ESTIMATING AND UNDERSTANDING
EXPONENTIAL RANDOM GRAPH MODELS

SOURAV CHATTERJEE AND PERSI DIACONIS

ABSTRACT. We introduce a new method for estimating the parame-
ters of exponential random graph models. The method is based on a
large-deviations approximation to the normalizing constant shown to
be consistent using theory developed by Chatterjee and Varadhan [15].
The theory explains a host of difficulties encountered by applied work-
ers: many distinct models have essentially the same MLE, rendering
the problems “practically” ill-posed. We give the first rigorous proofs
of “degeneracy” observed in these models. Here, almost all graphs have
essentially no edges or are essentially complete. We supplement recent
work of Bhamidi, Bresler and Sly [6] showing that for many models,
the extra sufficient statistics are useless: most realizations look like the
results of a simple Erdés—Rényi model. We also find classes of models
where the limiting graphs differ from Erd6s—Rényi graphs and begin to
make the link to models where the natural parameters alternate in sign.

1. INTRODUCTION

Graph and network data are increasingly common and a host of statistical
methods have emerged in recent years. Entry to this large literature may be
had from the research papers and surveys in Fienberg [21, 22]. One mainstay
of the emerging theory are the exponential families

k
(1.1) ps(G) =exp | > BTHG) + 9(B)

i=1
where 8 = (01,...,0k) is a vector of real parameters, T1,T5,..., Ty are
functions on the space of graphs (e.g., the number of edges, triangles, stars,
cycles, ...), and v is a normalizing constant. In this paper, 7 is usually

taken to be the number of edges (or a constant multiple of it).

We review the literature of these models in Section 2.1. Estimating the
parameters in these models has proved to be a challenging task. First, the
normalizing constant ¢ () is unknown. Second, very different values of 3
can give rise to essentially the same distribution on graphs.
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FIGURE 1. The plot of u* against (1, 32). There is a dis-
continuity on the left where v* jumps from near 0 to near 1;
this corresponds to a phase transition. (Picture by Sukhada
Fadnavis.)

Here is an example: consider the model on simple graphs with n vertices,

632 A

12 (@) e (205 + 20— o0 )

where E/, A denote the number of edges and triangles in the graph G. The
normalization of the model ensures non-trivial large n limits. Without scal-
ing, for large n, almost all graphs are empty or full. This model is studied
by Strauss [52], Park and Newman [45, 46], Higgstrom and Jonasson [29],
and many others.

Theorems 3.1 and 4.1 will show that for n large,

(1.3) ¥n(B1,B2) =~ sup (ﬁw + Bou® — %ulogu - %(1 — u)log(1 — U))
0<u<l1

The maximizing value of the right-hand side is denoted u*((1,32). A plot
of this function appears in Figure 1. Theorem 4.2 shows that for any (;
and (32 > 0, with high probability, a pick from pg, g, is essentially the same
as an Erdés—Rényi graph generated by including edges independently with
probability u*(31,32). This phenomenon has previously been identified by
Bhamidi et al. [6] and is discussed further in Section 2.1. Figure 2 shows
the contour lines for Figure 1. All the (31, 32) values on the same contour
line lead to the same Erdés—Rényi model in the limit. Simulations show
that the asymptotic results are valid for n as small as 30. Other methods
for estimating normalizing constants are reviewed in Section 2.2.
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FIGURE 2. Contour lines for Figure 1. All pairs (51, 52) on
the same contour line correspond to the same value of u* and
hence those models will correspond to the same Erdés—Rényi
model in the limit. The phase transition region is seen in
the upper left-hand corner where all contour lines converge.
(Picture by Sukhada Fadnavis.)
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Our development uses the emerging tools of graph limits as developed by
Lovasz and coworkers. We give an overview in Section 2.3. Briefly, a se-
quence of graphs G,, converges to a limit if the proportion of edges, triangles,
and other small subgraphs in G,, converges. There is a limiting object and
the space of all these limiting objects serves as a useful compactification of
the set of all graphs. Our theory works for functions T;(G) which are contin-
uous in this topology. In their study of the large deviations of Erdés—Rényi
random graphs, Chatterjee and Varadhan [15] derived the associated rate
functions in the language of graph limit theory. Their work is crucial in the
present development and is reviewed in Section 2.4.

Our main results are in Section 3 through Section 6. Working with gen-
eral exponential models, Section 3 proves an extension of the approxima-
tion (1.3) for %, (Theorem 3.1) and shows that, in the limit, almost all
graphs from the model (1.1) are close to graphs where a certain functional
is maximized. As will emerge, sometimes this maximum is taken on at a
unique Erd6s—Rényi model. Section 4 studies the problem for the model
(1.1) when fs, ..., B are positive (51 may have any sign). It is shown that
the large-deviations approximation for i, can be easily calculated as a one-
dimensional maximization (Theorem 4.1). Further, amplifying the results of
Bhamidi et al. [6], it is shown that in these cases, almost all realizations of
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the model (1.1) are close to an Erdés—Rényi graph (or perhaps a finite mix-
ture of Erdés—Rényi graphs) (Theorem 4.2). These mixture cases actually
occur for natural parameter values. This explains a further difficulty found
by applied workers who attempt to estimate parameters by using Monte
Carlo to match observed counts of small subgraphs. Section 5 also gives a
careful account of the phase transitions and near-degeneracies observed in
the edge-triangle model (1.3).

Sections 6, 7 and 8 investigate cases where ; is allowed to be negative.
While the general case remains open (and appears complicated), in Sec-
tion 6 it is shown that Theorems 4.1 and 4.2 hold as stated if (5;)2<i<) are
sufficiently small in magnitude. This requires a careful study of associated
FEuler-Lagrange equations. Section 7 shows how the results change for the
model containing edges and triangles when s is negative. For sufficiently
large negative (3, typical realizations look like a random bipartite graph.
This is very different from the Erd6s—Rényi model. The result generalizes
to other models via an interesting analogy with the Erd6s—Stone theorem
from extremal graph theory. Finally, in Section 8 we discuss a model that
exhibits transitivity, an important requirement for social networks.

2. BACKGROUND

This section gives needed background and notation in three areas. Ex-
ponential graph models (Section 2.1), graph limits (Section 2.3), and large
deviations (Section 2.4). Some new material is presented as well, e.g., the
analysis of Monte Carlo maximum likelihood in Section 2.2.

2.1. Exponential random graphs. Let G, be the space of all simple
graphs on n labled vertices (“simple” means undirected, with no loops or

multiple edges). Thus G, contains 2(3) clements. A variety of models in
active use can be presented in exponential form

k
(2.1) pg(G) = exp (Z BiTi(G) — Mﬁ))
=1

where 8 = (f1,...,0k) is a vector of real parameters, 11,75, ..., T} are
real-valued functions on G, and (/) is a normalizing constant. Usually,
T; are taken to be counts of various subgraphs, e.g., T1(G) = # edges in
G, To(G) = # triangles in G, .... The main results of Section 3 work
for more general “continuous functions” on graph space, such as the degree
sequence or the eigenvalues of the adjacency matrix. This allows models
with sufficient statistics of the form ;" | 3;d;(G) with d;(G) the degree of
vertex i. See, e.g., [14].

These exponential models were used by Holland and Leinhardt [32] in
the directed case. Frank and Strauss [24] developed them, showing that if
T; are chosen as edges, triangles, and stars of various sizes, the resulting
random graph edges form a Markov random field. A general development



EXPONENTIAL RANDOM GRAPH MODELS 5

is in Wasserman and Faust [54]. Newer developments are summarized in
Snijders et al. [51]. Finally, Rinaldo et al. [47] develop the geometric theory
for this class of models with extensive further references.

A major problem in this field is the evaluation of the constant v (3) which
is crucial for carrying out maximum likelihood and Bayesian inference. As
far as we know, there is no feasible analytic method for approximating
when n is large. Physicists have tried the technique of mean-field approxi-
mations; see Park and Newman [45, 46] for the case where 7' is the number
of edges and T5 is the number of two-stars or the number of triangles. Mean-
field approximations have no rigorous foundation, however, and are known
to be unreliable in related models such as spin glasses [53]. For exponential
graph models, Chatterjee and Dey [13] prove that they work for some re-
stricted ranges of {3;}: values where the graphs are shown to be essentially
Erd6s—Rényi graphs (see Theorem 4.2 below and [6]).

A host of techniques for approximating the normalizing constant using
various Monte Carlo schemes have been proposed. As explained in Sec-
tion 2.2, these include the MCMLE procedure of Geyer and Thompson [28]
(see example below). The bridge sampling approach of Gelman and Meng
[27] also builds on techniques suggested by physicists to estimate free energy
(¥(B) in our context). The equi-energy sampler of Kou et al. [36] can also
be harnessed to estimate .

Alas, at present writing these procedures do not seem very useful. Snijders
[50] and Handcock [31] demonstrate this empirically with further discussion
in [51]. One theoretical explanation for the poor performance of these tech-
niques comes from the work of Bhamidi et al. [6]. Most of the algorithms
above require a sample from the model (2.1). This is most often done by
using a local Markov chain based on adding or deleting edges (via Metrop-
olis or Glauber dynamics). These authors show that if the parameters are
non-negative, then for large n,

e cither the pg model is essentially the same as an Erdés-Rényi model
(in which case the Markov chain mixes in n?logn steps);
e or the Markov chain takes exponential time to mix.

Thus, in cases where the model is not essentially trivial, the Markov chains
required to carry MCMLE procedures cannot be usefully run to stationarity.

Two other approaches to estimation are worth mentioning. The pseudo-
likelihood approach of Besag [5] is widely used because of its ease of im-
plementation. Its properties are at best poorly understood: it does not
directly maximize the likelihood and in empirical comparisions (see, e.g.,
[17]), has appreciably larger variability than the MLE. Comets and Janzura
[16] prove consistency and asymptotic normality of the maximum pseudo-
likelihood estimator in certain Markov random field models. Chatterjee [12]
shows that it is consistent for estimating the temperature parameter of the
Sherrington-Kirkpatrick model of spin glasses. The second approach is Sni-
jders’ [50] suggestion to use the Robbins—Monroe optimization procedure to
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compute solutions to the moment equations Eg(T(G)) = T(G*) where G*
is the observed graph. While promising, the approach requires generating
points from pg for arbitrary S. The only way to do this at present is by
MCMC and the results of [6] suggest this may be impractical.

Practical Remark. One use for the normalizing constant is to enable max-
imum likelihood estimates of the ( parameter in the model (1.1). This
requires evaluating (/) on a fine grid in § space and then carrying out
the maximization by classical methods (e.g., a grid search). Iterative refine-
ment may be used when honing in at the maximum. The theory developed
below allows for refining the estimate of ¢(3) along the following lines.
Consider the situation of Section 4 below where (s, ...,0r are positive.
Theorem 4.2 shows that the exponential model is close to an Erdés—Rényi
graph with parameter u* determined by an equation similar to (1.3). Let
¢(G|B) = exp(XF_, B:Ti(G)) be the unnormalized density. Generate inde-
pendent, identically distributed random graphs G; from the Erdés—Rényi
model p,+(G). The estimator

1 95(Gi)

N Pux (Gz)
is unbiased for exp ¢ (). Many similar variations can be concocted by com-
bining present theory with the host of algorithms reviewed by Gelman and
Meng [27, Sect. 3.4].

2.2. A simple example. In this section we treat the simplest exponential
graph model, the Erd6s—Rényi model. Here the relevant Markov chains for
carrying out the Monte Carlo estimates of normalizing constants described
at the end of Section 2.1 can be explicitly diagonalized and estimates for
the variance of various estimators are available in closed form. The main
findings are these: for graphs with n vertices,
e the Metropolis algorithm for sampling from pg converges in order
n?logn steps;
e the variance of MCMLE estimates of the normalizing constant is
exponential in n?, rendering them impractical.

The model to be studied is
(2.2) ps(G) = 2(B)LePEE)

for —oo < 8 < oo a fixed parameter, z(f) the normalizing constant, and
E(G) the number of edges in G. This is just the Erdés-Rényi model with
edges included independently with parameter p = e /(1 + ef ). Here, the
normalizing constant is

AP = (1+e")6)

and > 0 corresponds to p > 1/2. We suppose throughout this section that
B> 0.
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A natural Markov chain for generating from pg is the Metropolis algo-
rithm:
e From G pick (7,7), 1 <i < j < n, uniformly.
o If (4,7) is not in GG, add this edge.

2.3
(2:3) o If (i,7) is in G, delete it with probability e~

and leave it with probability 1 — e ™.

Call the transition matrix of this Markov chain K(G,G’). The following
theorem gives an explicit spectral decomposition of K. It is useful to identify
a graph G with the binary indicator of its edges, a vector z¢ € C3" with

m = (3)-
THEOREM 2.1. For the Metropolis Markov chain K of (2.3), with m = (g),
(1) K is reversible with stationary distribution pg(G) of (2.2).

(2) For each § € C3* there is an eigenvalue ¢ with eigenfunction e (x)
given by
-B
Pe(x) = (_1)E-x€§(lf\—2&x), Be=1- M.
m
Here |£] is the number of ones in & and &-x is the usual inner product.
The eigenfunctions are orthornormal in L*(pg).

(3) The L*(pg) or chi-square distance from stationarity, starting at G «
TG 1S

(KY(G,G") — pg(@))* 9 2
a0 = , =) YE(xa) "
Xe %: ps(G’) ; §ret

(4) For 0 < 8 < 1, as n tends to infinity, {* = % steps are

necessary and sufficient to drive :CQG(K) to zero:

lim y3(£%) = e 1, lim y% () = e 1
n—oo n—oo
(1+ e—ﬂ)>2‘*

2*>ﬂ 1_
X@(ﬁ)_em< -

(1 + 6_6>)2£* |

2 * -0
) > 1-—
i, () 2 P (12 B2

Proof. For (1), the Metropolis algorithm is reversible by construction [30].
For (2), the Metropolis chain is a product chain on the product space C%"

with component chain
0 1
e B 1—eh

with stationary distribution
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This two-state chain has (right) eigenfunctions/eigenvalues (orthonormal in
L?(m))

o(0) =o(1) =1,  ¢1(0) =2 (1) = —e P2
60 = 1, 51 = —efﬁ.

By elementary computations [19, Sect. 6], the product chain has eigenfunc-
tions the product of these component eigenfunctions/values yielding (2).
Formula (3) follows from elementary spectral theory (see, e.g., [48]). For
(4), starting from the empty graph G = () corresponds to 2y = 0 and then

z5(0) = ieﬂj (m> <1 B M>2£‘
J m

J=1

Similarly, starting at the complete graph K,, < zg, = (1,...,1) and

o3, (0) = geﬁj <T> (1 B W)ZZ_

Now the stated results follow from elementary calculus (for upper bounds)
and just using the first term in the sums above (for the lower bound). O

Note that the right-hand sides of the limits in (4) tend to zero as ¢ tends
to co. Thus there is a cutoff in convergence at £*. More crudely, for the
simple model (2.2), order mlogm steps are necessary and sufficient for con-
vergence for all values of § and all starting states. This remains true for
total variation. More complicated models can have more complicated mixing
behavior [6]. The calculations for the Metropolis algorithm can be simply
adapted for Glauber dynamics with very similar conclusions.

In applications, Markov chains such as the Metropolis algorithm are used
to estimate normalizing constants or their ratios. Consider an exponential
graph model pg (as in (2.1)) on G,, with normalizing constant z(3). Several
estimates of z(3) are discussed in Section 2.1. These include:

Importance sampling. Generate G1,Ga,...,GN from a Markov chain with
known stationary distribution Q(G) and use

N exp Zf: BiT;(Gy)
(24) =y { @ d

Jj=1

This is an unbiased estimate of z(3). This requires knowing Q. (For ex-
ample, an Erdés-Rényi model may be used.) If @ is only known up to a
normalizing constant, say () = z(), then

Y exp{>r, BiTi(G)}/Q(Gy)
> 1/Q(Gy)

may be used.
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MCMLE. Generate Gy, G, ..., Gy with stationary distribution pgo and use

N
(2.5) v = % > exp {(8; = B))T:(Gy)} -
j=1

This is an unbiased estimate of z(3)/2(3°).

Acceptance ratio. Generate Gi,...,Gy, with stationary distribution pgo
and G, ..., Gy, with stationary distribution ps and use

3 e {3 BTG b a(G))
& S exp {32, BT(G)) } alGy)

Here a can be any function on graph space. The numerator is an unbiased
estimator of ¢/z(3"). The denominator is an unbiased estimator of ¢/z(/3)
with ¢ = > 5 exp{Zle(ﬂi + BNT;(G)}a(G). Thus the ratio estimates
2(8)/z(Bo). Common choices of a(G) are the constant function, or a(G) =
exp{3 > (8 — BY)T;(G)}. See [27] for history and efforts to optimize .

All of these estimators involve things like Eg(f(G)) with f(G) an ex-
ponentially large function. In the remainder of this section we investigate
the variance of these estimates in the Erd6s—Rényi case. To ease notation,
suppose that all Markov chains start in stationarity. Let K(G,G’) be a
reversible Markov chain on G,, with stationary distribution P(G). Suppose
that K has eigenvalues (3¢ and eigenfunctions v¢ for { € C3'. Let f be a

function on G,. Expand f(G) =} _; f(f)wg(xg), with

Zf Ve (26)ps(G).

(2.6) f4=

Let G1,Ga,...,GxN be a stationary realization from K. Proposition 2.1 in
[4] shows that the estimator i = % SN | f(Gy) is unbiased with variance

(2.7) var ([t ’
£#0
where
" N +20; — NGZ + 26+
N p—
(1 — Be)?
For large N, the asymptotic variance is
X . X INER
27 = lim Nvar(i) = [f(©)] 1 ﬁz

(2.8)
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Here 3 is the second eigenvalue and

17130 =Y 1f @ = X r@ps@) - (X 1@ws(@)

€20 GEGn GEGn

For the Erdés-Rényi model (2.2) with the Markov chain (2.3), all the quan-

tities needed above are available in closed form:

LEMMA 2.2. With notation as in Theorem 2.1, let f(G) = e*F(@). Then
(e = (1= eSl(a eyt

As an example, we compute the usual bound for the asymptotic variance
of the MCMLE estimate (2.5). More precise calculations based on (2.7) do
not change the basic message; the standard deviation is exponentially larger
than the mean.

PROPOSITION 2.3. For 3 > 0 and By > 0 in the Erdés—Rényi model (2.2),
the MCMLE estimate for the ratio of normalizing constants (2.5) is unbiased

with mean
1+efo\™
H= <1+65> '

The second eigenvalue is 31 = 1 — (14 e~ P)/m. The variance bound is

1— eB-B0\2\"
1 _ —11.
( +< 1+eéf > )
It follows that, if Bo # 3, G2,/u® tends to oo exponentially fast as n tends

to infinity.

For example if 3y = 2 and 8 = 1 then pu = (2.2562)™ and 72, /u® =
S [(1.042)™ — 1]. If n = 30, Goo/p = 95,431, If n = 100, the ratio is
huge.

_ 2 .
0% = ——|Ifll30 with [fll50=p
1-5

2.3. Graph limits. In a sequence of papers [9, 10, 11, 25, 37, 38, 39, 40,
41, 42, 43], Laszlo Lovasz and coauthors V.T. Sés, B. Szegedy, C. Borgs,
J. Chayes, K. Vesztergombi, A. Schrijver, and M. Freedman have developed
a beautiful, unifying theory of graph limits. (See also the related work of
Austin [2] and Diaconis and Janson [18] which traces this back to work
of Aldous [1], Hoover [33] and Kallenberg [35].) This sheds light on topics
such as graph homomorphisms, Szemerédi’s regularity lemma, quasi-random
graphs, graph testing and extremal graph theory, and has even found appli-
cations in statistics and related areas (see e.g., [14]). Their theory has been
developed for dense graphs (number of edges comparable to the square of
number of vertices) but parallel theories for sparse graphs are beginning to
emerge [7].

Lovész and coauthors define the limit of a sequence of dense graphs as
follows. We quote the definition verbatim from [40] (see also [10, 11, 18]).
Let G\, be a sequence of simple graphs whose number of nodes tends to
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infinity. For every fixed simple graph H, let | hom(H, G)| denote the number
of homomorphisms of H into G (i.e., edge-preserving maps V(H) — V(G),
where V(H) and V(G) are the vertex sets). This number is normalized to
get the homomorphism density

_ |hom(H, G)|
= e

This gives the probability that a random mapping V(H) — V(G) is a ho-
momorphism.

Note that | hom(H, G)| is not the count of the number of copies of H in
G, but is a constant multiple of that if H is a complete graph. For example,
if H is a triangle, | hom(H, G)| is the number of triangles in G multiplied by
six. On the other hand if H is, say, a 2-star (i.e. a triangle with one edge
missing) and G is a triangle, then the number of copies of H in G is zero,
while | hom(H, G)| = 3% = 27.

Suppose that the graphs GG, become more and more similar in the sense
that t(H,Gy) tends to a limit ¢t(H) for every H. One way to define a limit
of the sequence {G,} is to define an appropriate limit object from which the
values t(H) can be read off.

The main result of [40] (following the earlier equivalent work of Aldous
[1] and Hoover [33]) is that indeed there is a natural “limit object” in the
form of a function h € W, where W is the space of all measurable functions
from [0,1]% into [0, 1] that satisfy h(x,y) = h(y, ) for all z,y.

Conversely, every such function arises as the limit of an appropriate graph
sequence. This limit object determines all the limits of subgraph densities:
if H is a simple graph with V(H) = [k] = {1,...,k}, let

(2.10) t(H,h) = / I Az de ... dag.
01" i jyeBm)

(2.9) t(H,G) :

Here E(H) denotes the edge set of H. A sequence of graphs {Gy, },,>1 is said
to converge to h if for every finite simple graph H,

(2.11) lim t(H,Gp) = t(H, h).

Intuitively, the interval [0, 1] represents a ‘continuum’ of vertices, and h(z,y)
denotes the probability of putting an edge between z and y. For example,
for the Erdés—Rényi graph G(n,p), if p is fixed and n — oo, then the limit
graph is represented by the function that is identically equal to p on [0, 1]2.

These limit objects, i.e., elements of W, are called “graph limits” or
“graphons” in [10, 11, 40]. A finite simple graph G on {1,...,n} can also
be represented as a graph limit f© is a natural way, by defining

(2.12) fG(a;,y) _ {1 if UWCL [ny]) is an edge in G
0 otherwise.

The definition makes sense because t(H, f¢) = t(H,G) for every simple
graph H and therefore the constant sequence {G,G,...} converges to the
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graph limit f¢. Note that this allows all simple graphs, irrespective of the
number of vertices, to be represented as elements of a single abstract space,
namely W.

With the above representation, it turns out that the notion of convergence
in terms of subgraph densities outlined above can be captured by an explicit
metric on W, the so-called cut distance (originally defined for finite graphs
by Frieze and Kannan [26]). Start with the space W of measurable functions
f(z,y) on [0,1]? that satisfy 0 < f(x,y) < 1 and f(z,y) = f(y,x). Define
the cut distance

(2.13) do(f,g) == sup
S,7C[0,1]

[f(2,y) — g(z,y)] dzdy|.
SxT

Introduce in W an equivalence relation: Let 3 be the space of measure
preserving bijections o : [0,1] — [0,1]. Say that f(x,y) ~ g(z,y) if f(z,y) =
9o (z,y) := g(ox,oy) for some o € X. Denote by g the closure in (W, dn)
of the orbit {g,}. The quotient space is denoted by W and 7 denotes the
natural map g — g. Since dp is invariant under o one can define on VNV, the
natural distance o by

o0(f.9) = inf do(f. g0) = inf d(fy, 9) = inf do(for9a)

making (W, dp) into a metric space. To any finite graph G, we associate fe
as in (2.12) and its orbit G = 7f¢ = ¢ ¢ W.

The papers by Lovasz and coauthors establish many important proper-
ties of the metric space W and the associated notion of graph limits. For
example, W is compact. A pressing objective is to understand what func-
tions from W into R are continuous. Fortunately, it is an easy fact that the
homomorphism density ¢(H,-) is continuous for any finite simple graph H
[10, 11]. There are other, more complicated functions that are continuous

(see, e.g., [3]).

2.4. Large deviations for random graphs. Let G(n,p) be the random
graph on n vertices where each edge is added independently with probability
p. This model has been the subject of extensive investigations since the
pioneering work of Erdés and Rényi [20], yielding a large body of literature
(see [8, 34] for partial surveys).

Recently, Chatterjee and Varadhan [15] formulated a large deviation prin-
ciple for the Erdés—Rényi graph, in the same way as Sanov’s theorem [49]
gives a large deviation principle for an i.i.d. sample. The formulation and
proof of this result makes extensive use of the properties of the topology
described in Section 2.3.

Let I, : [0,1] — R be the function

1

u 1
(2.14) I(u):= §UIOg5 + 5(1 —u) log

1—u
1—p
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The domain of the function I, can be extended to W as

(2.15) / / h(z,y))dzdy.

The function I, can be defined on W by declaring Ip(ﬁ) := Ip(h) where h is
any representative element of the equivalence class h. Of course, this raises
the question whether I, is well defined on V. It was proved in [15] that the

function I, is indeed well defined on ¥ and is lower semicontinuous under
the cut metric én.

The random graph G(n,p) induces probability distributions P, , on the
space W through the map G — f¢ and Iﬁnp on W through the map G —

f¢ — fG = @. The large deviation principle for P, pon (W dp) is the main
result of [15].

TueoreM 2.4 (Chatterjee and Varadhan [15]). For each fized p € (0,1),

the sequence IP’ np obeys a large deviation principle in the space w (equipped
with the cut metric) with rate functzon I, defined by (2.15). Explicitly, this

means that for any closed set FC W

1 ~
(2.16) limsup — 3 log IP’np(F) — inf I,(h).
n—00 heF

and for any open set UC W
(2.17) lim inf — log P,, ,(U) > — inf I,(h).

n—00 n2 heU

3. EXPONENTIAL RANDOM GRAPHS

Let T': W — R be a bounded continuous function on the metric space
(W, 00). Fix n and let G, denote the set of simple graphs on n vertices.
Then T induces a probability mass function p, on G, defined as:

p(G) = A (T(@)=tn)

Here G is the image of GG in the quotient space W as defined in Section 2.2
and 1, is a constant such that the total mass of p, is 1. Explicitly,

1 n?T(G

Gegn

The coefficient n? is meant to ensure that 1, tends to a non-trivial limit as
n — 0o. To describe this limit, define a function I : [0,1] — R as

1 1
I(u) := §ulogu + 5(1 —u)log(l — u)

and extend I to 17\// in the usual manner:

(3.2) 1(h) = % / /[0 L0 dody
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where h is a representative element of the equivalence class h. As mentioned
before, it follows from a result of [15] that I is well defined and lower semi-

continuous on W. The following theorem is the first main result of this
paper.

THEOREM 3.1. If T : W — R is a bounded continuous function and ¢, and
I are defined as above, then

¢ = lim ¢, = sup (T(h) — I(R)).
oo hew
Proof. For each Borel set AcC W and each n, define
A, :={heA:h=G for some G € Gy}

Let P, , be the Erdés-Rényi measure defined in Section 3. Note that /Tn is
a finite set and

|An| = 2°C7DPR,  p(A,) = 270 DR,, o (A).
Thus, if F is a closed subset of W then by Theorem 2.4
log ]ﬁn| < log 2

li — inf I, 5(h
imsup — 5 ; 1/2(h)
(3.3) = — inf I(h).
heFl

Similarly if U is an open subset of W,

log |U, ~
(3.4) lim inf&ﬂ > — inf I(h).
n—ee hel
Fix € > 0. Since T is a bounded function, there is a finite set R such that
the intervals {(a,a + €) : a € R} cover the range of T'. For each a € R, let

F®:=T"Y(a,a+ €]). By the continuity of T, each F is closed. Now,
e n < N (a9 | Fe| < |R|sup e (@9 | F|.
acR aER
By (3.3), this shows that

limsup ¢, < sup(a+e— inf I(h)).
n—oo aER heFa

Each h € F* satisfies T'(h) > a.
sup (T(h) — I(h)) > sup (a — I(h)) = a — inf I(h).
heFa heFa here

Consequently,

Substituting this in the earlier display gives

limsup ¢, < e+ sup sup (T'(h) — I(h))
n—0o0 a€ERpcFa

(3.5) = e+ sup (T(h) — I(h)).
hew
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For each a € R, let U® := T~ '((a,a + €)). By the continuity of T, U% is an
open set. Note that

e’ > sup e"2a\ﬁg\.
a€R
Therefore by (3.4), for each a € R

hm 1nf Y > a— inf I(h).
heUe

Each h € U® satisfies T(h) < a 4 €. Therefore,

sup (T(h) — I(R)) < sup (a+€— I(h) =a+e— _inf I(h).
hele hele hetye
Together with the previous display, this shows that

liminf ¢, > —¢ + sup sup (T'(k) — I(h))

a€R (e
(3.6) = —e+ sup (T(h) — I(h)).

hew
Since € is arbitrary in (3.5) and (3.6), this completes the proof. O

Theorem 3.1 gives an asymptotic formula for v,,. However, it says nothing
about the behavior of a random graph drawn from the exponential random
graph model. Some aspects of this behavior can be described as follows. Let
F* be the subset of W where T'(h) — I(h) is maximized. By the compactness
of W, the continuity of 7" and the lower semi-continuity of I, F* is a non-
empty compact set. Let G, be a random graph on n vertices drawn from
the exponential random graph model defined by 7'. The following theorem
shows that for n large, GG,, must lie close to F* with high probability. In
particular, if F*is a singleton set, then the theorem gives a weak law of
large numbers for G,,.

THEOREM 3.2. Let F* and Gy, be defined as the above paragraph. Then for
any n > 0 there exist C,0 > 0 such that for all n,

P(60(Go, F*) > 1) < Ce ™,
Proof. Take any n > 0. Let
A= {h: o0(h, F*) = n}.
It is easy to see that A is a closed set. By compactness of W and F * and
upper semi-continuity of 7' — I, it follows that

20 := sup (T'(h) — I(h)) — sup(T(h) — I(h)) > 0.
hew heA

Choose ¢ = § and define F* and R as in the proof of Theorem 3.1. Let
A% := AN F® Then

P(Gn € A) < e Un N e 09| 42) < e Un| Rl sup e ¢+ | Ag.
WeR a€ER
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While bounding the last term above, it can be assumed without loss of
generality that A% is non-empty for each a € R, for the other a’s can be
dropped without upsetting the bound. By (3.3) and Theorem 3.1 (noting
that A® is compact), the above display gives

logP(G,, € A) ~ ~ ~

lim sup <sup(a+e— _inf I(h)) — sup(T(h) — I(h)).
n—o0 n? a€R he Aa Tew

Each h € A® satisfies T (7L) > a. Consequently,
sup (T(h) — I(h)) > sup (a — I(h)) = a— inf I(h).
Eega EEA“ heAe

Substituting this in the earlier display gives
log P(G,, € A) ~ ~ ~ ~

lim sup 5 < e+ sup sup (T'(h) — I(h)) — sup (T'(h) — I(h))
n—00 n a€R e Aa hew
= e+ sup(T(h) — I(h)) — sup (T(h) — I(h)).
heA hew
=€—2) = -0
This completes the proof. ([l

4. AN APPLICATION

Let Hy,..., Hy be finite simple graphs, where H; is the complete graph
on two vertices (i.e. just a single edge), and each H; contains at least one
edge. Let (31,..., 0, be k real numbers. For any h € W, let

k
(4.1) T(h) = _ Bit(Hi,h)
=1

where ¢(H;, h) is the homomorphism density of H; in h, defined in (2.10).
Note that there is nothing special about taking H; to be a single edge; if we
do not want H; in our sufficient statistic, we just take 51 = 0; all theorems
would remain valid.

As remarked in Section 2.3, T is continuous with respect to the cut dis-
tance on W, and hence admits a natural definition on W. Note that for any
finite simple graph G that has at least as many nodes as the largest of the
HZ‘7S,

k
T(G) =Y Bit(H;,G).
i=1

For example, if kK = 2, and H> is a triangle, and G has at least 3 nodes, then

201 (#edges in G)  68(#triangles in G)
- n2 + n3

T(G)

Let 1, be as in (3.1), and let G, be the n-vertex exponential random graph
with sufficient statistic 7. Theorem 3.1 gives a formula for lim,, .. ¥, as
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the solution of a variational problem. Surprisingly the variational problem
is explicitly solvable if Fs, ..., By are non-negative.

THEOREM 4.1. Let T, v, and H1,...,Hy be as above. Suppose Ba, ..., B
are non-negative. Then

k
(4.2) lim 4, = sup (Z BiuctHi) — I(u))

n—0oo 0<u<1 \ ;]

where I(u) = fulogu + 3(1 — u)log(l — u) and e(H;) is the number of
edges in H;. Moreover, each solution of the variational problem of Theorem
3.1 for this T is a constant function, where the constant solves the scalar
mazximization problem (4.2).

Proof. By Theorem 3.1,

(4.3) lim 1, = sup (T'(h) — I(h)).
n—oe hew

By Holder’s inequality,
(< [[ bl dudy,
[0,1]2

Thus, by the non-negativity of 3s, ..., G,

k
T'(h) < pit(Hy, h) + Zﬂi //[ | h(z,y)Y) dedy
i=2 0,1]2

k
= //[O - > Bil(a,y) ") dady.
’ =1

On the other hand, the inequality in the above display becomes an equality
if h is a constant function. Therefore, if u is a point in [0, 1] that maximizes

k
> Bt — I(u),
=1

then the constant function h(z,y) = u solves the variational problem (4.3).
To see that constant functions are the only solutions, assume that there is
at least one 7 such that the graph H; has at least one vertex with two or
more neighbors. The above steps show that if A is a maximizer, then for
each 1,

(4.4) t(H;, h) = // h(z,y)* ) dady.
[0,1]2

In other words, equality holds in Holder’s inequality. By the assumed con-
dition and the criterion for equality in Holder’s inequality, it follows that
h(z,y) = h(y, z) for almost every (x,y, z). From this one can easily conclude
that A is almost everywhere a constant function.
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If the condition does not hold, then each H; is a union of vertex-disjoint
edges. Assume that some H; has more than one edge. Then again by (4.4)
it follows that A must be a constant function.

Finally, if each H; is just a single edge, then the maximization problem
(4.3) can be explicitly solved and the solutions are all constant functions. [

Theorem 4.1 gives the limiting value of ¢, if Bo, ..., B are non-negative.
The next theorem describes the behavior of the exponential random graph
G, under this condition if n is large.

THEOREM 4.2. For each n, let Gy, be an n-vertex exponential random graph

with sufficient statistic T defined in (4.1). Assume that B, ..., Bk are non-

negative. Then:

(a) If the mazimization problem in (4.2) is solved at a unique value u*, then
G, is indistinguishable from the Erdds—Rényi graph G(n,u*) in the large
n limit, in the sense that én converges to the constant function u* in
probability as n — oo.

(b) Even if the mazximizer is not unique, the set U of maximizers is a finite
subset of [0,1] and

mi[rjl 5D(én,fl) — 0 in probability as n — oo

ue

where u denotes the image of the constant function u in W. In other
words, G, behaves like an Erdés—Rényi graph G(n,u) where u is picked
randomly from some probability distribution on U.

Proof. The assertions about graph limits in this theorem are direct con-
sequences of Theorems 3.2 and 4.1. Since Zle Biu¢tHi) is a polynomial
function of u and I(u) is sufficiently well-behaved, showing that U is a finite
set is a simple analytical exercise. U

It may be noted here that the conclusion of Theorem 4.2 was proved
earlier by Bhamidi et al. [6] under certain restrictions on the parameters
that they called a ‘high temperature condition’. An important observation
from [6] is that when [, ..., O; are non-negative, the model satisfies the so-
called FKG property [23]. The FKG property has important consequences;
for instance, it implies that the expected value of ¢(H;, G) is an increasing
function of 3; for any ¢ and j. We will see some further consequences of the
FKG property in our proof of Theorem 5.1 in the next section.

5. PHASE TRANSITIONS AND NEAR-DEGENERACY

To illustrate the results of the previous section, recall the exponential
random graph model (1.2) with edges and triangles as sufficient statistics:

edges in G triangles in G
17# & 5 + 65 i & -

(5.1) T(G) =283 >3
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Contour map ofT ) as B, and B, vary

| k -
0.304

1

FIGURE 3. The contour plot of Tg, 3,(G). Here G is chosen
from the distribution given by 81 = —0.45, B2 = 0.2. Given
sample G it is most likely to be chosen from distributions
given by parameters not too far from the original parameters
B1, B2; this indicates that our approximation for pg, g, is good
even when n = 30. (Picture by Sukhada Fadnavis.)

Let G,, be an n-vertex exponential random graph with sufficient statistic
T. By Theorem 3.1, the probability mass function for this model can be
approximated by pg, s,(G) = exp(n®T s, 5,(G)) with

Toup(G) = Tg 6w,
where

#triangles in G
Torp.c(u) =201

6
+ 602 3

#edges in G
n2

1 1
— Bru — Bou® + iulogu + 5(1 —u)log(1 — u).

The figures below have n = 30 and graphs are sampled from pg, g, using
Glauber dynamics run for 10,000 steps. Figure 3 and Figure 4 show contour
plots of Tpg, 3,(G) as 1 and By vary, fixing a realization of G. Figure 5
and Figure 6 illustrate the behavior of Tpg, g, ¢(u) as u varies. The captions
explain the details.

Now fix 81 and (2 and let

(5.2) ((u) := Bru + Bou® — I(u)
where I(u) = sulogu + 3(1 — u)log(l — u), as usual. Let U be the set of

maximizers of (u) in [0,1]. Theorem 4.2 describes the limiting behavior
of G, in terms of the set U. In particular, if U consists of a single point
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Contour map ofTB B (G) as B, and B, vary

1Tz

-0.243

-0.245

A 05 0 05 1
By

FIGURE 4. The contour plot of Tg, g,(G). Here G is chosen
from the distribution given by Gy = 0.4, B = 0.2. Again,
given sample G it is most likely to be chosen from distri-
butions given by parameters not too far from the original
parameters (31, 32. (Picture by Sukhada Fadnavis.)

u* = u*(p1, 52), then Gy, behaves like the Erdés—Rényi graph G(n, u*) when
n is large.
It is likely that u*((1, f2) does not have a closed form expression, other
than when (G = 0, in which case
B1
. C
u (5170) - 1—|—€f81'

It is, however, quite easy to numerically approximate u*((1,32). Figure 7
plots w*(B1, B2) versus (35 for four different fixed values of 1, namely, 3; =
0.2, —-0.35,—0.45, and —0.8. The figures show that u* is a continuous func-
tion of B2 as long as (1 is not too far down the negative axis.

But for 8; below a threshold (e.g., when 8; = —0.45), u* shows a single
jump discontinuity in s, signifying a phase transition. In physical terms,
this is a first order phase transition, by the following logic. By Theorem 4.2,
our random graph behaves like G(n,u*) when n is large. On the other
hand, by a standard computation the expect number of triangles is the first
derivative of the free energy 1, with respect to B2. Therefore in the large
n limit, a discontinuity in u* as a function of (5 signifies a discontinuity in
the derivative of the limiting free energy, which is the physical definition of
a first order phase transition.

At the point of discontinuity, ¢(u) is maximized at two values of u, i.e.,
the set U consists of two points. Lastly, as 1 goes down the negative axis,
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the model starts to exhibit “near-degeneracy” in the sense of Handcock [31]
(see also [45]) as seen in the last frame of Figure 7. This means that as [32
varies, the model transitions from being a very sparse graph for low values of
B2, to a very dense (nearly complete) graph for large values of 32, completely
skipping all intermediate structures.

The following theorem gives a simple mathematical description of this
phenomenon and hence the first rigorous proof of the degeneracy observed
in exponential graph models. Related results are in Haggstrom and Jonas-
son [29].

THEOREM 5.1. Let G, be an exponential random graph with sufficient statis-
tic T defined in (5.1). Fiz any (1 < 0. Let

B ePr B 1+i
_71_‘_651, Co = 251
Suppose |B1| is so large that ¢; < co. Let e(Gy) be the number of edges
in Gy and let f(Gy) = e(Gyp)/(5) be the edge density. Then there exists

q=q(p1) € [0,00) such that if —oo < (B3 < q, then
lim P(f(Gy) > c1) =0,

Cl .

and if B2 > q, then
lim P(f(G,) < ¢2) =0.

In other words, if B is a large negative number, then G, is either sparse (if
B2 < q) or nearly complete (if B2 > q).

Remark. The difference in the values of ¢; and c¢o can be quite striking even
for relatively small values of 3;. For example, 51 = —5 gives ¢; ~ 0.007 and
Cy = 0.9.

Proof. Fix 1 < 0 such that ¢; < co. As a preliminary step, let us prove
that for any G2 > 0,
(5.3) lim P(f(Gn) € (¢1,¢2)) =0.

n—oo
Fix B2 > 0. Let u be any maximizer of . Then by Theorem 4.2, it suffices
to prove that either u < €% /(1 +€P1) or u > 1+ 1/26;. This is proved as
follows. Define a function ¢ : [0,1] — R as

g(v) = £(0'/?).
3

Then ¢ is maximized at w if and only if g is maximized at uw°. Since ¢ is
a bounded continuous function and ¢'(0) = oo, /(1) = —oo, £ cannot be
maximized at 0 or 1. Therefore the same is true for g. Let v be a point
in (0,1) at which g is maximized. Then ¢”(v) < 0. A simple computation
shows that

l/()_i —2/8 +1 '01/3 _ 1
T =g\ TR T s T o1 —ol/8) )
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s, 5,60
Ts,.6,64)
S o

8
T\ B, G( )

005 005
—— B, =-01,,=0 —— P, =-0.1,p,=0.1 —— B, =-0.1,p,=02

0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
u u u

0.15

'Tw“ («Z‘G(“)

o, p,6l

0.05

005 _0.05 -03
—— B, =-0.1,,=03 - —— B, =-0.1,5,=04 ——B,=-0.1,,=05

0 0.2 04 06 08 1 0 0.2 0.4 0.6 0.8 1 ) 0.2 04 06 08 1
u u u

F1GURE 5. The plot of —Tg, 5, ¢(u) versus u when (3 is fixed
at —0.1. For this choice of (; there is no phase transition and
T has a unique maximum always. (Picture by Sukhada Fad-
navis.)

Thus, ¢”(v) < 0 only if

vl/3 1
logl—’l}l/?’ _61 or -— 2(1_/1)1/3) Sﬁl
This shows that u € (0,1) can be a maximizer of ¢ only if
u < e or u>1+ i
T 14ef Qﬂl

By Theorem 3.2, this completes the proof of (5.3) when (33 > 0.

Now notice that as o — 00, sup,«, £(u) ~ f2a> for any fixed a < 1. This
shows that as f» — oo, any maximizer of £ must eventually be larger than
1+ 1/20;. Therefore, for sufficiently large (s,

(5.4) lim ]P’(f(Gn) < ) =0.

Next consider the case f2 < 0. Let F* be the set of maximizers of T(h)

1 (ﬁ) Take any h € F* and let h be a representative element of h. Let
p = c1. An easy verification shows that

T(h) = I(h) = Bat(Ha, h) — Ip(h),
where I,(h) is defined as in (2.15). Define a new function
hi(z,y) == min{h(z,y), p}.

Since the function I, defined in (2.14) is minimized at p, it follows that for
all z,y € [0,1], Ip(hi(z,y)) < Ip(h(z,y)). Consequently, I,(h1) < I,(h).
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“Top,6Y
b
s, 5,60
“Top,6Y
by

——$,=-08,p,=085 —— P, =-08,p,=086 ——,=-08.p,=087

0.2 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
u u

“T,p,6¥
by
“To, p,el
“T,p,60
by

— B, =-08,p,=0.89
o1
——B,=-08,p,=088

0.2 0.4 0.6 08 1 0 0.2 0.4 0.6 0.8 1
u u

FIGURE 6. The plot of —Tg, 5, ¢(u) versus u when (3 is fixed
at —0.8. For this choice of (31 there is a phase transition and
—T has two local maxima always. The left one starts as the
global maxima; they become equal at phase transition, then
the right maxima becomes the global maximum. This is the

jump in the value of u* observed in Figure 1. (Picture by
Sukhada Fadnavis.)

Again, since f2 < 0 and hy < h everywhere, (aot(Ho, hy) > [ot(Ha,h).
Combining these observations, we see that T'(hy) — I(h1) > T'(h) — I(h).
Since h maximizes T — I it follows that equality must hold at every step
in the above deductions, from which it is easy to conclude that h = hy
a.e. In other words, h(z,y) < p a.e. This is true for every h € F*. Thus,
Theorem 3.2 proves that when 35 < 0,

(5.5) lim P(f(G,) > c1) =0.
Recalling that (1 is fixed, define

an(B2) = P(f(Gn) > c1), bu(B2) :==P(f(Gn) < c2).
Let A, and B,, denote the events in brackets in the above display. A simple
computation shows that

@, (82) = Cov(14,, A(Gr)) and B,(8) = - Cov(Lp,, AGy).

where A(G),) is the number of triangles in G,,. It is easy to see that the ex-
ponential random graph model with 33 > 0 satisfies the FKG criterion [23].
Therefore the above identities show that on the non-negative axis, a, is a
non-decreasing function and b, is a non-increasing function.

Let ¢ := sup{z € R : lim,,,~ an(z) = 0}. By equation (5.4), ¢1 < oo and
by equation (5.5) ¢; > 0. Similarly, if g2 := inf{z € R : lim, .~ b,(z) = 0},



24 SOURAV CHATTERJEE AND PERSI DIACONIS

1.0
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1
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0.6

0.0 0.5 1.0 15 0.0 0.5 1.0 15

(a) B1 = 0.2 (b) 1 = —0.35

1.0

0.6

03 04 05 06 07 08 09 1.0

(c) 1 =—0.45 (d) 1 =—-08

FIGURE 7. Plot of u*((31,32) on y-axis vs (3, on x-axis for
different fixed values of ;. Part (¢) demonstrates a phase
transition. Part (d) demonstrates near-degeneracy.

then 0 < g2 < o0. Also, clearly, q1 < g9 since a, + b, > 1 everywhere. We
claim that q; = go. This would complete the proof by the monotonicity of
an, and by,.

To prove that g1 = ¢o, suppose not. Then ¢; < ¢go. Then for any (2 €
(q1,92), limsupa,(f2) > 0 and limsupb,(F2) > 0. A simple probability
argument shows that

0 < an(B2) +bn(B2) — 1 < P(f(Gr) € (c1,c2)).
Therefore by (5.3),

Jingo(an(/BZ) + bn(ﬂQ) - 1) =0.
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Consequently,
lim inf /q2(1 —an(52))(1 — bp(52))dS2

n—0o0
q1

n—oo

> /q2 lim inf(1 — an(52))(1 — bu(Bs))d5

g2
= / lim inf by, (B2)an(B2)dB2 > 0.
q1 n—oo
If G}, is an independent copy of G;,, then a moment’s thought shows that

var(£(Ga) = 5E(F(Ga) — £(G)?

1
> 5(e2 - c1)?(1 = an(B2))(1 = ba(B2))-
On the other hand, a simple computation gives
2
n 4
83;% =3 var(e(Gp)) = (n — 1)*var(f(Gy)).
Combining the last three displays gives

o Oy Oy,
1 f - =
%n,H—lig <851 (ﬁlqu) 851 (ﬁl’ql))
" 9,
im in P (B1, B2)dBs = o0
However, this is impossible, since for all (51, 82),
oy, 2

96 EE(e(Gn)) <1.

This completes the proof. O

6. THE SYMMETRIC PHASE, SYMMETRY BREAKING, AND THE
EULER-LAGRANGE EQUATIONS

Borrowing terminology from spin glasses, we define the replica symmetric
phase or simply the symmetric phase of a variational problem like maximiz-
ing T'(h) — I(h) as the set of parameter values for which all the maximizers
are constant functions. When the parameters are such that all maximizers
are non-constant functions we say that the parameter vector is in the re-
gion of broken replica symmetry, or simply broken symmetry. There may
be another situation, where some optimizers are constant while others are
non-constant, although we do not know of such examples. (This third region
may be called a region of partial symmetry.)

Statistically, the exponential random graph behaves like an Erdés—Rényi
graph in the symmetric region of the parameter space, while such behavior
breaks down in the region of broken symmetry. This follows easily from
Theorem 3.2.
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Theorem 4.2 shows that for the sufficient statistic 7' defined in (4.1), ev-
ery (B1,02,...,0k) € R x ]R{fl falls in the replica symmetric region. Does
symmetry hold only when (o, ..., 0k are non-negative? The following theo-
rem (proven with the aid of the Euler-Lagrange equations of Theorem 6.3
below), shows that this is not the case; (f1,...,0k) is in the replica sym-
metric region whenever |3z, ..., |Bk| are small enough. Of course, this does
not supersede Theorem 4.2 since it does not cover large positive values of
Ba, ..., 0k However, it proves replica symmetry for small negative values of
Ba, ..., Bk, which is not covered by Theorem 4.2.

THEOREM 6.1. Consider the exponential random graph with sufficient statis-
tic T defined in (4.1). Suppose (i, ...,k are such that

k
D |Bile(Hi)(e(H) —1) <2
=2

where e(H;) is the number of edges in H;. Then the conclusions of Theorems
4.1 and 4.2 hold true for this value of the parameter vector (f1,...,Bk).

Proof. Tt suffices to prove that the maximizer of T'(h) — I(h) as h varies over
W is unique. This is because: if h is a maximizer, then so is hy(z,y) :=
h(oz,oy) for any measure preserving bijection o : [0,1] — [0, 1]. The only
functions that are invariant under such transforms are constant functions.

Let || - || denote the L> norm on W (that is, the essential supremum of
the absolute value). Let h and g be two maximizers of T'— I. For any finite
simple graph H, a simple computation shows that

HAHh_AHgHoo < Z HAH,T,Sh_AH,T,SgHOO
(r,s)EE(H)

<e(H)(e(H) =1)[[h = gllo-
Using the above inequality, Theorem 6.3 and the inequality

er ey

B < |z =yl
14+e* 1+eY

- 4

(easily proved by the mean value theorem) it follows that for almost all z, y,
62 Zf:l IBiAHih(mvy) 62 2?21 ,BiAHZ-g(JU,y)

1+ 2 S BiAm, h(z,y) B 1+ 2 Sk BiAm, 9(x,y)

he,y) — gl y)| = \

k
1
< 5 L 111Amh = Al

IN

k
S = glloo S 15le o) e ) — 1),
=1

If the coefficient of |h — g||~ in the last expression is strictly less than 1, it
follows that h must be equal to g a.e. O



EXPONENTIAL RANDOM GRAPH MODELS 27

6.1. Symmetry breaking. Theorems 4.2 and 6.1 establish various regions
of symmetry in the exponential random graph model with sufficient statis-
tic T' defined in (4.1). That leaves the question: is there a region where
symmetry breaks? We specialize to the simple case where £ = 2 and Hs
is a triangle, i.e., the example of Section 5. In this case, it turns out that
replica symmetry breaks whenever (35 is less than a sufficiently large negative
number depending on ;.

THEOREM 6.2. Consider the exponential random graph with sufficient statis-
tic T defined in (5.1). Then for any given value of 1, there is a positive con-
stant C(p1) sufficiently large so that whenever B2 < —C(51), T'(h) —I(h) is
not maximized at any constant function. Consequently, if Gy is an n-vertex
exponential random graph with this sufficient statistic, then there exists € > 0
such that

lim P <5D(én,C~') > e) =1

n—oo
where C is the set of constant functions. In other words, G, does not look
like an Erdds—Rényi graph in the large n limit.

Proof. Fix 1. Let p = €% /(1 + ") and y := — 35, so that for any h € W,
T(h) — I(h) = —~t(Hz2, h) — Ip(h).

Assume without loss of generality that G, < 0. Suppose u is a constant
such that the function h(x,y) = w maximizes T'(h) — I(h), i.e., minimizes
yt(Ha, h) + I,(h). Note that

Yt (Ha, h) + Ip(h) = yu® + Tp(u).

Clearly, the definition of u implies that yu? + I,(u) < ya3 + I,(z) for all
x € [0,1]. This implies that u must be in (0, 1), because the derivative of
x +— ya® 4 I,(x) is —oo at 0 and oo at 1. Thus,

d 1
0= %(71‘3 + I,(x)) = 3yu’® + 3 log T

T=U

which shows that u < ¢(7), where ¢(7y) is a function of  such that

lim ¢(y) = 0.
~y—00
This shows that
1 1
. . 3 _ _ -
(6.1) WILIIOIO omin, (va? + Ip(z)) = I,(0) = 5 log >

Next let g be the function

0 if z,y on same side of 1/2
9(x,y) = .
p  if not.
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Clearly, for almost all (x,y, 2), g(z,y)g9(y, 2)g(z,x) = 0. Thus, t(Hs,g) = 0.
A simple computation shows that

1 1
Ip(g) = ;log 7 —

Thus, vt(H2,g9) + Ip(g9) = ilog lflp. This shows that if v is large enough

(depending on p and hence (31 ), then T'—I cannot be maximized at a constant
function. The rest of conclusion follows easily from Theorem 3.2 and the
compactness of W. O

6.2. Euler—Lagrange equations. We return to the exponential random
graph model with sufficient statistic 7" defined in (4.1) in terms of the den-
sities of k fixed graphs Hi,..., Hy, where H; is a single edge. Theorems
4.1 and 4.2 analyze this model when fs,..., 8; are non-negative. What if
they are not? One can still try to derive the Euler-Lagrange equations for
the related variational problem of maximizing T'(h) — I(h). The following
theorem presents the outcome of this effort.

For a finite simple graph H, let V/(H) and E(H) denote the sets of vertices
and edges of H. Given a symmetric measurable function A : [0,1]?> — R, for
each (r,s) € F(H) and each pair of points xz,, z, € [0, 1], define

Agrsh(zy, g :—/ h(x,, Ty dxy,.
Hrsh(ere) = | I[I #@wze) I

(r',s"YEE(H) veV (H)
(r',s")#(r,s) v#£r,s
For z,y € [0, 1] define
(6.2) Aph(z,y) == Y Apgsh(z,y).
(r,s)€EE(H)

For example, when H is a triangle, then V(H) = {1, 2,3} and
1
Apa2h(z,y) = Apash(z,y) = Angsh(z,y) = / h(z, 2)h(y, z) dz
0

and therefore Agh(x,y) = 3]01 h(z,z)h(y, z)dz. When H contains exactly
one edge, define Agh = 1 for any h, by the usual convention that the empty
product is 1.

THEOREM 6.3. Let T : W — R be defined as in (4.1) and the operator A be
defined as in (6.2). If h € W mazimizes T(h)—1(h), then any representative

element h € h must satisfy for almost all (x,y) € [0,1]?,
o220 Bl h(w,y)

1 + 62 Z?:l 51Ath(x7y) '

h(z,y) =

Moreover, any mazimizing function must be bounded away from 0 and 1.
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Proof. Let g be a symmetric bounded measurable function from [0, 1] into
R. For each u € R, let

hu(z,y) == h(z,y) + ug(z,y).

Then h, is a symmetric bounded measure function from [0, 1] into R. First
suppose that h is bounded away from 0 and 1. Then h, € W for every u
sufficiently small in magnitude. Since h maximizes T'(h) — I(h) among all
elements of W, therefore under the above assumption, for all u sufficiently
close to zero,

In particular,

(6.3)

u=0

It is easy to check that T'(h,,) — I(h,,) is differentiable in u for any h and g.
In particular, the derivative is given by

i(T(h ) = I(ha)) —Zk:ﬁ-dt(H ha) — i[(h )
du u LYY — Zd’l,L 1y Ty du w).
Now,
// h(z,y) +ug(z,y)) dydz
hu(l"vy)
z,y log dydzx
=y J[steonon 2
Consequently,
d h(z,y)
du — // z,y) log () dydzx.
Next, note that
d
:/ Z g(xTaxs) H hu(:L'T/71's/) H dajv
[0,1]V () ‘ . |
(r,s)€EE(H;) (r',s"YEE(H;) veV (H)
(r',8")#(r,s)

_ / / 9, y) Az, ha(,y) dyde.

Combining the above computations and (6.3), we see that for any symmetric
bounded measurable g : [0,1] — R,

// - 1 ey B
9(w,y) | Y Bidmh(z,y) — 5 log — hng) ) vde =0
=1 )



30 SOURAV CHATTERJEE AND PERSI DIACONIS

Taking g(z,y) equal to the function within the brackets (which is bounded
since h is assumed to be bounded away from 0 and 1), the conclusion of the
theorem follows.

Now note that the theorem was proved under the assumption that A is
bounded away from 0 and 1. We claim that this is true for any A that
maximizes T'(h) — I(h). To prove this claim, take any such h. Fix p € (0,1).
For each u € [0, 1], let

hpu(z,y) == (1 —u)h(z,y) + umax{h(z,y), p}.

Then certainly, hy,,, is a symmetric bounded measurable function from [0, 1)?
into [0, 1]. Note that

d
@hp,u(x7y) = max{h(az, y)vp} - h(IE, y) = (p - h(:l?,y))_t,_
Using this, an easy computation as above shows that
d
— (T'(hpy) — I(hpy
g (M) = Thp)) |

: G
= // ZﬁiAHih(x7y) ) log m (p — h(z,y))+ dydz
i=1 ’

= // <_C N % log %) (p = h(z,y))+ dydz

where C' is a positive constant depending only on (1, ..., 8, and Hy,..., Hy
(and not on p or h). When h(z,y) = 0, the integrand is interpreted as oo,
and when h(z,y) = 1, the integrand is interpreted as 0.

Now, if p is so small that

p
L=p
then the previous display proves that the derivative of T'(hy ) — I (hp,) With
respect to u is strictly positive at u = 0 if h < p on a set of positive Lebesgue
measure. Hence h cannot be a maximizer of 7' — I unless A > p almost
everywhere. This proves that any maximizer of 7' — I must be bounded
away from zero. A similar argument shows that it must be bounded away
from 1 and hence completes the proof of the theorem. O

1
—C’—§log > 0,

6.3. A solvable case with negative parameters. A j-star is an undi-
rected graph with one ‘root’ vertex and j other vertices connected to the
root vertex, with no edges between any of these j vertices. Let H; be a
j-star for j = 1,...,k. Let T be the sufficient statistic

k
(6.4) T(G) = 3" Bit(H,, G).

j=1
Theorems 4.1 and 4.2 describe the behavior of this model when (o, ..., Ok
are all non-negative. The following theorem shows that the behavior is the
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same even if (a,..., 0, are all non-positive. This phenomenon for j-star
models was first observed in simulations by Sukhada Fadnavis.

THEOREM 6.4. For the sufficient statistic T’ defined in (6.4), the conclusions
of Theorems 4.1 and 4.2 hold when (s, ..., Bk are all non-positive.

Proof. Since Ba,...,0r < 0 and [ is a convex function, note that for any
heWw

T(h) —I(h) —Bl/h(x,y)dwdwgﬁj/(/ h(fr’y)dy>jdw
- / I(h(z, y))dedy
<3 /h(w,y)dmdy—ka;ﬂj (// h(:c,y)dyd:z:)j

- I</ h(z, y)d:cdy)

< sup (Bru+ Bou? + - + Bpu® — I(uw)),
0<u<1
with equality holding in all steps if and only if & is identically equal to a
constant that solves the maximization problem in the last step. O

Naturally, the question arises as to whether the conclusions of Theorems
4.1 and 4.2 continue to hold for all values of (i,..., B, even when some
of them are positive and some negative. As of now, we do not know the
answer.

7. EXTREMAL BEHAVIOR

In the sections above we have been assuming that (s, ..., 0 are positive
or barely negative. In this section we investigate what happens when k = 2
and s is large and negative. The limits are describable but far from Erdos-
Rényi. Our work here is inspired by related results of Sukhada Fadvanis who
has a different argument (using Turdn’s theorem) for the case of triangles.

Suppose H is any finite simple graph containing at least one edge. Let T
be the sufficient statistic

#edges in G
n2

T(G) = 261 + at(H, ).

Let G, be the exponential random graph on n vertices with this sufficient
statistic and let v, be the associated normalizing constant as defined in (3.1).
Then Theorem 3.1 gives

lim <, = sup (T'(h) — I(h)) =,
n—oo hew
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where [ is defined in (3.2). We also know (by Theorem 3.2 that
55(6’”, ﬁ*) — 0 in probability as n — oo,

where F* is the subset of W where T — I is maximized. (Note that F*is a
closed set since T'— I is an upper semicontinuos map.)

We can compute F* and 1 when (9 is positive, or negative with small
magnitude. We are unable to carry out the explicit computation in the case
of large negative (32, unless H is a convenient object like a j-star. However,
a qualitative description can still be given by analyzing the behavior of F™*
and Y as o — —oo. Fixing (31, we consider these objects as functions of 3,
and write F* (B2), ¥(B2) and Tp, instead of F*, ¢ and T.

THEOREM 7.1. Fizing H and (1, let F*(32) and 1(B2) be as above. Let
X(H) be the chromatic number of H, and define

(7.1) o) = {1 if [(x(H) = 1)a] # [(x(H) — 1)y,

0 otherwise,

where [x] denotes the integer part of a real number x. Let p = €271 /(14-€251).
Then

lim  sup op(f,pg) =0

FeF*(Ba)
and (x(H) —2) 1
.  (x(H) -
g ¥(B2) = S (H) —1) 61—

Intuitively, the above result means that if 35 is a large negative number
and n is large, then an exponential random graph G,, with sufficient statistic
T looks roughly like a complete (x(H) — 1)-equipartite graph with 1 — p
fraction of edges randomly deleted, where p = €2%1/(14-¢?%1). In particular,
if H is bipartite, then G, must be very sparse, since a l-equipartite graph
has no edges. Figure 8 gives a simulation result for the triangle model with
large negative (s.

Theorem 7.1 is closely related to the Erdds-Stone theorem from extremal
graph theory (or equivalently, Turdn’s theorem in the case of triangles as in
the work of Fadnavis). Indeed, it may be possible to prove some parts of
our theorem using the Erd6s-Stone theorem, but we prefer the bare-hands
argument given below. Due to this connection with extremal graph theory,
we refer to behavior of the graph in the ‘large negative 82’ domain as extremal
behavior.

LEMMA 7.2. Let r be any integer > x(H). Let K, be the complete graph
on r vertices. Then for any symmetric measurable h : [0,1]> — {0,1}, if
t(Ky,h) >0 then t(H,h) > 0.

Proof. Let h,(x,y) be the average value of h in the dyadic square of width
27" containing the point (z,y). A standard martingale argument implies
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FIGURE 8. A simulated realization of the exponential ran-
dom graph model on 20 nodes with edges and triangles as
sufficient statistics, where 31 = 120 and (2 = —400. (Picture
by Sukhada Fadnavis.)

that the sequence of functions {hy},>1 converges to h almost everywhere.
For any positive integer u, let K denote the complete r-partite graph on
ru vertices, where each partition consists of u vertices (so that K} = K.).
Since r > x(H), it is easy to see that there exists u so large that H is a
subgraph of K. Fix such a w.

By the almost everywhere convergence of h, to h and the assumption
that t(K,, h) > 0, there is a set of r distinct points z1,...,z, € [0,1] such
that h(z;, z;) > 0 and limg, o0 hyn(2;, 2j) = h(z;, z;) for each 1 <i # 5 <.
Since h is {0, 1}-valued, h(z;,z;) = 1 for each ¢ # j. Choose n so large that
for each i # j,

ho(xi,z5) > 1 —€,
where € = 2/ru. Let (X})i<i<r 1<s<u be independent random variables,
where X/ is uniformly distributed in the dyadic interval of width 27" con-
taining x;. Then foreach 1 <i#j <r, 1<¢q,s <u,

P(h(X?, X5) = 1) = hy(zi,2;) > 1— €.
Therefore,
IP’(h(Xf,X]S-) =lforall1<i#j<r,1<¢s<u)>1-—rue=1/2.

Let (Y;®)1<i<r, 1<s<u be independent random variables uniformly distributed
in [0, 1]. Conditional on the event that Y;® belongs to the dyadic interval of
width 27" containing xz;, Y¥;® has the same distribution as X;. This shows
that

t(K h) > P(h(Y Y ) =1forall 1 <i#j<r 1<gq,5s<u)>0.
Since H is a subgraph of K, therefore t(H,h) > 0. O
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THEOREM 7.3. Let g be the function defined in (7.1). Take anyp € (0,1). If
f is any element of W that minimizes I,(f) among all f satisfying t(H, f) =

0, then f = pg.

Proof. Take any minimizer f. (Minimizers exist due to the Lovész-Szegedy
compactness theorem and the lower semicontinuity of I,.) First, note that
f < p almost everywhere: if not, then I,(f) can be decreased by replacing
f with min{ f, p}, which retains the condition ¢(H, f) = 0.

Next, note that for almost all z,y, f(x,y) = 0 or p. If not, then redefine
f to be equal to p wherever f was positive. This decreases the entropy while
retaining the condition t(H, f) = 0.

Let h = f/p. Then h takes value 0 or 1 almost everywhere and h max-
imizes [[ h(z,y)dzdy among all symmetric measurable h : [0,1]* — {0,1}
satisfying ¢(H, h) = 0. Our goal is to show that h= g.

Let r := x(H). Let X, X1, X2, ... be asequence of i.i.d. random variables
uniformly distributed in [0, 1]. Let

R={i: h(XZ-,X-) —1forall1<j<il,
and let R :=|R|. Let A(z) := [ h(z,y)dy, so that for any given 1,

P(h(X;, X;) =1 for all 1 < j < i) = E(A(X;)"™) = E(AM(Xo)™ ).

Thus,
E(R) = iﬂv(h(xi,xj) =1foralll<j <)
=1
=Y E(A(Xo)")
i=1
N . 1 1
(7.2) > ;(EMX())) SRRy 1o [T R g)dedy

Let g be the function defined in (7.1). Suppose the vertex set of H is
{1,...,k} for some integer k. If t(H, g) > 0, then there exist z1, ...,z such
that g(x;, ;) = 1 whenever (4, j) is an edge in H. By the nature of g, this
implies that H can be colored by r — 1 colors; since this is false, therefore
t(H, g) must be zero. By the optimality property of h, this gives

1
// xydardy>// :z:yda?dy—l—f1

Therefore by (7.2),
E(R)>r—1.

Again by Lemma 7.2, t(K,,h) = 0. Therefore, R < r — 1 almost surely.
Combined with the above display, this shows that equality must hold in
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(7.2) and R = r — 1 almost surely. In particular, E(A(X()?) = (EX(Xp))?
and EA(Xop) =1—1/(r — 1), which shows that

1
ANz)=1- €.
(z) g ae

For each z, let A(x) := {y : h(xz,y) = 0}. Then |A(z)| = 1/(r — 1) a.e.,
where |A(z)| denotes the Lebesgue measure of A(x).

Define a random graph G on {0,1,2,...} by including the edge (i,j) if
and only if h(X;, X;) = 1. Since t(K,,h) = 0, G cannot contain any copy
of K,. Thus, with probability 1, h(Xp, X;) = 0 for some ¢ € R. In other
words, (J;cr A(X;) cover almost all of [0, 1]. Again, |A(X;)| = 1/(r — 1) for
all i € R and |R| = r — 1 almost surely. All this together imply that with
probability 1, A(X;) N A(X;) has Lebesgue measure zero for all i # j € R,
since

S A NAX)] < 3 JAX)| - —0.

i.JER, i<j i€ER

U Ax)

1€ER

Let Y7,Y5,...and Z1, Zo, ... be i.i.d. random variables uniformly distributed
in [0, 1], that are independent of the sequence X1, Xo, . ... Since t(K,,h) =0,
with probability 1 there cannot exist [ and a set B of integers of size r — 2
such that h(Y;, X;) = h(Z;,X;) = 1 for all i € B, h(X;, X;) = 1 for all
i#j€B,and h(Y;, Z) = 1.

Now fix a realization of X7, Xo,.... This fixes the set R. Take any ¢ € R.
Let I be the smallest integer such that both Y7 and Zj are in A(X;). Clearly
Y7 and Z; are independent and uniformly distributed in A(X;), conditional
on the sequence X, Xo,... and our choice of ¢ € R. By the observation
from the preceding paragraph, h(Y7, Z;) = 0 with probability 1, since the
set R\{i} serves the role of B.

This shows that given X7, Xo,..., the sets A(X;) have the property that
for almost all y, z € A(X;), h(y,z) = 0. Since A(x) =1—1/(r — 1) a.e. and
|A(X;)| = 1/(r —1), this shows that for almost all y € A(X;) and almost all
z & A(X;), h(y,z) = 1.

The properties of (A(X;))ier that we established can be summarized as
follows: the sets A(X;) are disjoint up to errors of measure zero; each A(X;)
has Lebesgue measure 1/(r — 1) and together they cover the whole of [0, 1];
for almost all y, z € [0,1], h(y, z) = 0 if they belong to the same A(X;), and
h(y,z) = 1if y € A(X;) and z € A(X;) for some i # j. These properties
immediately show that h is the same as the function g up to a rearrangement;
the formal argument can be completed as follows.

Given X1, Xo,..., let u:[0,1] — [0, 1] be the map defined as

w(z) := minimum ¢ € R such that z € A(X;).
Note that with probability 1, for almost all  there is a unique ¢ € R such
that = € A(X;). Let o : [0,1] — [0,1] be a measure-preserving bijection

such that x — u(ox) is a non-increasing (we omit the construction). Then

o maps the intervals [0,1/(r—1)], [1/(r—1),2/(r—1)], ..., [(r—2)/(r—1),1]
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onto the sets (A(X;))ier up to errors of measure zero. By the properties of
A(X;) established above, this shows that h(ox, oy) is the same as g(x,y) up
to an error of measure zero. O

Proof of Theorem 7.1. First, note that
1
Ty (h) = I(h) = Bat(H, h) = Iy(h) — 5 log(1 —p),

where p = €271 /(1 4 €271). Take a sequence Bén) — —o0, and for each n,
let h, be an element of ﬁ*(ﬁén)) Let h be a limit point of h, in W. If
t(H,h) > 0, then by the continuity of the map ¢(H,-) and the boundedness
of I,

Tim (") = —oc.

But this is impossible since @b(ﬁén)) is uniformly bounded below, as can be
easily seen by considering the function ¢ defined in (7.1) as a test function
in the variational problem. Thus, ¢(H,h) = 0. If f is a function such that
t(H, f) =0 and I,(f) < I,(h), then for all sufficiently large n,

Tﬁ(n) (hn) - I<hn) < Tﬁ(n) (f) - I(f)
2 2

contradicting the definition of F* (B82). Thus, if f is a function sugh that
t(H, f) =0, then I,(f) > I,(h). By Theorem 7.3, this shows that h = pg.

The compactness of YW now proves the first part of the theorem.
For the second part, first note that

liminf (3" > lim (Tym (9) = 1(9))

Next, note that by the lower-semicontinuity of I, and the fact that 5271) is
eventually negative,

lim sup w(ﬂén)) = lim sup(ﬂén)t(H, hyp) — Ip(hy)) — %log(l -p)

n—oo n—oo

1
< limsup(— () — 5 log(1 — p)

n—oo
1
< —Iy(g) - 3 log(1 — p).

The proof is complete. O
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8. TRANSITIVITY AND CLUMPING

In the social networks literature, one of the key motivations for consider-
ing exponential random graphs is to develop models of random graphs that
exhibit ‘transitivity’. In simple terms, this means that a friend of a friend
is more likely to be a friend than a random person. Presence of transitivity
gives rise to ‘clumps’ of nodes that have higher connectivity between them-
selves. Since transitivity is closely related to the presence of ‘triads’ (i.e.
triangles) researchers initially tried to model transitivity by the exponential
random graph with edges and triangles as sufficient statistics. Sometimes,
j-stars were thrown in for additional effect. For a history of such attempts
and their experimental outcomes, see the discussion in Snijders et. al. [51].

However, as seen in experiments and through heuristics [46] and proved
in Theorems 4.1 and 7.1, it is futile to model transitivity with only edges
and triangles as sufficient statistics. If G, is positive, the graph is essentially
behaving like an Erd&s-Rényi graph, while if 82 is negative, it becomes
roughly bipartite. The degeneracy observed in experiments and proved in
Theorem 5.1 also renders this model quite useless.

Recently, Snijders et. al. [51] have suggested a certain class of models
that exhibit the desired transitivity and clumping properties in simulations.
These models are of the type (4.1), where Hj is a j-star (or ‘j-triangle’, as
defined in [51]) for j = 1,...,k—1 and Hy is a triangle. The crucial assump-
tion is that the parameters (i, (o, ..., B have alternating signs. Usually,
there is a single unknown parameter A and (3; is taken to be (—1)7=I\7 for
j=1,...,k — 1. Based on simulations and heuristics, the authors of [51]
claim that this class of models should demonstrate transitivity and clumping
properties.

Although we do not yet have a general understanding as to why alternat-
ing sign models should give rise to transitivity, we can prove it in a certain
special case. In this model, k¥ = 3 and H; = a single edge, Ho = a 2-star
and Hs = a triangle. There is a single unknown (positive) parameter (3, and
the sufficient statistic is defined as

T(f) :=3Bt(Hy, f) =38 t(Ha, f) + Bt(Hs3, f).

Let F* = F* (6) be as in Theorem 3.2. Of course, if 3 is sufficiently small,
F*(B) consists of a single constant function (and hence the model is effec-
tively Erd6s-Rényi) by Theorem 6.1. However, as following theorem shows,
all elements of ﬁ*(ﬂ) exhibit two clumps of roughly equal size when [ is
large.

THEOREM 8.1. In the setting described above,

lim sup 65(]?, E) =0,
00 feF=()
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where

h(z,y) = 1 if z,y on same side of 1/2
W= 1/2  if not.

Proof. Note that T'(f) can be alternately written as a constant plus S(1— f),
where

S(g) == —pt(Hs,g).

The proof is now complete by Theorem 7.1 applied to the model with suffi-
cient statistic S. (|

Intuitively, the function h in the above theorem represents connectivities
between people in a population divided into two equal parts, say democrats
and republicans, where all democrats are friends with each other, as are
republicans; and there is a probability 1/2 of friendship between a democrat
and republican. It is clear that this arrangement automatically gives rise to
transitivity.
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