittner [14],
Fila and Kawohl [15], Fila, Levine and Vazquez [16] and Levine [19] under the Dirichlet boundary condition u =1 on I'. The
Cauchy problem for equation (P) was studied by Phillips [25]. Parabolic equations not in divergence form and with singular
absorption terms were studied by Winkler [29,30].

The singular absorption term may cause a striking phenomenon: even if the solution of the semilinear problem (P) is
generated by a strictly positive initial function, it may vanish in a finite time on a set of nonzero measure. Such a behavior,
usually referred to as quenching, was first observed in the pioneering paper by Kawarada [18]. We refer to the above cited
works for a detailed discussion of the possibility of quenching in solutions of various parabolic equations and for the study
of certain properties of these solutions, such as asymptotic behavior, uniqueness, stability and evolution of the solution
profile near the quenching point.

In [7] Davila and Montenegro have studied the semilinear problem (P) with p =2 under the assumptions ug € L*°(£2) N
C(£2) and up >0 a.e. in £2. A weak solution was obtained as the pointwise limit of a sequence of solutions to the problems
with a regularized singular term. It is proved in [7] that in the case of sublinear growth of the source term f(u) the solution
may exhibit the quenching behavior: the measure of the vanishing set {(t, x) € [0, +00) x £2: u(t,x) = 0} is positive. It is
also shown that the possibility of quenching in solutions of the semilinear problem is tightly related to the nonexistence of
positive solutions of the stationary counterpart of problem (P). The properties of stationary solutions to problem (P) with
p =2 are studied in Davila and Montenegro [8,9] and Diaz, Herndndez and Mancebo [12]. In particular, it is proved in [8]
that under additional restrictions on f problem (P) admits stationary solutions with compact support. In the recent paper
[23] M. Montenegro proved that under stronger conditions on the initial data the solutions of problem (P) for the semilinear
equation with p =2 may exhibit the property of complete quenching, that is, u(t,-) =0 a.e. in §2 for all t beginning with
some T,.

In the present paper, we study problem (P) for the quasilinear equation with 1 < p < oo and the nonnegative source
f subject to conditions (F1)-(F2). We prove first the existence of a local in time weak solution. Under the additional
assumption of the subcritical growth of f(x,s) as s — oo, q < p, we show that the local solution can be continued to the
arbitrary time interval. The same is true if the growth rate of f is critical, ¢ = p, and « is sufficiently small. We show then
that in both cases every weak solution possesses the property of complete quenching in a finite time, provided that the
constants o and C, are sufficiently small. To be precise, we prove that u(t,x) =0 a.e. in £ for all t > T, and estimate
the value of T, through |uoll2,2, lluolleo,2, d, P, &, Co and the first eigenvalue of the Dirichlet problem for the p-Laplace
operator in 2.

We finally show that the condition on the growth rate of f is in a certain sense necessary for the global in time
existence: in case of the supercritical growth of f, ¢ > p, problem (P) still has a local in time weak solution, but there is a
subset of initial data satisfying (1.1) such that the corresponding weak solutions blow up in a finite time.

2. Definitions and main results
Let us introduce the function space

U:={vel®0,T; WyP(2)) NL®Qr) | dv € L2(Q7)).

By convention we use the notation z = (t, x) for the points of the cylinder Q7 = (0, T) x £2.

Definition 2.1. A function u(t, x) is a weak solution of problem (P) if:

1. uelNnC(o,T];L3(£2)), u>0 ae. in Qr,
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2. for every test-function ¢ € U/ the inclusion ll{u>0}u‘f’<p e L1(Qr) holds and

/ dupdz+ / |VulP=2vVu - Vodz + / Lot Ppdz= / f(x, wedz, (21)
Qr Qr Qr Qr
3. u(0,-)=ug a.e. in £2.
Theorem 2.1 (Local in time existence of a weak solution). Let us assume that ug satisfies condition (1.1) and f satisfies conditions

(F1)-(F2). Then there exists T* > 0 such that for every T < T* problem (P) has at least one weak solution in the sense of Definition
2.1, which satisfies the energy relations: for every t1,t; € [0, T]

t )

t
1 1
§||u(f2)||;_q—5”“(&)”5’9+//|Vu|pdz+//u1_ﬂdz=//f(x,u)udz (2.2)
2 t1 2

t1 T 2
and for almost every t € (0, T)
u(t)

1 1
||8tu||§,Qt+E”Vu(t)”ﬁﬂ-i-m/lﬂ—ﬂ(t)dx_ / f(x,s)dsdx
2 0

ug
1 1 _
< EIIVuollﬁﬁ—i—m/u(]J ﬂdx—/f(x,s)dsdx. (2.3)
2 0

Here and throughout the rest of the paper we use the notations u(t) :=u(t,-) a.e. in £2 and Q; := (0,t) x £2.

A local in time weak solution of problem (P) is obtained by means of a suitable regularization of the singular term
in equation (P) with the consequent passage to the limit with respect to the regularization parameters. The key point of
the proof is a special choice of approximations for the discontinuous and nonmonotone term ]l{s>0}s*5 (see formula (3.2)
below) and a careful analysis of their convergence properties.

The next issues are the possibility of continuation of the constructed local in time solution to an arbitrary cylinder
(0, T) x £2 and the study of possible quenching. Let us denote by A; the first eigenvalue of the Dirichlet problem for the
p-Laplace operator:

A o= inf{ / IVv|Pdx: ve Wé‘p(.s?), /|v|pdx= 1}. (2.4)
2 2

Theorem 2.2 (Global in time existence and complete quenching). Let the conditions of Theorem 2.1 be fulfilled. Assume that f (x, s)
satisfies the growth condition

VseR, 0< f(x,s) <als|9!+Cq, (2.5)

with constants 1 <q < p,a >0and Cy, > 0. If

o< A,

then problem (P) has a global in time bounded weak solution u € U. Moreover, if

o + Cq < min{1, A1},

then every weak solution u € U vanishes in a finite time: there exists T,. > 0, depending on p, d, |$2| := meas £2, «, A1, |[uoll2,2 and
ltlloo, 2, SUCh that:

Vt>T,, u(lt)=0 ae.inf2.

The possibility of continuation of a local solution to an arbitrary time interval relies on the uniform L°°-estimates for
the solutions of the regularized problems, which are obtained by means of comparison with suitable barrier functions
independent of t. In the case of critical growth of f, ¢ = p, smallness of the parameter « turns out to be crucial for such
a comparison. Conversely, for any given « we can fulfill the same restriction by claiming that A, is sufficiently big (or,
equivalently, that diam 2 is suitably small). It is worth noting that the evolution p-Laplace equation with a continuous
low-order term of critical growth admits global solutions only if the domain is sufficiently small — see [31] for a discussion
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of this issue in the case of power growth and [27] for the results on the global existence of solutions for equations with
nonpower source terms, as well as for further references.

The proof of the complete quenching of every global solution is based on the analysis of an ordinary differential inequal-
ity satisfied by the function |lu(t)||2,«. To derive such an inequality we rely on the energy identity (2.2) and an interpolation
inequality of Gagliardo-Nirenberg type. The main steps of the proof are similar to those in [1, Ch. 2] where this method was
proposed for the study of the finite-time extinction of solutions of parabolic diffusion-absorption equations. Nonetheless, the
specific kind of nonlinearity in equation (P) makes impossible a direct application of the known results.

Organization of the paper. In Section 3 we introduce the regularized problem (P, ;) with the singular term approximated
by a sequence of continuous functions depending on two positive parameters. If the growth rate of the source term f is
either subcritical, or critical and the parameter « is sufficiently small, then problem (P ;) has a global in time weak
solution. This assertion holds under the minimal assumptions on the regularity of the initial function: ug € L?(£2). For
ug € L°°(£2) we show that the solution is locally in time bounded and, moreover, if the growth of f is either subcritical, or is
critical and « < X1, then the maximum of the solution does not depend on time and the parameters of regularization, which
allows one to continue the constructed solution to the maximal interval of existence. Finally, for ug € L*°(£2) N Wé’p(.Q) we
prove that the sequence of solutions to the regularized problems is uniformly bounded in the norm of ¢/.

Section 4 is devoted to justification of the limit passage with respect to the regularization parameters. This is done in
two steps, the first one uses the uniform boundedness of the nonmonotone approximations of the singular term, while the
second step relies on the monotonicity of the approximating sequence.

In Section 5 we derive the ordinary differential inequality satisfied by the function [u(t)|l2, and show that under
suitable conditions on the data every nonnegative function satisfying this inequality vanishes in a finite time, which means
the complete quenching. Finally, we prove that the growth conditions on f, sufficient for the finite time quenching, are in a
certain sense necessary for the global existence: if f = o|u|972u with any q > max{2, p} and « > 0, and if

1 1 1-8 @ q
—|Vug|? + u, © — =ug |dx <0,
S[(p 1-8°% ¢q°

then every weak solution of problem (P) blows up in a finite time: there exists a finite T > 0 such that lu@®)ll2,@ = +o0
ast—T_.

3. Regularized problems

To prove Theorem 2.1 we consider the family of regularized problems. For every ¢ > 0 we introduce the function
0 if s <0,
g(s)=1{¢e7F ifse(0,e), (3.1)
sB ifs>e
and consider the problems
deue — Apus =hg(x,ug) inQr,
(Pg) u,=0 onlr,
ug(0,) =ug in 2

with hg(x,5) := f(x,5) — g:(5) : 2 x R — R. The function g(s) is bounded but discontinuous. Let us approximate g¢(s) by
the sequence of continuous functions

e~ Pn~1s ifs<n,
Zen()=1¢eF ifsen,e), ne,e), (3.2)
s—h ifs>e,
and consider the sequence of solutions to the problems with two regularization parameters:

Ol n — Aplle y = ha,n(X, Ug ) inQr,
(Pg.p) Ug =0 onlT,
ug n(0,-) =ug in £2.

The nonlinear term hg ;(x, ) := f(x, ) — g¢ 5(s) : £2 x R — R is locally Lipschitz-continuous with respect to s, which allows
us to make use of the known results on the solvability of problem (P, ;).

The double regularization of the discontinuous nonlinear term ]l{u>0}u*f‘ requires an explanation. The sequence of the
regularized functions g.(u.) is monotone increasing as ¢ | 0, but is unbounded and discontinuous. At the same time, the
sequence gg ,(ug ) that approximates gg(u.) is bounded and continuous but not monotone. This difference allows us to
use different tools for the proofs of convergence of the sequences of solutions of problems (P¢ ) and (P.) to the solutions
of the corresponding limit problems.

Please cite this article in press as: ]. Giacomoni et al., Complete quenching for a quasilinear parabolic equation, J. Math. Anal. Appl. (2013),
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3.1. Solvability of problem (P, ;)

A solution of the regularized problem is constructed under weaker assumptions on the data. Let us define the function
space

Vi={velP(0,T; Wy P(2)) | dv e LP' (0, T; WP (2))}.
Definition 3.1. A function u, , €V is called weak solution of problem (P y) if:

1. ugy>0ae. in Qr,
2. for every test-function ¢ € LP(0, T; w(}p((z))

/(<patu8,,7+ Ve nlP~2Vug - Vo) dz:/hg,,,(x,ug,,,)godz, (3.3)
Qr Qr

3. ug 5(0,) =up ae. in £2.

Theorem 3.1 (Global in time weak solution). Let ug € L2($2) and f(x, s) satisfies conditions (F1)-(F2). Then problem (Pg.y) has a
global in time weak solution if either ¢ = max{2, p — 8} with some § > 0,0rq=p and o < Aq.

Problem (P ;) with the continuous low-order term h, ;(x, s) has been studied by many authors and various assertions
similar to Theorem 3.1 are available in the literature - see, e.g., [28,31] for the case p > 2, or [27] for the anisotropic
p-Laplace equation with nonpower low-order terms. We will follow here the proof given in [2,3], which is an adaptation of
the classical Faedo-Galerkin method for nonlinear parabolic equations - [20, Ch. 2]. Let {y} be the orthonormal basis of
L%(£2) composed of the eigenfunctions of the operator

Wi, Wns2) = M. Wiz,e - Yw € Hy(£2)

with s > 1+ d(— — 7) The approximate solutions to problem (P, ;) are sought in the form

u™ @) =>" ™ O, (34)
k=1

where the coefficients c(m) (t) are defined from the relations

2
(at”(m)’ ka)z. (‘V”(m)‘p vu™, V‘/’k)z o T (hen(x, uf ) Wk)z 2° (3.5)
k=1,...,m. Equalities (3.5) generate the system of m ordinary differential equations for the coefficients c,((m) ),
(™) = Fe(t, ™0, ... ca” ),

™) = (uo, Y)2,0, k=1,...,m,

which is solvable for any natural m. Uniform a priori estimates on the functions {u™} and the compactness results of [26]
allow one to extract a subsequence which converges to a weak solution ug ; of problem (P j):

um

——= Ugp ian(O,T;WS’p(.Q)) and u(m)m—_)—o—gug,,, ae.in Qr,

(m
du™ Mmoo

dly inLP(0,T; WP (2)),

’Vu(m)‘P*ZVu(m) ’VUe,n‘p7 vug’n in Lp,(QT)-

m—oo

Moreover, under the imposed growth conditions on f this solution exists globally in time. The proof of the continuous em-
bedding V < C([0, T]; L?(£2)) can be found in Barbu [5, Lemma 4.1, Th. 4.2, pp. 167-168], or [20, pp. 158-161]. Moreover,
for every v, w € V and every tq,t; € [0, T]

/v(tl)w(ﬁ)dx—/v(tz)w(tz)dx_//watvdz—i—//vatwdz

2 2 t 31
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In particular, in the special case v =w
1 1 ¢
§||v(t2)||§’9 - §}|v(t1)||jQ ://vatvdz. (3.6)
t1 2

Theorem 3.2 (Local in time bounded weak solution). Let ug € L°°(£2), ug > 0 a.e. in £2, and let f (x, s) satisfy conditions (F1)-(F2)
with an arbitrary q > 1. Then there exists T* > 0 such that for every T < T* the solution of problem (P, ;) satisfies the estimate
0 < v <M a.e.in Qr with an independent of € and n constant M.

Proof. We begin with checking nonnegativity of solutions to problem (P; ;). Let ug > 0 a.e. in £2. Given a solution v of
problem (P, ), we take ¢_ = min{0, v} < 0 for the test-function in (3.3). Since g¢ , >0, f >0, ¢_(t,-) <0and ¢_(0,-) =0,
it follows that in every cylinder Q; = (0,t) x 2 with t < T*

1
Slo-0l; 0 <= [(v0-1 + genwip-)dz+ [ fevp-dz<o,
Q¢ Q¢

whence min{0, v} =0 a.e. in Q; for every t < T*.
Without loss of generality we may assume that condition (F2) is fulfilled with q > p, otherwise we make use of Young’s
inequality to get

—1 -1
0< fixs) <alsl 1 +Co<al—|sp 1+ 27" 1 ¢,
p—1 pP—q

Let us fix an arbitrary constant L > 1 and consider the auxiliary problem

oru — Apu+ ge p(u) = fr(x,u) inQr,
u=0 on I, (3.7)
u0,-)=up in 2

with the function f; defined by

f&x,u) iflul <L,

fx, Lsignu) if |u| > L.

This function satisfies the growth condition

fL(X,U)Z{

0< fr(x,u) <aminf{[ul® " 197} + Co < oL ?[u| + Cq. (3.8)
By Theorem 3.1 for every L > 1 problem (3.7) has a local in time solution v. Set
Co

wity=Ke", K=|uolon  S=ali 24 —%
luollco, 2

It is easy to see that

v — Apv <ali™2|v|+Co inLP(0,T; WP (2)),
and

{afq/ — Ap¥ =8Ke¥ > ali72¥ +C4 in(0,T] x £2,

¥ — |luolleo,2 20 inf2, ¥>0 onl.

It follows that for every nonnegative test-function ¢ € L?(0, T; Wé’p (£2))

/(8t(v — W)+ (IVvIP2Vy — |V¥|P2VY) . Vo) dz < al17? /(|v| —¥)pdz.
Qr Qr
Choosing ¢4 := max{0,v —¥} e LP(0,T; W(l)‘p(.Q)) for the test-function and applying the well-known inequality
(1€1P~25 —1nlP~2n) - (6 —=m) >0 (3.9)

we conclude that
t

1
o0l o <at? [ oo} o as.
0
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Since [|¢+(0)|l2,2 =0, it follows from the Gronwall inequality that ¢ =0 a.e. in Q7. Let us choose L =1 + |Jup|lco,2 and
then fix T by the condition

1 1
L=1+ uollco.2 =¥ (T) = lugllcc. 2’ <& T=—ln<1+—>. (3.10)
) ltuolloo, 2

For every t € [0, T] we have 0 < v(t,x) < L a.e. in £2, which means that v is in fact a solution of problem (3.7) with the
right-hand side f independent of L, that is, a nonnegative solution of problem (P, ;). Taking v(T,x) for the initial datum
and repeating the comparison procedure with the new function

Cy
[u(Mloo.2”
we extend the solution v(t,x) to the cylinder [T, T’] x £2 with T’ calculated from ||v(T)||«, and L’ chosen according to

(3.10), and conclude that for every t € [T, T’] and a.e. x € £2 we have 0 < v(t,x) < L’. This process is continued until the
interval (0, T*) is exhausted. O

) =[vD] o, s=all? 4 U'=1+[vD| o

Theorem 3.3 (Global in time bounded weak solution). Let in the conditions of Theorem 3.2 p = q and

0<a <A (3.11)

Then the constructed solution v of problem (P, y) is global in time and there exists a constant M such that 0 < v < M a.e.in Qrt for
every T > 0. The constant M depends on p, |[uollco, 2, &, A1, butis independent of ¢, n and T.

Proof. By Theorem 3.2 the solutions of problem (P ;) are nonnegative. By virtue of (3.3) for every nonnegative function
¢ elP,T; Wé’p(_@)) the solution of problem (P ;) satisfies the inequality

/[8tvgo+ |VvIP2Vy . Vg|dz = /(f(x, V) — 8en(V)pdz < /(ozlvlp_1 + Cq)@dz. (3.12)
Qr Qr Qr

Let 2 CRY be a regular domain that contains £2: 2 € £2. Denote by ¥ and 2Aq (£2) the first nonnegative normalized
eigenfunction and the first eigenvalue of the problem

Ap¥ +0(D)YIP2Yy =0 in2, ¢=0 onds2, /|1//|de=1.
2

It is knowrthhat Y is strictly positive in £2 and M(ﬁ) < A1(£2). Moreover, Al(ﬁ) continuously depends on 2 and )q(f?) —
X1(£2) as £2 — £2 in the Hausdorff complementary topology [21, Th. 3.2]. The last property together with the assumption
(3.11) allow us to choose the domain §2 in such a way that

o <a+8<k1(§)<kl(9), with some § > 0.

Let us denote u = infp ¥ > 0 and consider the function ¥ = K with K = const > 0 such that

V(X)) =Ky =Ku > lluglliee) inf2, (313)
S(Kp)P~" > Cy. :
For every nonnegative ¢ € LP(0, T; Wé’p(.Q)),
(2
/[atw(p + |V P2V . Veldz = %(a / wp‘%dz)
Qr Qr
>a / wPlpdz 4+ s(Kp)P~! /(pdz
Qr Qr
>a/wl’*1<pdz+ca/<pdz. (3.14)
Qr Qr
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Taking in (3.12), (3.14) ¢4+ = max{0, v — ¥} > 0 and subtracting the results we arrive at the inequality
t

Slevol o <a [ [(vr—wr e, az

0 2
t

// (IVvIP2Vv — V@ |P2VY) . (Vv — V) dz. (3.15)
0

Let us consider separately the cases p € (1,2] and p > 2. Assume first that p € (1, 2]. The second term on the right-hand
side of (3.15) is nonpositive because of (3.9). The first term is estimated as follows: at every point where ¢ > 0,

1
vl _ygpl /
0
1

=(p— 1)(/(9v +(1 - 9)4/)”’2 d9>g0+

0

—1)yvP-2
<o [(p v ¥f19>2, (3.16)
(p—D¥P2 fl<p<2.

Plugging (3.16) into (3.15) we have that in the case p € (1,2] for all t € (0, T)

(Ov+ 1 —0)w)P " do

S

1 2 . _ _
Slor O3 o <a —DinfeP2lp. 3 o, <a(p = DEWPle1l5 g,

2
le+ O3 =0.
By Gronwall’s inequality ||¢4(t)]l2.2 =0, whence ¢4 =0 a.e. in Qr and v < ¥ a.e. in Qr. Let us assume now that p > 2.
By Theorem 3.2 the solution is locally in time bounded and there exist T > 0 and M such that 0 < v(t,x) < M for every
t €[0, T] and a.e. x € £2. Gathering (3.15), (3.16) we arrive at Gronwall’s inequality for ”‘p*'”%,Qr: for every t € (0, T)
Her O o <atp - DIvO %2104 13,0, <atp — DMP 2413
B P+ Dy o SAP 00,2 19+1l2,q, S &P P+112,q,-

It follows that [|@4 (t)[l2,2 =0 for all t € [0, T]. Let us consider problem (P ;) with v(T,x) taken for the initial datum.
Since the barrier function ¥ (x) is independent of t, both conditions in (3.13) are already fulfilled and the same arguments
show that the inequality 0 < v < ¥ (x) a.e. in §2 holds on the interval [T, 2T]. Iterating, we extend the same estimate to the
cylinder of arbitrary height. O

Corollary 3.1. Let in the conditions of Theorem 3.1 ug € L°°(£2), ug > 0 a.e.in £2.If q < p, then for every T > 0 and arbitrary positive
a, Cy the solution of problem (P, ;) satisfies the estimate 0 < v < M in Q1 with an independent of ¢, n and T constant M.

Proof. By Young’s inequality, for every y >0

|f(x,9)] <als|? ' +Co < yIsIP™ +C(p).

The assertion follows from Theorem 3.3 if we choose y according to condition (3.11). O
3.2. Higher regularity of solutions to problem (P ;)

Theorem 3.4. Let the conditions of Theorem 3.2 be fulfilled. If we additionally assume that ug € Wé’p(Q), then u, ; € U and for a.e.

te(0,TH
g p(t) ug,pn(t)
1
IIBtus,nH%,Qt+E||Vus,n(t)||£,9+/ / gs,n(s)deX_/ / f(x,s)dsdx
2 0 2 0
ug Up
1
< E||Vuo||‘;’9+//gg_n(s)dsdx—//f(x,s)dsdx. (317)
20 20
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Proof. The solution of problem (P ;) is obtained as the limit of the sequence {u™} defined by (3.4). Multiplying each of
Eqgs. (3.5) by (¢®), summing in k=1,2,...,m and integrating the result over the interval (0, t) with t < T*, we obtain the
equality

um 63) um 63)

1
||3tu(m)||§7Qt+E||Vu(’")(t)||§79+/ / gg.n(s)dsdx—/ / f(x,s)dsdx
2 0 2 0

(m)
o

m
0
1
:E||Vuém)||gﬂ+/fgg,n(s)dsdx—//f(x,s)dsdx. (3.18)
20 20

By the definition 0 < g¢ ;(s) < s for s > 0 and 8e.n(s) =0 if s < 0. Using Young's inequality we estimate

(m)
Up

/ Zep(s)ds <
0

The solutions of problem (P, ;) are uniformly bounded on the interval [0, t] and can be obtained as the solution of problem
(3.7) with the auxiliary dummy parameter L. This means that the last term on the right-hand side of (3.18) has to be
estimated only for a function f; satisfying (3.8). Since

1

T max{o.ug” ) < (14 (4")) < €1+ ol o)

v
//f(x,s)dst< (an‘2+Ca)/(v2+IVI)dX<C(1+|IVII§,9),
20 2

the last term on the right-hand side of (3.18) is estimated by |ug|l3 ,, and |[u™]|3 . To estimate the latter we multiply
each of Egs. (3.5) by cx(t) and sum up the results. This leads to the inequality

1 1
i”u(m)(t) |, + [ Vu™ ”Z,Qr < illuollig +/U(m)fL(X, u™)dz.
Q:

The uniform in m and t € [0, T] estimate on [[u™(t)||. follows from the Gronwall lemma. By virtue of (3.18) 8.u™ are
uniformly bounded in L2(Q7) and |Vu®™)]| are uniformly bounded in L°°(0, T; LP(£2)). By [26, Th. 5] the sequence {u™}
contains a subsequence which converges in L9(Q7) with some q > 1 and a.e. in Q7 to a function u. By construction, this
function coincides with u, ;, the solution of problem (P ;). Letting m — oo in (3.18), using the pointwise convergence
u™m e, and applying the Fatou lemma and the dominated convergence theorem, we obtain (3.17). O

3.3. Comparison and monotonicity

Let T* be the value from the conditions of Theorem 3.1 and T < T* any fixed number.

Lemma 3.1. Under the conditions of Theorem 3.2 the sequence {uy ;} is monotone decreasing as n — 0: if n > 1’ > 0, then u; ; >
Uy ae.in Qr.

Proof. Let 0 <’ < n. Denote by ug y,ue,» €U the corresponding solutions of problem (P¢ ;). The function (u,, —
Ue.p)+ = max{0, ug ,y — Ug y} €U is an admissible test-function in the integral identity (3.3). By the definition, ge ;(s) is
monotone decreasing as a function of 7: for every n” < n we have g ,/(s) > ge,,(s) for all s € R. This yields the inequality

(ga,n’(us,n’) - ga,n(ua,n))(us,n’ —Ugp)t 2 (ga,n(ua,n’) - ga,n(ua,n))(ua,n’ —Ug )+

B

2
= _W(ue,r]’ —Ugp)i-

By Theorem 3.2 ug y, U, are uniformly bounded in the cylinder Qr by a constant M. Since f(x,s) is locally Lipschitz-
continuous, it is globally Lipschitz-continuous on the interval s € [0, M]:

(e ) — fx e ) Wey — g )+ <L (Uey —Ug )’

with an independent of 7 and ¢ constant L. Plugging these inequalities into identities (3.3) for u, ; and u, ; and dropping
the terms of constant sign, we find that for every t € (0, T]

1 B
5/ (U — g )2 dz < <L+W>/(um,_u€,n)idz.
Qt

Qr
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Let us introduce the function @ (t) = ||(ug ,y — us,n)+(t)||§ o- Since ug (0, X) = ug (0, x), then @(0) =0 and

t
Ogcb(t)gZ(L—i—%)/(D(s)ds, fora.e.t € (0, T). (3.19)
£
0

By the Gronwall lemma fé @(s)ds =0, thence @(t) =0 fora.e. t€(0,T). O

Corollary 3.2. Under the conditions of Theorem 3.4 the solution of problem (P ;) is unique.

Proof. The assertion follows from the proof of Lemma 3.1: if problem (P, ;) admits two different solutions uél% ué(;zz, the

function @ (t) = [[(ufl) — ul))+(©)]3 ; satisfies (3.19). O
4. Existence of weak solutions of problems (P.) and (P)
4.1. Weak solution of problem (P;)

We are now in position to prove the following assertion.

Theorem 4.1. Let the functions ug and f satisfy conditions (1.1) and (F1)-(F2). Then there exists T* > 0 such that forevery T < T*,
problem (P¢) has a unique weak solution ugz € U. Moreover, u; satisfies the following energy relations: Vt1,t € [0, T],

t t ty
1 2 1 2
5””8“2)H2,9_5””8(“)”2,9+//|VUa|de+//ga(ua)uadZ=//f(X, e ) dz (41)
t1 2 t1 2 t1 2
and fora.e.t € (0, T),
ug(t) ug (t)
1
IIBtuslliQt+E/|Vus|”(t)d><+/ / gs(S)dst—/ / fx,s)dsdx
2 Q2 0 2 0
Up Uup
1
< —/|Vuo|pdx+//gg(s)dsdx—f/f(x,s)dsdx. (4.2)
p.Q 20 Q20

4.2. The limitasn — 0

The uniform in 7 estimates on the solutions of problem (P, ;) allow us to extract a subsequence such that

ey — g e inL(0.T: WoP(2)) NL™(Qr), (4.3)
dcte.y — g dete in L2(Qr), (4.4)
Uy —— Ue in C([0, T1; L%(£2)), (4.5)
Ue E) u, ae.inQr, (4.6)
Ve P Vg =5 Ve inL”(Qn)" (4.7)

By convention we use the same notation for the sequence and the extracted subsequences. The functions g ,(ue, ;) are
bounded uniformly with respect to n, which is why there exists ¢, € L°°(Qr) such that

8en(Ue.n) 755 ¢ inL*(Qr). (4.8)

Since f is a Carathéodory function, it follows from (4.6) that

f G tey) = f(x.ue) in 1P (Qr). (4.9)
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Gathering (4.4), (4.7), (4.8), (4.9) and passing to the limit as n — 0 in (3.3), we conclude that for every test-function
@ € LP(0, T; Wy (22))

/atuggodz—i—/va-Vgodz—i—/cpa(pdz:/f(x, ug)pdz. (4.10)
Qr Qr Qr Qr

The limit vector-valued function V, is identified as follows:
Proposition 4.1. V, = |Vug|P~%2Vu, a.e.in Qr.

The proof uses the classical “Minty argument” (Minty [22]) based on monotonicity of the p-Laplace operator. It is well-
known (see, e.g., [20, pp. 160-161], [2,27]) and can be omitted.

4.3. Proof of Theorem 4.1
By (4.10) and Proposition 4.1 ug € U/ and satisfies

Bty — Aplls +de = f(X,ug) inLP'(0, T, WP (2)). (411)
Let us check that ¢, = g-(us) a.e. in Qr. By (4.6)

8e.n(Ue,n) e 8:(ug) ae.inQr N{ug >0}, (412)
which allows us to represent the limit function ¢, in the form

e =8e(Ug) + Lpy,—01 Xe ae.inQr (413)

with a function x. to be defined. Since g, is nonnegative, it follows from (4.8) that ¢, is also nonnegative a.e. in Qr.
Thus, Ly, —0}Xe >0 a.e. in Q7. Let us take g ,(ue) € LP(0, T, Wg)’p(.Q)) for the test-function in identity (4.11) for u,,

/ atusgs,n(us)dz + / |Vu£|pizvu£ : V(gs,n(us)) dz+ / Pe8e n(Ue) dz= / fx, Ug)8en(Ue) dz,
Qr Qr Qr Qr
introduce the functions

w w

Gen(w) 3:/ge,n(v)dV, Ge(w) 3:/gs(v)dv
0 0

and rewrite the previous equality in the form

/Gs,n(us(T))dx_/Gs,n(uo)dx+/|Vus|pg/g,n(ue)dz+/(pegs,n(us)dZ:/f(xsue)gs,r](us)dz- (4.14)
Q2 2 Qr Qr Qr

By the Lebesgue dominated convergence theorem

/Ggyn(us(T))dx—())/Gg(ue(T))dx and /Gg,,,(uo)dx—(;/cs(uo)dx, (4.15)
2 ! 2 2 ! 2
f¢£gs,n(us)dzm/(gs(us))de, (4.16)
Qr Qr
/f(xsua)gs,n(us)dzm/f(& Ug)ge(Ue) dz. (4.17)
Qr Qr

Lemma 4.1. For every fixed € > 0
/IVuslpg;,,,(us)dzm/Jl{ubo}IVusI"g’g(us)dz. (4.18)

Qr Qr
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Proof. By the definition 0 < g¢ ; (1) < e~# and

—B,,—1 if
g (up) f) ! :fZSZ[Z ) g’ (up) {0 ifue <e, (419)
e,n\te) = 3 »€), en\te) = —(B+2) . .
_ + Du ifug. > ¢,
s ity s e, BB+ Du; ;

which means that to prove (4.18) it suffices to show that

Ipy=ePn! / [Vug|P dz—— 0.
n—0
Qrn{o<us<n)

Let us fix some 7 € (0, ¢) and take gg,n(ug)g&,](us) eLP(0, T, Wé’p(.Q)) for the test-function in (4.11):

1
_/gg,n(us(T)) dX+/|Vus|p(ge,n(us)gg,;7(u€)+(gé,n(us))z) d2+/¢sgé,n(u8)gs,n(us)dx

2
2 Qr Qr
1 /
=3 / g2, (uo) dx + f Fxue)gy () ey (ue) dz.
2 Qr

By assumption f(x,s) is nonnegative, locally Lipschitz-continuous with respect to s and f(x,0) = 0. Since the sequence
{ug}eso is uniformly bounded in L°°(Q7), there exists a finite constant L > 0, independent of &, such that |f(x, ug)| =
|f(x,us) — f(x,0)] < L|ug|. Using (4.19), (412) and Lipschitz-continuity of f, and dropping the sign-definite terms in the
previous equality, we arrive at the inequality

o2 1 B 1 @ ue)
7 / [Vug|Pdz < = /gan(uo)dx—i- 211 / Qe dz+ — o / d

n
QrN{0<us <n} 2 QrN{ue =€} QrN{0=<us <n)
<CIRI(1+ A +L)T)e 2P (14~ 1+P)

with an independent of 1 and ¢ constant C. It follows that I, , — 0 as n — 0, as required. O

Letting n — 0 in (4.14) and taking into account (4.15)-(4.18), we obtain

st(ue(T)) dX—/Gg(uo)dXJr/Il{u£>01|Vug|pg;(us)dZ+f(gg(us))2d2=[f(x, Ug)ge (ug) dz.

2 2 Qr Qr Qr

At the same time, (3.3) with the test-function gg j(ue,,) € L?(0, T; W(l)’p(Q)) gives

/ us n(T) /Ge n(uo)dx+/ |Vue, n|pg3 n(ue n)dz+/(ge n(Ug, 17))
2 Qr Qr

=ff(x, Ue,p)&e,n(Ue,y) dz.

Using (4.6) and the assumption f(x,0) =0 and then applying the Lebesgue dominated convergence theorem we find that

/Gs,n(us,n(T)) dX—O>/Gg(u€(T)) dx
n—
2

2
/Gs,n(uo)dx——O»/Gg(uo)dx,
22 ! 2

f fx, Ug n)8e,n(Ue.n) dzm / fx, ug)ge(ug)dz.

From (4.8),

. 2
/cﬁg dZ—f (Lup =0y x2 +g£(u£)2)d2<llr?lggf/(ga,n(ua,n)) dz. (4.20)
Qr
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Furthermore, repeating the arguments used to prove (4.18), we conclude that

liminf/ [Vug nlP g, n (e y)dz > lim / Liu,>0}| Vg nlP g n (e, y) dz
—0 ’ n—0 ’

n
Qr Qr
- / 1,0y | Ve [P (1) diz.
Qr
It follows now that
. 2 2
llmsgp/(gg,,,(ug,n)) dz < /(gg(ug)) dz. (4.21)
"~ Qr Qr

Finally, combining inequalities (4.20) and (4.21), we conclude that 1, .0 xe =0 a.e. in Qr, which means that ¢, = g¢ (u,)
a.e. in Qr. Uniqueness of the weak solution to problem (P.) follows as in Corollary 3.2.

Proposition 4.2. The function u, = limy,_. ¢ u ; satisfies the energy relations (4.1) and (4.2).

Proof. Let us take u, e Y C L*°(0, T; W(l)'p(Q)) for the test-function in the integral identity (3.3). Using the convergence
properties (4.3)-(4.7) we pass to the limit as 7 — 0 and obtain (4.1) applying (3.6). To get (4.2) we let n — 0 in (3.17) and
make use of the Fatou lemma, the uniform bound 0 <ug ,; <M a.e. in Qr and the pointwise convergence ug , — Ug. O

The proof of Theorem 4.1 is completed.
4.4. Existence of solution of problem (P): Proof of Theorem 2.1

Using the uniform in ¢ and 7 estimates on the solutions of problems (P, ;) we may find functions u ef and V €

LP (Q7)? such that the sequences {ug}, {|Vug|P~2Vu,} converge to u and V in the sense of (4.3)-(4.7). Literally repeating
the proof of Theorem 4.1 we can justify the limit passage as ¢ — 0 in every term of the integral identity

/(Btue<p+|Vug|"’2Vus-V<p+gg(ug)<p)d2=/f(x,ug)wdz, @ elP(0,T; Wy P(2)),
Qr Qr

except for the term g.(u¢)e, which becomes singular as € — 0.

The proof of convergence of the corresponding term in the problems (P, ;) relied on boundedness of g ,(s) with respect
to n, which is no longer valid if we allow ¢ to approach zero. The proof of convergence of the sequence g¢(u,) is based on
monotonicity.

Proposition 4.3.If ¢ > ¢’ > 0, then forany t € (0, T), ug(t) > u.(t) a.e.in £2.

Proof. Since g;(ug) € L(Q1) C LP (0, T; W17 (£2)), by virtue of the equation we also have du, € LP (0, T; W17 (2))
and may take u, — u, for the test-function. We adapt the proof of Lemma 3.1. Let us notice first that

Ve>¢& >0, VseR, gu(s)>g:(s).
Subtracting the identity for ug from the one for u, and taking into account the inequality
B
(ga/(us/) - gs(us))(us’ —Ug)t = (gs(us/) - gs(ue))(us’ —Ug)t = —m(ua/ - us)i,

we arrive at the integral inequality (3.19) for the function ||(ug — u8)+(t)||§’9. O
Proposition 4.4. For every ¢ € U we have 1y,.0uPp € L1(Qr) and

[ stwrptz— [ 1u0u oz (422)
Qr Qr

Proof. Let us take an arbitrary monotone decreasing sequence {&x}, &k — 0 as k — oo. Each of the functions u,, =limug, ,
as n — 0 is defined almost everywhere in Qr, which allows us to remove from Qr a zero-measure set wr in such a
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way that u =limu,, as k — oo is defined at every point (t,x) € (57 =Qr \wr. Let ¢ € U and (to, X0) € GT. We consider
separately the following two possibilities.

1. There exists K € N such that ug (to, xo) = 0. By virtue of Proposition 4.3 the sequence {ug, (to,Xo)} is monotone
decreasing as k — oo, which entails ug, (to, xo) = 0 for all k > K. It follows that u(tp, xo) =0 and

e, (g, (to, x0)) =0 ——3 9= Tw=ou(to. x0) P
k>

2. Let us assume that ug, (tp, xo) > O for all k € N. Since g, (s) is nonincreasing as a function of s for s > 0, it follows
from Proposition 4.3 that the sequence {g, (ug,(to, X))} is nondecreasing. We may now define the measurable function
g:Qr — [0, +00] as follows:

V(t,x) € Qr, gt.x = lim g, (ug, (£, ) € [0, +o0].
For every nonnegative test-function ¢ € U/, we have from (3.3) that

/gek(ugk)godz=/f(x, ugk)godz—/|Vugk|p_2Vu€k-V(pdz—/atugk(pdz. (4.23)
Qr Qr Qr Qr

Recall that {ug,} is uniformly bounded in L? (0, T; Wé’p(.Q)) NL*(Qr), while {d;ug,} is uniformly bounded in L2(Qy). It fol-
lows that the right-hand side of the above equation is bounded independently of ¢, whence by the monotone convergence
theorem,

/ gpdz= klim / 8e, (Ug ) dz < +o00. (4.24)
—00
Qr Qr

Thus, g € L1(Qr) for every a.e. nonnegative function ¢ € LP(0, T; Wé’p(Q)). This means that

meas{(t,x) € Qr | g(t,x) = +oo} =0.
In the case g(to, xo) > 0 the equality g(tg, xo) = u—#(tg, xo) holds by virtue of monotonicity. Thus, Ze, (Ug )@ —6 ]l{u>g)u*5g0
E—

a.e.in Qr and ll(u>0}u‘ﬂ<p € L1(Qr). By Proposition 4.3 and (4.24) we have that a.e. in Qr

g6, (Ue)@| < Liu=0ju~f max{0, ¢} € L (£2).

Applying the Lebesgue’s dominated convergence theorem we obtain (4.22). O

Remark 4.1. For every ¢ > 0 the weak solution u, € U of problem (P;) is locally Hélder-continuous (see [13, Ch. 3, Th. 1.1]),
which means that the argument used in the proof of Proposition 4.4 is in fact valid for every point (tg, Xo) € Q7.

The energy relations (2.2) and (2.3) follow as in the proof of Proposition 4.2 with the help of Proposition 4.4. The proof
of Theorem 2.1 is completed.

5. Quenching in a finite time
5.1. The energy inequality

Identity (2.2) and condition (2.5) yield the inequality: for every t1,tz € [0, T]

t t

1 1

E”u(tz)HjQ—EHu(rl)H;Q+//(|Vu|1’+ul*ﬂ)c1z<//(omucom)dz. (51)
t1 2 t1 2

Let us take t; =t, ty =t +h with t,t +h € [0, T] and write (5.1) in the form
h

/ (au?+ Cqu)dz.
2

t+h
1 2 1 2 1 _ 1
Sl o = Sl o+ [ [(vuput )z <y
t

S —7

Since u € U and satisfies (2.2), the inclusions hold

f(qulp +u'#)dxeL'(0,T) and /(auq +Cqu)dx e L'(0, T).
2 2
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By the Lebesgue differentiation theorem for a.e. t € (0, T) there exist

t+h
I}in})%//(|Vu|p+u]_ﬂ)dxds:/(|Vu(t)|p—i—u(t)l_ﬂ)dx
t 2 2

and

t+h
1

’}in})E / /(ozu‘H—Cau) dxds:[(ozu(t)q + Cou(t)) dx.
t 2

Q
By virtue of (5.1) the following inequality is fulfilled: V a.e. t € (0, T)

1d

ia(”u(t)”;(g)+/.|Vu(t)|pdx+/-u(t)1’ﬂ dxga/u(t)qu+ca/u(t)dx.

2 2 2 2

5.2. Ordinary differential inequality for the energy function

Let us introduce the function z(t) = |\u(t)||§ o and write the previous inequality in the form: V a.e. t € (0, T),

1
iz’(t)+f|Vu(t)y”c1x+fu(t)H8 dxga/u(t)q dx+Ca/u(t)dx. (5.2)
Q Q Q Q
Notice that for every t € (0, T) and every s € [1, p]

/usdx: f utdx + / u®dx
2

2nfu=1) 2no<u<1)
< / uPdx+ / ul=A dx
2nfu=1) Qno<u<i)
g/(u" +u'?)dx. (5.3)
Q

Using (5.3) to estimate each of the terms on the right-hand side of (5.2) and applying the inequality Aq ||u||g!_(2 < HVuHZQ
we find that

%Z/(t) +D /(|Vu(t)|‘g +u'P(@))dx<0 (5.4)
2

with the constant
1
D=1—(a+Ca)min{],k—}. (5.5)
1
Now we make use of the well-known interpolation inequality of Gagliardo-Nirenberg type.

Lemma 5.1. (See [17,24].)Let 1 < p < +ocandr € [1,400) if p >d, and r € [1, dT”p] if d > p. Then there exists a constant C > 0,
depending only on p, r, d and |§2|, such that for every v € WS‘P(Q)
1—

S€0.1). (5.6)

+ ==

0 -6
IViine <CIVVI, olivi o witho =

Q=
==

Lemma 5.2. Let u € U be a weak solution of problem (P) satisfying (2.2). The function z(t) = ||u(t)||§,Q satisfies the differential
inequality

{ Z({t)+ KzV(t) <0, foraete(0,T)
z(0) = IIUollig

with the constants

(5.7)
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y = ! €1, 6 1= €(,1)
—_ 97 3 5 = 1 1 3 3
r¢+1-6) 1T
2 i s
K =M""2(c='p5s (DM~F)' )" r=] b >
ﬁ otherwise,

M = |lulleo,q;, D givenin (5.5) and the constant C from (5.6).

Proof. Let us assume first that p > d+2 In this case d— > 2 and inequality (5.6) holds with r = 2. Let us denote M =
lulloo,q;- Applying (5.6) we may estimate: for a.e. t € (0, T)

5 (DM |u], , < DF (DMP)' [c\|w<r>u,,g||u<t>|| N

E 1-6
qu(t)y"dx> <D / M~ Put) dx)
2

g11-9

p
c( /|Vu(t)|pdx+D/M ﬁu(t)dx) ) (5.8)

=C

Since

[u(r)1—ﬂ dx}M‘ﬂ/u(t)dx,
2 2

we now have
) 2(5+1-0)
(c'p7 (DM~#)' )’ 2(0) < <D/|Vu(t)|”dx+D/u(r)1—ﬁ dx) :
Q Q
Plugging this inequality into (5.4) we obtain (5.7). Let 1 < p < d+2 Since u < M and r < 2 we may estimate

z2(t) = ||u(t)||§’9:/ uu"dx < M2” f/ufdx:Mz—f”u(t)”;Q
2 2
It follows now from (5.6) and (5.8) that
20 = [u 5 o <M (Juo], o)
<SMET(CIVVIG olviiys)

gMz_’(D%(DM‘ﬁ)l_e)_rCr<D/|Vu(t)|pdx+D/u(t)]_ﬂ dx)y
2 2

with 0 =(1—-1)/(} - % +1) and % =r(% +1—0). It is easy to see that ¥ < 1 because for every p>1 and r > 1

0 1 a-ha-9
—=r<——|—1—9)>] & 1——># & d>0.
Y p r T-5+3

Thus,

MY (D5 (DM~P)' )2 (1) <Df|Vu(t)!de+Dfu(t)]”3 dx. O
2 2

5.3. Proof of Theorem 2.2

We are now in position to complete the proof of Theorem 2.2. The assertion of Theorem 2.2 is an immediate byproduct
of the following lemma.

Please cite this article in press as: ]. Giacomoni et al., Complete quenching for a quasilinear parabolic equation, J. Math. Anal. Appl. (2013),
http://dx.doi.org/10.1016/j.jmaa.2013.08.051




YJMAA:17869

J. Giacomoni et al. / J. Math. Anal. Appl. eee (eeee) see—cee 17

Lemma 5.3. Let z(t) be a nonnegative function satisfying inequality (5.7) with y € (0, 1). Then
z(t)=0 Vt>T,, (5.9)

where T, = z) " [K(1—y)]~! and K is defined in Lemma 5.2.

Proof. First of all, let us notice that (5.9) is surely true if zg = 0. If zg > O there exists an interval (0, t) such that z(t) > 0
for all t € [0, 7). Let us assume, for contradiction, that

g =sup{t>0:2(t)>0,Vte[0,7)} > T,.

Dividing the both terms of inequality (5.7) by z¥ (t), we get the inequality

1
—— ("7 () < K.
1-y

Integrating it over the interval (0,t) with t € (T,, &) we have:

2O <zy KA -yt

By virtue of (5.7) Z/(t) <0 for a.e. t and z(t) is a nonincreasing function. On the other hand, since z(t) is nonnegative and
t— zg)_y — K(1 — y)t is monotone decreasing, we have

VExT,., 0<zt)<zy ' —K(1—y)t<0,

which is impossible unless T, > &. Thus, z(T,) =0 and the assertion follows. O

5.4. Finite time blow-up

Let us finally show that the critical or subcritical growth of f is in fact necessary for the global in time existence.

Proposition 5.1 (Finite time blow-up). Let in the conditions of Theorem 2.1

fx,u) =alul%u  withq > max{p,2}, o >0, (5.10)
and
E0) := /(lwuow P, gu%) dx < 0. (5.11)
p 1-8 q

Then every solution of problem (P) blows up in a finite time:

23

1

; . =1
Ch 1)PC¥(5 - a)”uO”lQ

y(©) = |u ”;Q —~o00 ast—

Proof. Let u be a weak solution of problem (P). By virtue of (2.2) for every t,t +h € [0, T]

t+h

1 1

ﬁ||u(t+h)”;Q - ﬁ”u(t)”;ﬂ + f /(qulp +u'f —qui)dz=0.
t 2

Arguing as in the derivation of the differential inequality (5.2) we let h — 0 and arrive at the relation: V a.e. t € (0, T)

%y/(t)=—/(}Vu(t)|p+u]_’3(t)—auq(t))dx.
2

Let us introduce the function

E(t) ::/(va)y" + Lulfﬂ(t) - gu‘?(t)) dx
J p 1-8 q

and notice that E(t) <0 due to (2.3) and assumption (5.11). Since q > max{p, 2}
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L L
Zy = Ey (O +E®

1 1 _ 1 1 q
:‘<5‘th>Z”l””“*“<E‘aﬁ”®hﬂ

11 q
~a(3 - L) ol o

Applying the Holder inequality we arrive at the following differential inequality for the function y(t):
2pa g
y© > o © forte(0,T),  y(0)=lluol .
2

The straightforward integration shows that y%*l(t) —Sooast—>T_. O
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