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Abstract

Firms make forward-looking decisions based on latent technological states. While the
true state is not observed by econometricians, the literature provides ways to construct
proxies. For dynamic discrete choice models of forward-looking firms where a continuous
state variable is unobserved but its proxy is available, we derive closed-form identification
of the conditional choice probability, the Markov law of state transition, and the under-
lying structural parameters by explicitly solving relevant integral equations. We use this

method to estimate the structures of firms and the option values of exit across industries.
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1 Introduction

A firm makes forward-looking decisions based on its technological state. Technology is not
directly observed by econometricians, but the literature provides various ways to construct a
proxy variable for it. If the true technology were observed, then one could directly apply the
existing econometric methods to estimate the structure of forward-looking firms. When the
true technological state is not observed, can we instead rely on a proxy variable for structural
estimation? Clearly, a naive substitution of the proxy in a nonlinear structure generally biases
the estimates of structural parameters, even if the proxy has only a classical error. We develop
methods to identify the common class of dynamic discrete choice structural models when a
proxy for an unobserved continuous state variable is available.

To be specific, suppose that firm j at time ¢ makes exit decisions d;; based on its technology

€T

%+~ The production function in logs is given by y;, = 7, + bl + bpkj; + €5 where (I, ky)

denotes factors of production and ¢, denotes Hicks-neutral shocks. The literature provides ways
to estimate the parameters (b;, by).! The obtained residual x;; := y;; — bjl; s — byk;, can be used

as a proxy for the unobserved technology =7, up to Hicks-neutral shocks, i.e., x;; = 27, + £;.

*
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Using the constructed proxy z;, for the true technology z7,, our proposed method allows the
structural parameters of forward-looking firms to be identified.

Estimation of dynamic structural model requires identification of two objects: (1) the con-
ditional choice probability (CCP) denoted by Pr(d; | x;); and (2) the law of state transi-

tion denoted by f(xf | di—1,2;_;). We show that these two core objects, Pr(d; | z;) and

"'While instrumental variable approaches may be used to this end, common approaches in this literature take
advantage of structural restrictions, such as the nonparametric proxy models of Olley and Pakes (1996) and
Levinsohn and Petrin (2003) based on Robinson’s (1988) v/ N-consistent estimator. See also Ackerberg, Caves

and Frazer (2006) and Wooldridge (2009).



f(zy | di—1,z7_y), are identified with closed-form expressions written in terms of observed prox-
ies and choices. This auxiliary identification result in turn leads to identification of structural
parameters. Dynamic discrete choice models with unobservables are studied by Aguirregabiria
and Mira (2007), Kasahara and Shimotsu (2009), Arcidiacono and Miller (2011), and Hu and
Shum (2012), but these papers focus on finitely supported unobservables. On the other hand,
our problem is concerned about continuously supported unobserved states, which are more
relevant to production technologies in particular. We deal with continuously distributed unob-
servables at the expense of the requirement of a proxy variable.

The use of proxy variables in dynamic structural models is related to Cunha and Heckman
(2008), Cunha, Heckman, and Schennach (2010), and Todd and Wolpin (2012). We particularly
focus on forward-looking structures like Rust’s (1987) model, and propose to apply the proxy
approach to the CCP-based estimation method of Hotz and Miller (1993). The first step consists
of closed-form identification of the CCP and the law of state transition. For this step, we use
the identification strategy of Schennach (2004), with extensions by Hu and Sasaki (2013) to
non-unit proxy errors. In the second step, the CCP-based method (Hotz and Miller, 1993) is
applied to the preliminary non-/semi-parametric estimates of the Markov components to obtain
structural parameters of a current-time payoff in a simple closed-form expression. Because of
its closed form like the OLS, our estimator is robust and is free from common implementation
problems of convergence and global optimization.

We first present an informal overview and a practical guideline of our methodology in Section
2. Sections 3 and 4 present formal identification and estimation results. In Section 5, we apply
our methods and study the forward-looking structure of firms that make exit decisions based

on unobserved production technologies, and estimate the option value of exit for each industry.



2 An Overview of the Methodology

In this section, we present a practical guideline of our methodology in the context of the problem
of firms’ decisions based on unobserved technologies. Formal identification and estimation
results behind this informal overview are followed up in Sections 3 and 4.

Firms with lower levels of technological productivity produce less values added even at the
optimal choice of inputs, and may well exit with a higher probability than firms with higher
levels of productivity. Let d;; = 1 indicate the decision of a firm to stay, and let d;; = 0

*

7+, and based on

indicate the decision to exit. Firms choose d;; given its technological level
their knowledge of the stochastic law of motion of z7,. Suppose that the technological state

x}, of a firm evolves according to the first-order process

*

‘r],t = oy + Vtx;':tfl + Nt (21)

As a reduced form of the underlying structural production process, a firm with its tech-
nological level x7%, is assumed to receive the current payoff of the affine form 60y + 6127, + w?,
if it is in the market, where w;{t is the choice-specific private shock. On the other hand, the
firm receives zero payoff if it is not in the market. Upon exit from the market, the firm may
receive a one-time exit value 5, but they will not come back once exited. With this setting,

the choice-specific value of the technological state z7, can be written as

With stay (d;; = 1) : U1 (x;‘t) = 6y + le;’t + W;,t +E [pV(m;f’tH; 0) | x;kt}

With exit (dj; =0):  w(z},) = 0o+ 612}, + 02 + wj,

where p € (0, 1) is the rate of time preference, V(- ;0) is the value function, and the conditional

*
J,t

expectation E[ - | x%,] is computed based on the the knowledge of the law (2.1) including the

distribution of 7, .



The fist step toward estimation of the structural parameters is to construct a proxy variable
x4 for the unobserved technology x7,. This stage can take one of various routes. For example,
if we identify the parameters (b, by) of the production function y;, = T+ bilj ¢ + brkjs + €54
using the exiting methods from the production literature, one can take the residual z;; :=
Y — bilj — bpk; as an additive proxy in the sense that z;, = T+ Ej automatically holds,
where the Hicks-neutral shock ¢, is assumed to be exogenous.

The second step is to estimate the parameters (oy, ;) of the dynamic process (2.1) by the

method-of-moment approach, e.g.,

-1

& 1 S w1 1{dye1=1} S @ e l{dj e 1=1}
t _ Sl 1{dje—1=1} S H{dje1=1}
A Siliwie1l{dje-1=1} ST @ 1wje-11{dje1=1} Sl wgawse—11{dj1=1}
t N N N
=1 Hdj,e—1=1} j=1 Hdj,e—1=1} =1 Hdj,e—1=1}

where w;,; 1 is some observed variable that is correlated with x7, ;, but uncorrelated with the
current technological shock 7;, and the Hicks-neutral shocks (g;¢,¢;,-1). Examples include lags
of the proxy, x;+—o. Note that the proxy z,, as well as w;; and the choice d;; are observed,
provided that the firm is in the market. Because of the interaction with the indicator 1{d;;_; =
1}, all the sample moments in the above display are computable from observed data.

Having obtained (&4, %), the third step is to identify the distribution of the Hicks-netural

shock €. Its characteristic function can be estimated by the formula
Sjiy eIt {dy =1}
Zj'\;l 1{d; =1}

~ v\l-/ y :
exp | [y 30 (21— )€™ Tf’z'll{djyt::l}ds'
0 ST ¢ "t 1{d; =1}

(/3&(8) =

All the moments in this formula involve only the observed variables z,;, x;,;+1 and d;;. Note
also that the &; and 4, are already obtained in the previous step. Hence the right-hand side of
this formula is directly computable.

The fourth step is to estimate the CCP, Pr(d; | =), of stay given the current technological
state ;. Using the estimated characteristic function gzgst produced in the previous step, we can

5



estimate the CCP by the formula

I (Z;‘Vzl 1{d, =1} - eis(m]-,t—s)) e, (8)71 - P (sh)ds

pi(€) == Pr(d; =1]2},=¢) =
J (S0 e - b ()71 drc(sh)ds

(2.2)

where ¢ is the Fourier transform of a kernel function K and h is a bandwidth parameter. For

1.2p2

example, ¢ (sh) = e 25" if the normal kernel is used. A similar remark to the previous ones
applies here: since d;; and z;; are observed, this CCP estimate is directly computable using
observed data, even though the true state z7, is unobserved.
The fifth step is to estimate the state transition law, f(z}, | 2}, ;). Using the previously
estimated characteristic function ant’ we can estimate the state transition law by the formula
eiS(Ij,t*Et) . etslat+yeée-1)

£ % * gb@;t 1 8775
f(xj,t = ft | mj,t—l = St 1 = 271_/ ¢€ \ ZN iS(Ott-l"‘{tl?;,t_l) . ¢K($h)d3 (23)

j=1¢

As before, ¢k is the Fourier transform of a kernel function K and A is a bandwidth parameter.

Finally, by using the estimated CCP (2.2) and the estimated state transition law (2.3)
with the CCP-based method of Hotz and Miller (1993), we can in turn estimate the structural
parameters 6 = (0, 61,05). If we assume that the choice-specific private shocks independently

follow the standard Gumbel (Type I Extreme Value) distribution, then we obtain the restriction
Inp(zg) —In (1 —pe(ay)) = wvilay) —volzy) = ElpV (27, 0) | 27] — 02,
where the discounted future value can be written in terms of the parameters 0 as

E[pV (z],1:0) | 2] = §jp (6o + 0127 + 02(1 — py(a2)) + @

s=t+1

—(1 = ps(xg)) log(1 = pa(7)) — ps(g) log ps(x (H Py x)

s'=t+1

|

where @ denotes the Euler constant ~ 0.5772. This conditional expectation can be computed
by the state transition law estimated with (2.3), and the CCP p;(x}) is estimated with (2.2).

6



Hence, with our auxiliary estimates, (2.2) and (2.3), the estimator  solves the equation

In p, () — In (1 — py(2})) = Z p* <é0+é1x: 1 05(1 — py(z)) + @ (2.4)
s=t+1
—(1 = ps(x5)) log(1 — ps(x7)) — Ps(x) log ps( ( H D (2% > mf] — 6, for all z7,
=t+1

which can be solved for 6 in an OLS-like closed form (e.g., Motz, Miller, Sanders and Smith,
1994). The practical advantage of the above estimation procedure is that every single formula
is provided with an explicit closed-form expression, and hence does not suffer from the common
implementation problems of convergence and global optimization.

Given the structural parameters 6 = (6, 61, 02) estimated, one can conduct counter-factual
predictions in the usual manner. For example, consider the policy scenario where the exit value
of the current period is reduced by rate p at time ¢, i.e., the exit value becomes (1 — p)fy. To
predict the number of exits in under this experimental setting, we can estimate the counter-
factual CCP of stay by the formula

exp (Inpulaf) = (1 = pi(;)) + phs)

1 exp (In () = (1 = pu(a7)) + ol

pi(ar;p) =

Integrating pg( - ;p) over the the unobserved distribution of 27, yields the overall fraction of

staying firms, where this unobserved distribution can be in turn estimated by the formula

e ri=&) = /Z]Nl 6¢ ’ ¢K(sh)ds.

In this section, we proposed a practical step-by-step guideline of our proposed method. For
ease of exposition, this informal overview of our methodology in the current section focused on
a specific economic problem and lacked formal justifications. Sections 3 and 4 provide formal

identification and estimation results in a more general framework.



3 Markov Components: Identification and Estimation

Our basic notations are fixed as follows. A discrete control variables, taking values in {0, 1,---.,d },
is denoted by d;. For example, it indicates the discrete amounts of lumpy R&D investment, and
can take the value of zero which is often observed in empirical panel data for firms. Another
example is the binary choice of exit by firms that take into account the future fate of technolog-
ical progress. An observed state variable is denoted by w;. It is for example the stock of capital.
An unobserved state variable is denoted by z;. In the context of the production literature, it is
the technological term z} in the production function y;; = T+ bilj+ + byw; s+ €54 Finally, x¢
denotes a proxy variable for x}. For example, the residual z,;; := vy, — bl — b,w;; can be used
as a proxy in the sense that z;, = @7, + ¢;; automatically holds by the structural construction.
Throughout this paper, we consider the dynamics of this list of random variables. The following

subsection presents identification of the components of the dynamic law for these variables.

3.1 Closed-Form Identification of the Markov Components

Our identification strategy is based on the assumptions listed below.

Assumption 1 (First-Order Markov Process). The quadruple {d;,wy, x}, ¢} jointly follows a

first-order Markov process.

In the production literature, the first-order Markov process for unobserved productivity as
well as observed states and actions is commonly used as the core identifying assumption. This

Markovian structure is decomposed into four modules as follows.



Assumption 2 (Independence). The Markov kernel can be decomposed as follows.

* *
f (dta Wy, 'It ) $t|dt—17 Wi—1, wt—h xt—l)

= f(dt|wt7x;tk)f (wt|dt—17wt—1,95:_1) f ($:|dt—17wt—17$:_1) f($t|95f)

where the four components represent

f (diJwy, x7)  conditional choice probability (CCP);

f (wt\dt,l, wi—1,%;_q) transition rule for the observed state variable;

f (fﬂdt—h wt_l,x’t“fl) transition rule for the unobserved state variable; and
f (xe|xf) prozy model.
Remark 1. Depending on applications, we can alternatively specify the transition rule for the

observed state variable as f (wg|di—1, w1, xf) which depends on the current unobserved state

x;y instead of the lag x7_,. A similar closed-form identification result follows in this case.

In the context of the production models again, the four components of the Markov kernel
can be economically interpreted as follows. The CCP is the firm’s investment or exit decision
rule based on the observed capital stocks w; and the unobserved productivity z;y. The two
transition rules specify how the capital stock w; and the technology z} co-evolve endogenously
with firm’s forward-looking decision d;. The proxy model is a stochastic relation between the
true productivity x; and a proxy x;. We provide a concrete example after the next assumption.
Because the state variable z} of interest is unit-less and unobserved, we require some restriction
to tie hands of its location and scale. To this goal, the transition rule for the unobserved state

variable and the state-proxy relation are semi-parametrically specified as follows.

Assumption 3 (Semi-Parametric Restrictions on the Unobservables). The transition rule for



the unobserved state variable and the state-proxy relation are semi-parametrically specified by

f (xﬂdt_l,wt_l,xf_l) : x; = a + plw,_q + ’ydx:_l + nf ifdiy=d  (3.1)

flala) s o = 2+ (3.2)
where g; and n¢ have mean zero for each d, and satisfy

e AL ({d-}r, {25} {wr}r {er o) for allt

nd 1L (dy,zr,w,) for all T <t for allt.

Remark 2. The decomposition in Assumption 2 and the functional form for the evolution of

o} in addition imply that n¢ 1w, for all d and t, which is also used to derive our result.

For the production models discussed earlier, these semi-parametric restrictions are inter-
preted as follows. In the special case of v¢ = 1, the semi-parametric model (3.1) of state
transition yields super-/sub-Martingale process for the evolution of unobserved technology x}
depending on a?+ B%w,; > or < 0. In case where we consider the discrete choice d; of investment
decisions, it is important that the coefficients, (a?, 3¢, %), are allowed to depend on the amount
d of investments since how much a firm invests will likely affect the technological developments.
The semi-parametric model (3.2) of the state-proxy relation is automatically valid as the proxy
being the residual z; := y; — bil; — bk equals the productivity x; plus the Hicks-neutral shock
£p.2

By Assumption 3, closed-form identification of the transition rule for z} and the proxy model
for 7 follows from identification of the parameters (a4, 3¢, v) for each d and from identification

of the nonparametric distributions of the unobservables, €;, 7 , and n¢ for each d. We show that

2While this classical error specification is valid for the specific example of production functions, it may be

generally restrictive. We discuss how to relax this classical-error assumption in Section A.8 in the appendix.
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identification of the parameters (a?, 3%,v4) follows from the empirically testable rank condition
stated as Assumption 4 below.? We also obtain identification of the nonparametric distributions
of the unobservables, ¢;, =}, and n¢, by deconvolution methods under the regularity condition

stated as Assumption 5 below.

Assumption 4 (Testable Rank Condition). Pr(d;—1 = d) > 0 and the following matriz is

nonsingular for each d.

1 E[wt_l | dt—l = d] E[th_l | dt—l = d]
E[U}t,1 | dt,1 = d] E[U)?fl | dt,1 = d] E[:ct,lwt,l | dtfl = d]

E[wt | dt—l = d] E[wt_lwt | dt—l = d] E[wt_lwt | dt—l = d]

Assumption 5 (Regularity). The random variables w, and x; have bounded conditional mo-
ments gwen d;. The conditional characteristic functions of wy and x; given dy = d do not
vanish on the real line, and is absolutely integrable. The conditional characteristic function of
(xf_1,wy) gwen (dy—1,w;—1) and the conditional characteristic function of x; given w; are abso-
lutely integrable. Random variables g; and n¢ have bounded moments and absolutely integrable

characteristic functions that do not vanish on the real line.

The validity of Assumptions 1, 2, and 3 can be discussed with specific economic structures as
we did using the production functions. Assumption 4 is empirically testable as is the common
rank condition in generic econometric contexts. Assumption 5 consists of technical regularity
conditions, but are automatically satisfied by common distribution families, such as the normal
distributions among others. Under this list of five assumptions, we obtain the following closed-

form identification result for the four components of the Markov kernel.

3This matrix consists of moments estimable at the parametric rate of convergence, and hence the standard

rank tests (e.g., Cragg and Donald, 1997; Robin and Smith, 2000; Kleibergen and Paap, 2006) can be used.

11



Theorem 1 (Closed-Form Identification). If Assumptions 1, 2, 3, 4, and 5 are satisfied, then
the four components f (d|wy, x7), f(welde—y, wey, 7 ), f(2f|der, wemr,27_1), [ (ze]x]) of the

Markov kernel f (dt,wt, x| dy g, weq, T, xt,l) are identified with closed-form formulas.

A proof is given in Section A.1 in the appendix. While the full closed-form identifying
formulas are provided in the appendix, we show them with short-hand notations for clarity of
exposition below. Let 7 := 4/—1 denote the unit imaginary number. We introduce the Fourier

transform operators F and F; defined by

1

Fo(&) = o e " p(s)ds for all ¢ € L'(R) and ¢ € R
Fop(&1,&) = ﬁ e iG55 )ds dsy  for all ¢ € LY(R?) and (£, &) € R

First, with these notations, the CCP (e.g., the conditional probability of choosing the
amount d of investment given the capital stock w; and the technological state z) is identi-

fied in closed form by

f¢(d)x*|wt<x:)
Pr(d; = dlw;, 7)) = ——+——=
(d: e, 7) }_bejlwt(x:)
for each choice d € {0,1,--- ,d}, where P(d)atw, (8) and @gx(u, (s) are identified in closed form

by

E dt = d . gisT t
Cb(d):tﬂwt(s) = [l{ ¢Et}(s)€ ’ w]

Ele®® | wy]

P (8) ’

and Pz (5) =
respectively, where ¢, (s) is identified in closed form by

E[Gisxt | dt = dl]

¢€t (8) - (33)

s Ei(zir1—ad —B wi)-e' 2t |dy=d'] ; ,
exp [ 0 TR | d =] ds

with any choice d’. For this closed form identifying formula, the parameter vector (a?, 5%, v4)*

12



is in turn explicitly identified for each d by the matrix composition

-1 - _

1 E[wt_l ’ dt—l = d] E[a;t_l ’ dt—l = d] E[a;t ’ dt—l = d]
E[wt_l ‘ dt—l = d] E[wf_l ’ dt—l = d] E[xt_lwt_l | dt—l = d] E[a:twt_l | dt—l = d]
E[wt ’ dt—l = d] E[wt_lwt ‘ dt—l = d] E[xt_lwt ‘ dt—l = d] E[xtwt ‘ dt—l = d]

Second, the transition rule for the observed state variable w; (e.g., the law of motion of

capital) is identified in closed form by

f2¢$:717wt|dt717wt71 ((1}2‘71, wt)

f f2¢$:,11wt|dt717wt71 (13:—1 ) wt>dwt 7

f (wtldt—la Wt—1, x:_l)

where @pr | w,d,_yw,_, 18 identified in closed form by

E[6i81$t—1+i52wt | dt—la wt_l]
gbx;_l,wt‘dt_hwt—l(sla82) = ¢Et—1(81)

Third, the transition rule for the unobserved state variable z} (e.g., the evolution of tech-

nology) is identified in closed form by
[y [ di, wim, 7)) = ]:%gl(x: —a’ = flwy =t y),

where d := d;_; for short-hand notation, and Ppa 18 identified in closed form by

Ele™™ | di_y = d] - ¢, (s7)
E[eis(ad+6dwt—1+7dxt—1) | dt—l = d] : ¢at(3).

Ppa(s) =

Lastly, the proxy model for x} (e.g., the distribution of the Hicks-neutral shock as the proxy

error) is identified in closed form by

flanap) = Foe,(xr — a7),

where ¢, (s) is identified in closed form by (3.3).
In summary, we obtained the four components of the Markov kernel identified with closed-
form expressions written in terms of observed data even though we do not observe the true

13



state variable zy. These identified components can be in turn plugged in to the structural
restrictions to estimate relevant parameters for the model of forward-looking firms. We present
how this step works in Section 4. Before proceeding with structural estimation, we first show
that these identified components of the Markov kernel can be easily estimated by their sample

counterparts.

3.2 Closed-Form Estimation of the Markov Components

Using the sample counterparts of the closed-form identifying formulas presented in Section 3.1,
we develop straightforward closed-form estimators of the four components of the Markov kernel.
Throughout this section, we assume homogeneous dynamics, i.e., time-invariant Markov kernel.
This assumption is not crucial, and can be easily removed with minor modifications. Let h,,
and h, denote bandwidth parameters and let ¢x denotes the Fourier transform of a kernel
function K used for the purpose of regularization.

First, the sample-counterpart closed-form estimator of the CCP f(d; | wy, x}) is given by

_ fe—isac;‘ : (Zg(d)mﬂwt(s) : (bK(th)dS

];;I' dy = djw 73:* 5
(dy = dlwy, x7) [ €757 - G (5) - drc(sha)ds

for each choice d € {0,1,--- ,d}, where é(d)x;‘wt(s) and q@xr‘wt(s) are given by

isX i+ Wi.i—wt
A S S 1Dy = dp e i (M)

w

¢(d)x,t|wt (s) = and

n N T W t—wt
e, (8) - Zj:l Do K <T>
N T iS it Wjﬂ—wt
Zj:l Do €t K (h—)

ngﬂwt(S) = , iw
be,(s) - L SO K (M)

respectively, where quSat(s) is given with any d’ by

A Z;\;l ZtT:1 e Xt . H{Dj,t = d/}/ Zj\[:l Zthl ]I{Dj,t =d'}
G, (5) = . (3.4)

. — is! X ..
s 0 S (X e —ad =YW )€ J,tA]l{Dj’t:d’}d ,
exp 0 d! =N T—1 _is' X4 o S
Y ii iy e T Dy e=d'}

14



While the notations may make them appear sophisticated, all these expressions are straight-
forward sample-counterparts of the corresponding closed-form identifying formulas provided in
the previous section.

Second, the sample-counterpart closed-form estimator of f(wy | di—1, w1, ;) is given by

f(wt|dt—17wt—1ax:_1) =
f f 6_8111:71_82%5 ' éxfil,wﬂdt_l,wt_l(sh 52) ’ d)K(Slha:) ’ ¢K<S2hw)d31d82
[ [ [esrtswe. ng;l,wﬂdt,l,wt,l(sla s2) - O (S1hy) - ¢K(32hw)dsld52dwt’

where @i | w,1d,_y w0, 1S glven by

ZJ S e Xt Wie (D =dy g} K (%)
stt*l(sl) Z] IZt G I{Djs 1 =di1}- K(M)

gbxz‘—th‘dt—l:wt—l (51, 32) =

Third, the sample-counterpart closed-form estimator of f(x} | dy—1, w1, 2} ;) is given by

1

f('I: | dt—lawt—l,x;fil) [ —
2w

/e—is(mf—ad—ﬁdwtI_def—l) . g&g(S) : QbK(Shm)dS

where d := d;_; for short-hand notation, and q@ng is given by

& d(S) _ QbEt 1(8’7d) ’ Z;V 1 Z? 2 e Xit . H{Dj t—1 — d}
M ¢St( ) Z] . Zt eis(@d+BaW; 1 +v4 X1 1) H{Dj,tfl — d}

Lastly, the sample-counterpart closed-form estimator of f(z; | z}) is given by

1

flalai) = 5o [ e bu(s) - o (sha)ds

where ¢.,(s) is given by (3.4).

In each of the above four closed-form estimators, the choice-dependent parameters (a4, 3¢, 9)

15



are also explicitly estimated by the matrix composition:
- -1

1 S i Wyl {Dj=d} Sl X X5 1{Dji=d}
z;v:1 ZtT:_ll 1{Dj:=d} Zj'v:1 ZtT:_ll 1{Dj:=d}
SN S Wi {Dj=d} S S WA I{D=d} SN S X Wi 1{D=d}
it Sy H{Dje=d} it it H{Dje=d} Tt it H{Dje=d}
S i Wi I Dje=d} S0 S Wy Wy e {Dye=d} 001 S Xe Wy e 1{Dje=d}
L L i 1 Dje=d} Sl i 1{Dje=d} Sl i 1{Dje=d} J

S X Xy o1 1{Dje=d}
S T 1D =d}

x S0y S X1 Wi I{ D =d}
Yoo iy H{Dji=d}

S i X1 Wy e 1{Djy=d}
i1 i H{Dje=d}

Each element of the above matrix and vector consists of sample moments of observed data. In

fact, not only these matrix elements, but also all the expressions in the estimation formulas
provided in this section consist of sample moments of observed data. Thus, despite their

apparently sophisticated expressions, computation of these estimators is not that difficult.

4 Structural Dynamic Discrete Choice Models

In this section, we focus on a class of concrete structural models of forward-looking economic
agents. We apply our earlier auxiliary identification results to obtain closed-form estimation of
the structural parameters. Firms observe the current state (wy,z}), where 2} is not observed
by econometricians. Recall that we deal with a continuous observed state variable w; and
a continuous unobserved state variable zj, and it is not practically attractive to work with
nonparametric current-time payoff functions with respect to these continuous state variables.

As such, suppose that firms receive the the current payoff of the affine form
0y + 05w, + 052 + wa

at time t if they make the choice d; = d under the state (wy, x}), where wy, is a private payoff
shock at time ¢ that is associated with the choice of d; = d. We may of course extend this
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affine payoff function to higher-order polynomials at the cost of increased number of parame-
ters. Forward-looking firms sequentially make decisions {d;} so as to maximize the expected
discounted sum of payoffs

o0

By [0 (09, + 05w, + 05 2% + wa,s) |

s=t
where p is the rate of time preference. To conduct counterfactual policy predictions, economists
estimate these structural parameters, 69, 0%, and 6%. The following two subsections introduce

closed-form identification and estimation of these structural parameters.

4.1 Closed-Form Identification of Structural Parameters

For ease of exposition under many notations, let us focus on the case of binary decision, where d;
takes values in {0, 1}. Since the payoff structure is generally identifiable only up to differences,
we normalize one of the intercept parameters to zero, say 69 = 0. Furthermore, we assume
that wg is independently distributed according to the Type I Extreme Value Distribution in
order to obtain simple closed-form expressions, although this distributional assumption is not
essential. Under this setting, an application of Hotz and Miller’s (1993) inversion theorem and

some calculations yield the restriction

E(pswe,y) = 00 - & (pswe,xy) + 05 - & (pywe, a7) + 67 - £ (pywy, x7)

+05 - §o (3w, 77) + 07 - &7 (5 wy, 7) (4.1)

4We may alternatively impose a system of restrictions and augment the least-square estimator following

Pesendorfer and Schmidt-Dengler (2007).
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for all (wy, x}) for all ¢, where

§lpyw, o) = Inf(1[wy,xp) —In fO [ we, 27) + (4.2)

Zp” E[f(0 | ws,2?) - In (0 | wy,a7) | dp = 1,0y, 27] +

s= t+1
ZpSt E 1|w57 s) hlf(1|w5’ s)|dt—1wt7xt}
s=t+1
Zp“ E[f(0 | w, %) - f(0 | wy,z%) [ dp = 0,wp,77] —
s=t+1
ZIOSt E 1‘w57 s) hlf(1|ws7 s)|dt—0wt=xt}
s=t+1
& (p; wy, x7) Z P B0 | wy, ) | di = 1wy, 77) — (4.3)
s=t+1
Zps PEIFO | ws,at) | di = 0w, 27] — 1
s=t+1
SZlU(p;whx:) = Z P’ ' E d|ws7 s)'w8|dt:17wt7‘r:]_ (44)
s= t+1
ZPSt E d|ws7 5)'w8|dt:07wt7$:]_(_]‘)d'wt
s=t+1
Eilpywy, xy) = ZPSt E[f(d | ws,xy) x5 [ dp =1, wp, 2] — (4.5)
s= t+1
ZpSt E d|w87 s)'x:|dt:07wt7$ﬂ_(_1)d'xz
s=t+1

for each d € {0,1}. See Section A.3 in the appendix for derivation of (4.1)-(4.5).
In the context of their models, Hotz, Miller, Sanders, and Smith (1994) propose to use (4.1)
to construct moment restrictions. We adapt this approach to our model with unobserved state

variables. To this end, define the function @) by

Q(p, 0wy, x7) = E(pywy, x7) — 0 - £9(p; we, 7)) + 05 - & (o5 wy, )
=07 - & (pywy, ) — 05 - & (pswy, 7)) — 07 - E7 (5 wy, x7)
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where 6§ = (6),0y,6 6% 67)'. From (4.1), we obtain the moment restriction

for any list (row vector) of bounded functions R(p,0; -, -). This paves the way for GMM
estimation of the structural parameters (p,#). Furthermore, if the rate p of time preference is
not to be estimated (which is indeed the case in many applications in the literature),” then the
moment restriction (4.6) can even be written linearly with respect to the structural parameters

0 by defining the function R by

R(p;wy, x7) = [0 (pswe, ), & (pswe, 7)), &7 (pyw, 27), & (pywe, x7), &5 (p;wy, 27)).

(Note that we can drop the argument € from this function since none of the right-hand-side
components depends on 6.) In this case, the moment restriction (4.6) yields the structural

parameters # by the OLS-like closed-form expression

0 = E[R(p;w, ;) R(p;we, 7)) E[R(pswe, 27)" E(ps we, 27)] (4.7)

provided that the following condition is satisfied.
Assumption 6 (Testable Rank Condition). E[R(p;wy, ;)" R(p;wy, x})] is nonsingular.

While this result is indeed encouraging, an important remark is in order. Since the gen-
erated random variables R(p; wy, x}) and &(p; wy, ;) depend on the unobserved state variables
x; and their unobserved dynamics by their definitional equations (4.2)—(4.5), they need to be
constructed properly based on observed variables. This issue can be solved by using the com-
ponents of the Markov kernel identified with closed-form formulas in Section 3.1. Note that

the elements of all these generated random variables R(p; w;, z;) and &(p; wy, ;) take the form

This rate is generally non-identifiable together with the payoffs (Rust, 1994; Magnac and Thesmar, 2002).
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E[((ws, z%) | di,w, z7] of the unobserved conditional expectations for various s > ¢, where
C(ws, z¥) consists of the explicitly identified CCP f(ds | ws, %) and its interactions with wg, x%,

and the log of itself in the formulas (4.2)—(4.5). We can recover these unobserved components

in the following manner. If s =¢ + 1, then

E[¢(ws, z5) | dy, wy, 77] = //C(wt-i-lvx:-i-l) fwegr | dy, wy, 7)) X

f(x:—f—l | dt7wt7x:) dthd:ﬁH (48)

where f(wiy | de,we, ) and f(xf, | dy, wy, xf) are identified with closed-forms formulas in

Theorem 1. On the other hand, if s > ¢ 4 1, then

1 1
E[C(wswr:) | dt7wt7‘x:] = Z Z /"'/C(w&x:)'f(ws | ds—laws—hxzfl) X

di+1=0 ds—1=0

s—2

f(x: | ds—1,Ws—1,T5 ) - Hf(dT-H | wﬂxi) - fwrp | drywr, w7) X
T=t

F @ | ey, 22) s - dw, dzfyy - (49)

where f(d; | wy, xy), f(wigr | de,wy, x7), and f(zy, | di, we, 7) are identified with closed-form
formulas in Theorem 1.

In light of the explicit decompositions (4.8) and (4.9), the generated random variables
§(pswe, ) and R(p;we, 27) = &9 (o5 we, 7)), &' (03 we, 7)), & (3 we, 7)), & (03 we, a7), &7 (03 wr, 27)]
defined in (4.2)—(4.5) are identified with closed-form formulas. Therefore, the structural pa-
rameters ¢ are in turn identified in the closed form (4.7). We summarize this result as the

following corollary.

Corollary 1 (Closed-Form Identification of Structural Parameters). Suppose that Assump-
tions 1, 2, 3, 4, 5, and 6 are satisfied. Given p, the structural parameters 0 are identified

in the closed form (4.7), where the generated random variables £(p;wy, x7) and R(p;wy, xf) =

20



(66 (05 we, x7), &5 (p3we, 7)), &1 (pywi, 7)), &5 (pswe, x7), &7 (s we, 7)) which appear in (4.7) are

in turn identified with closed-form formulas through Theorem 1, (4.2)-(4.5), (4.8), and (4.9).

Remark 3. We have left unspecified the measure respect to which the expectations in (4.6) and
thus in (4.7) are taken. The choice is in fact flexible because the original restriction (4.1) holds
point-wise for all (wy, x7). A natural choice is the distribution of (wy, z}), but it is unobserved.
In Section A.J in the appendiz, we propose how to evaluate those expectations with respect to
this unobserved distribution of (wy, x}) using observed distribution of (wy, x;) while, of course,
keeping the closed form formulas. We emphasize that one can pick any distribution with which

the testable rank condition of Assumption 6 is satisfied.

4.2 Closed-Form Estimation of Structural Parameters

The closed-form identifying formulas obtained at the population level in Section 4.1 can be
directly translated into sample counterparts to develop a closed-form estimator of structural

parameters. Given Corollary 1 and Remark 3, we propose the following estimator.

N T-1 > % |
=[ZZpr’ o xt) - F(XG, | a0) - <xt\Wj¢>dwt]
i t=1 |

1) R(p;
f ( Jt|$t) (x W]t)dxt
)€ Wy i) - F(Xe | 25) - Flag | Wi) d]

lfﬁpa ]t7 5( 7$

1
[ it : (4.10)
j=1 t=1 ff ]t‘xt) f( t‘VVJt) dxt

where closed-form formulas for f(X it | ), Flar | Wit), Sp W, Wi, xy), and R(p; Wi, xp) =
Blpwna). &pwnar), Elpiwnai), & o)), & (piwna;)] are listed below.
First, f(xt | z7) is given by (A.5) in Section 3.2. For convenience of readers, we repeat it

here:

1

f L 3o exp (isXjy) - 1{Djy = d'
fla]z) = %/exp(—ia‘?(l'—l’*)) ZJ Yot exp )1 }

be;*\dt:d’( ) : Zj:l ZtT:_ll IL{Djt = d,}

- P (shy) ds.
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Second, f(z} | wy) is given by (A.8) in Section A.4 in the appendix. We write it here too:

. . o Sic H{Dﬂ_d} K<]tww)
s F> o7 =

U/

SN T (K — o = BUW) - exp (is1Xje) - Dy = d} - K (Y55)
exp / ds1| ds.
0

7 S exp (i1 X0) - 1Dy = d) - K (M)

Third, £(p; wy, z7) and the elements of R(p;wy, }) are given by

~

Epywe ) = I f(1 ] wya}) —In f0 | wy,af) +

S p B [F0 | weal) W F(0 [ wy,al) | dy = 1w, ] +

S B [F0 weal) W 0wyl | dy = 1w ap] -

g
\an
|
e3);

(O‘w& s) lnf(0|w87 s)|dt_0wt>xt -

N
bca
|
es);

(1\ws, xy) - lnf(1|ws, x3) | dy =0, wt,:ct

s=t+1
éB(p7wt7x:) = Z 1087t.E|:f<O‘wS7x:) ‘ dt:17wt7xr:| -
s=t+1
> p B (0 weal) | do= 0w x| —1
s=t+1
ey = 3 0B ), | d= 1w -
s=t+1
Z Pt E [f(d | ws, %) - ws | dy =0 wt,xt} (1) - w,
s=t+1
Gowna)) = > o B[fld w2l | d = L] -
s=t+1
Z Pt E [A(d | wg, %) -2 | dy =0 wt,xt} — (=1}
s=t+1
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for each d € {0,1}, following the sample counterparts of (4.2)—(4.5). Of these four sets of
expressions, the components of the form f(dt | wy, z7) are given by (A.2) in Section 3.2.
Following the sample counterparts of (4.8) and (4.9), the estimated conditional expectations

of the form E[((ws, z%) | dt, wy, 7] in the above expressions are in turn given in the following

manner. If s =t 4 1, then
E[Z(U}s,l':) | dtuwhx:] = //Z(wt—i-hx;rl) ’ A(wt-l-l | dtawhx:) X
@iy | dywy, x7) dwpgadey

where the closed-form estimator f(th | di,wy, zf) is given by (A.3), and the closed-form

~

estimator f(x}, , | d¢, wy, x7) is given by (A.4). On the other hand, if s > ¢ 4 1, then

E[C(w&x:) | dt7wtuxt - Z Z / /C Ws, T ws | ds 1, Ws— lux* 1) X

di+1=0 ds—1=0
s—2 N N

f(x: | ds—1,ws—1,75_4) - Hf( T+1 | wr, 7)) - f(weg | drywr, 77) X
T=t

flary, | drywe, @)) dwyys - - - dwg day, - - - da).

where the closed-form estimator fA(dt | wy,xy) is given by (A.2), the closed-form estimator
A(th | di, wy, z7) is given by (A.3), and the closed-form estimator ]?(a:j; 1 | diwy, xy) s given
by (A.4). In summary, every component in (4.10) can be expressed explicitly by the previously
obtained closed-form estimators, and hence the estimator 0 of the structural parameters is given

in a closed form as well. Large sample properties for the estimator (4.10) is discussed in Section

A.6 in the appendix.

5 Exit on Production Technologies

Survival selection of firms based on their unobserved dynamic attributes is a long-lasting interest
in economics. Jovanovic (1982) discusses theories where firms make selections on their dynamic
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perception of productivity. Hopenhayn (1992) incorporates the endogenous selection of firms in
the concept of long-run equilibrium. Following the model of Jovanovic (1982) and others, Pakes
and Ericson (1998) and Abbring and Campbell (2004) use empirical data to study how firms
make exit decisions. Abbring and Campbell mention that their model violates Rust’s (1987)
assumption of independent unobservables, and hence they cannot rely on the identification
strategies of Hotz and Miller (1993).

Our proposed method extends the approach of Hotz and Miller by allowing for the model
to involve persistent unobserved state variables that are observed by the firms but are not
observed by econometricians, provided that we have a proxy variable for the unobserved states,
which are relevant to the aforementioned production technologies. In this section, we apply
our model and methods to study the forward-looking structure of firm’s decision of exit on
unobserved production technologies.® We follow the model and the methodology presented in
Section 2, except that we allow for time-varying levels 6, of the current-time payoff in order to
reflect idiosyncratic shocks.

Levinsohn and Petrin (2003) estimate the production functions for Chilean firms using
plant-level panel data. We use the same data set of an 18-year panel from 1979 to 1996.
Following Levinsohn and Petrin, we focus on the four largest industries, food products (311),
textiles (321), wood products (331) and metals (381). We also implement their method using
energy and material as two proxies to estimate the production function as the first step in the
methodological outline presented in Section 2. The residual z;; = y;; — bil;; — byk;; of the
estimated production function is used as a proxy for the true technology z7, in the sense that

Ty = 2, + €;4 holds by construction, where €;; denotes Hicks-neutral shocks.

6The recent econometric literature provides alternative ways to model exit on unobservables — see Botosaru

(2011), Abbring (2012) and Sasaki (2012) for example.
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Mean of the Proxy x;;

Year  # Firms  # Exits % Exits All Firms  Exiting Firms  Staying Firms

1980 1322 74 0.056 2.90 2.85 2.90
1981 1253 o7 0.046 2.93 2.80 2.93
1982 1191 56 0.047 2.85 2.74 2.85
1983 1157 60 0.052 2.84 2.61 2.85
1984 1152 o1 0.044 2.86 277 2.86
1985 1157 56 0.048 2.86 2.71 2.87
1986 1105 69 0.062 2.87 2.69 2.89
1987 1110 36 0.032 2.83 2.69 2.83
1988 1120 54 0.048 2.84 2.67 2.85
1989 1086 38 0.035 2.87 2.78 2.87
1990 1082 30 0.028 2.90 2.66 291
1991 1097 45 0.041 2.93 2.87 2.93
1992 1122 36 0.032 2.98 2.85 2.99
1993 1118 50 0.045 3.02 3.04 3.02
1994 1106 65 0.059 3.06 3.02 3.06
1995 1098 30 0.073 3.05 2.93 3.06

Table 1: Summary statistics for industry 311 (food products). Since there are entries too, the
difference in the number of firms across adjacent years does not correspond to the displayed
number of exits. The proxy x;; for the unobserved technologies is constructed as the residual
of the estimated production function. Since the mean of the Hicks-neutral shocks ¢;; is zero,

the mean of the proxy z;; equals the mean of the truth z7,, but their distributions differ.
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Table 1 shows a summary of the data and construct proxy values for industry 311 (food
products). It shows the tendency that the number of firms decrease over time. The number
of exiting firms is displayed for each year. Note that, since there are some entering firms, the
difference in the number of firms across adjacent years does not necessarily correspond to the
number of exits. The last three columns of the table list the mean values of the constructed
proxy x;;. The third-to-last column displays mean levels for all the firms in this industry. We
can see that the productivities steadily advanced since the late 1980s, a little while after the
Chilean recession during the 1982-1983. The second-to-last column displays mean levels among
the subset of firms exiting in the current year. The last column displays mean levels among
the subset of firms surviving in the current year. Comparing these two columns, it is clear that
exiting firms overall have lower proxy levels for the production technology. Similar patterns
result for the other three industries.

We follow the second and third steps in the practical guideline presented in Section 2 to
estimated the parameters in the law of technological growth (2.1) as well as the distribution
Je,. of the Hicks-neutral shocks. These two auxiliary steps are followed by the fifth step in
which the conditional choice probability (CCP) of stay, Pr(D;; = 1 | z},) is estimated by (2.2).
Figure 1 illustrates the estimated CCPs for years 1980, 1985, 1990 and 1995. The solid curves
indicate our estimates of the CCPs on the unobserved technological state z7,. The dashed

curves indicate the naive estimates that would be obtained assuming that the proxy xz;, were

*
]7t’

the same as the true technologies z7,, i.e., they are the fake CCPs on the observed proxy z; ;.
These two curves indicating estimates of the true and fake CCPs differ from each other, though
not clearly so for some years and some localities of z. The probability of stay tends to be
higher as the technological level becomes higher. This is consistent with the presumption that

firms with lower levels of technologies are more likely to exit. Note also that the levels of the
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Figure 1: The estimated conditional choice probabilities of stay given the latent levels of pro-
duction technology, 7, for industry 311 in years 1980, 1985, 1990 and 1995. The solid curves
indicate our estimates, and the dashed curves indicate the naive estimates that would be ob-
tained assuming that the proxy x;, were the same as the true technologies z7,. The vertical

lines indicate the mean levels of the unobserved production technology, 7.
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estimated CCPs change across time. This evidence implies that there are some idiosyncratic
shocks to the current-time payoffs. As such, it it natural to introduce time-varying intercepts
0y for the payoff parameters when we take these preliminary CCPs estimates to structural
estimation. Although the figure shows estimates only for industry 311 (food products), similar
remarks apply to the other three industries.

Along with the CCPs, we also estimate the transition kernel for the unobserved technology
by (2.3). These two preliminary estimates are taken to compute the elements in the restriction
(2.4), and we thus estimate the structural parameters with this restriction — see Section 4 for
the estimation strategy. The rate p of time preference is not to be estimated together with the
payoffs given the general non-identification results (Rust, 1994; Magnac and Thesmar, 2002).
We thus present estimates of the structural parameters that result under alternative values of
p € {0.80,0.90}. Table 2 shows our estimates for each of the four industries. The marginal
payoff of unit production technology is measured by ;. The exit value is measured by 6. The
magnitude of these parameter estimates are relative to the fixed logistic distribution of the
difference in private shocks. Hence, we also show the ratio #5/6;, which measures the option
value of exit relative to the payoffs produced by each unit of technology. Since the output is
log of a pecuniary measurement, so is the production technology z7,. Not surprisingly, these
option values vary across alternative rates p of time preference. However, the rankings of these
option values across the industries remain robust. Namely, industry 381 (metals) is associated
with the largest option value of exit, followed by industry 321 (textiles) and industry 311 (food
products). Industry 331 (wood products) is associated with the smallest option value of exit.
Given that the option value is determined by the value of sales and scarp of hard properties

relative to the current-time contributory value of technologies, this ranking is reasonable.
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Industry Size 0 0, 0, 04 /61

311 Food Products 18,276 0.80 1.047 16491  15.749
(0.007) (0.105) (0.002)
321 Textiles 5039 0.80 1357 24772 18.261
(0.024) (0.434) (0.008)
331 Wood Products 4,650 0.80 0.596  8.288  13.899
(0.010) ( 0.126) (0.020)
381 Metals 5286 0.80 1.673  34.273  20.482

(0.026) ( 0.532) (0.008)

311 Food Products 18,276 0.90 0.998  34.553  34.633
(0.006) ( 0.180) (0.018)
321 Textiles 5039 090 0850 31.637 37.198
(0.031) (1.083) (0.096)
331 Wood Products 4,650 0.90 0.550 16.505 29.934
(0.009) (0.225) (0.089)
381 Metals 5286 090 1275 51.636 40.493

(0.030) ( 1.140) (0.047)

Table 2: Estimated structural parameters. The sample size is the number of non-missing entries
in the unbalanced panel data used for estimation. The ratio 6,/6; measures how many units
of production technologies are worth the exit value in terms of the current value, and thus
indicates the option value of exit relative to the payoffs produced by each unit of technology.
The numbers in parentheses show standard errors based on the calculations presented in Section

A.6 in the appendix.
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A Appendix

A.1 Proof of Theorem 1

Proof. Our closed-form identification includes four steps.

Step 1: Closed-form identification of the transition rule f (xﬂdt,l,wt,l,xf_l): First,

we show the identification of the parameters and the distributions in transition of zy. Since

Ty = xite = Z {di—1 = d}[a® + BYwiy + 2 + 0] + &
d

= Z ]l{dt_l = d}[@d -+ Bdwt_l + /}/dl't_l + T]g — ’}/dgt_l] + &
d

we obtain the following equalities for each d:

Elzy |diy =d] = o+ p4Elwi_y | dioy = d] + Y E[zy_y | di—y = d]
— B 1 | dioy =d)+En? | dioy = d) +Ele, | di—y = d]
= o'+ BE[wi 1 | diy = d] + v Blziy | dioy = d]
Elraw, 1 |diy=d] = o'Elw | diy =d + B Elw} | dioy = d] + 7 Bz qwiy | dioy = d]
—ENe 1wy | dimy = d] + E[nfwi_y | di—y = d] + E[ewi_y | di—1 = d]
= ’Elw_, | di_y =d|+ B*Elw? | | dioy = d] + v E[z,_1w,_y | d_y = d]
Elzaw, | dioy =d] = o®Elw, | diy = d] + B*E[w_w, | di—y = d] + v Elz_qw, | diy = d]
— Bl qw, | diy = d) + E[nfw, | di—y = d] + E[eqw, | di—y = d]

= osz[wt | dt—l = d] + ﬁdE[wt_lwt ’ dt—l = d] + ’}/dE[It_lwt | dt—l = d]
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by the independence and zero mean assumptions for 7 and &;. From these, we have the linear

equation

E[(L‘t ’ dt,1 = d]

E[xtwt_l | Clt_l = d]

E[:tht | dt—l = d]

1
E[U)t_l | dt—l = d]

E[wt | dt—l = d]

Elwi—1 | di—1 = d]
Elw} ;| di1 = d]

E[wt—lwt | di—1 = d]

E[I‘tfl ’ dt,1 = d]
Elzi—1wi—1 | di—1 = d

E[xt—lwt | di—1 = d]

Provided that the matrix on the right-hand side is non-singular, we can identify the parameters

(a?, B, 7%) by

al 1

o E[w; | di—1 = d]

E[wt_l | dt—l = d]

Elwi—1 | di—1 = d]
Elw} ;| di-1 = d]

E[wt—lwt \ di—1 = d]

Elxi—1 | di—1 = d
Elxi_1wi—1 | di—1 = d

E[$t—1wt ’ di—q = d]

Next, we show identification of f (g,) and f (n{) for each d. Observe that

E [exp (is121-1 + 15024) |dy—1 = d]

E[[L‘t | dt,1 = d]
E[a:twt_l | dt—l = d]

E[xtwt ’ dt—l = d]

E [exp (is1 (z}_; + €-1) +is2 (ad + Bwy_y + il |+t + &) |di1 = d]

E [exp (z (sle,l + soa® + $96%y_ + 827‘19&;1)) |dy—1 = d]

X E[exp (is16,-1)| E [eXP (i52 (7]? + 515))}

follows from the independence assumptions for n¢ and &;. Taking the derivative with respect

to s yields

0
=—— InE[exp (is1241 + isaxy) [dy—y = d
882 59=0

E [i(a? + 8wy +va;_y) exp (is12]_y) |di—1 = d]
E [exp (is127_,) |di—1 = d]

, Eliw;_1 exp(isiz} ;) | di1 = d] 0

d d t—1 d

= %+ : +4"—nE
b Elexp(isix;_y) | di—1 = d| 7 0s1

_ ind +ﬁdE[z’wt_1 exp(is1xi_1) | di—1 = d| 4l 0 E

Elexp(isix;_1) | di—1 = d]

681

lexp (is127_y) |dy—1 = d]

lexp (is12;_y) |di—1 = d]

where the switch of the differential and integral operators is permissible provided that there

exists h € L'(Fu, 127 jd,_1—a) such that |i(a? + B%w_y + y%;_y) exp (is12}_1)| < h(wi—1,z}_4)
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holds for all (w;_y, z}_), which follows from the bounded conditional moment given in Assump-
tion 5, and the denominators are nonzero as the conditional characteristic function of x} given

d; does not vanish on the real line under Assumption 5. Therefore,

*T1 0
E [exp (isz]_,) |di-1 =d] = exp [/ {—— InE [exp (is124-1 + i527¢) |[dy—1 = d]} dsy
0

$9=0

/s iadd /s B Eliw;_1 exp(isizi_1) | di_y = d] }
- g 451 — —d : — dsy
0o 7 o 7" Elexp(isizi-1) | i1 = d]

/s E [z(mt —a? — Bhw;_)exp (isim_1) |di—1 = d}
= exp y , dsy| .
0 V4 E [exp (is124-1) |di—1 = d]

From the proxy model and the independence assumption for &,
E [exp (iswi_1) |di—1 = d] = E [exp (isz}_,) |di—1 = d] E [exp (ise;_1)] .

We then obtain the following result using any d.

E [exp (iszi—1) |di—1 = d]
E [exp (isz}_,) |dio1 = d]
E [exp (iszi—1) |di—1 = d]

s E[i(xt—oz’i—ﬂ’iwt_l)exp(is1a:t_1)|dt_1:d] d )
eXP [ Jo ~v4 Elexp(isizi—1)|di—1=d] 1

E [exp (ise;1)] =

This argument holds for all ¢ so that we can identify f (g;) with

E [exp (ise;)] = E lexp (isey) |di = d] (A.1)

eXp [fs E[i(1t+l—ad—ﬁd’wt) eXp(iSIIt)‘dt:d]d 1:|

0 ~v@ Elexp(is1x¢)|d¢=d]
using any d.

In order to identify f (77?) for each d, consider
z+ %1 = o’ + w1 + Y w1 + & + 0
and thus

E [exp (isz) |di—1 = d)E [exp (isv%e_1)] = E [exp (is(a® + w1 + v'z-1)) |diy = d]

x B [exp (angl)] E [exp (iSé‘t)]
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follows by the independence assumptions for n¢ and &;. Therefore, by the formula (A.1), the

characteristic function of n¢ can be expressed by

E [exp (isz¢) |di—1 = d] - E [exp (isy%ei-1)]
E [exp (is(a? 4+ B4wy_q + yixy_q)) |di—1 = d] E [exp (ise;)]

; s Eli(zi41—a®—p%wt) exp(isize)|de=d
E [eXp (stt) |dt—1 - d] " eXp |: 0 [ t+1’yd E[EXP(istlzt)sz:ld]t t ]dsl

prm— N . ><
E [exp (is(a? 4+ B%w—y + yixiq)) |di—1 = d] - E [exp (iszy) |dy = d]

E [exp (is*yd:vt_l) |d;—1 = d]

sv4 E[i(xt—ad—b’dwt_ﬂexp(islxt_l)\dt_lzd]d :|
1

E [exp (isntdﬂ =

eXP | Jo ~va Elexp(isizi—1)|di—1=d]
The denominator on the right-hand side is non-zero, as the conditional and unconditional
characteristic functions do not vanish on the real line under Assumption 5. Letting F denote

the operator defined by

1

(Fo) (&) = Dy /eis%(s)ds for all ¢ € L'(R) and ¢ € R,

we identify f,qa by
Joa(n) = (]:Cbng) (n)  for all 7,

where the characteristic function ¢,q is given by

s E[i(mt+1 —a—B%w;) exp(isize)|de :d]

E [eXp (isxt) |dt—1 = d] - CXp |: 0 ~v4 Elexp(isizt)|di=d] dsl

Pt *) = Elexp (is(at T Bwns + 7o) s = &) - Efoxp s) 14, = d]

E [exp (is'yda:t,l) |di—1 = d]

syl E[i(a:tfadfﬁdwt,l) exp(islxt,l)\dtflzd]
exp 7 - — dSl
0 ~v¢ Elexp(isizi—1)|di—1=d]

We can use this identified density in turn to identify the transition rule f (xﬂdt_l, Wi—1, x;[l)
with

f (a;f|dt,1,a:t,1, xffl) = Z 1{d;—1 = d}fntd (x;f —a = By — fydxffl) )
d
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In summary, we obtain the closed-form expression

f@ | diywe, o) = ) H{dy = d} (f%gl) (2} — a® = Blwy — %} y)
q

]]_ d_ - d . * *
- Z {t#} /exp (—is(z; — = Blwey —"27_y))
d

E [i(:):tJrlfad,fﬁd/wt) exp(islzpt)|dt:d’]

E [exp (Z.S'rt) |dt—1 = d] N |:fOS ~4" Elexp(isixt)|di=d'] dsy

E [exp (is(a? 4+ Shw;_q1 + yixi_1)) |di—1 = d] - E[exp (isxy) |dy = d]
E [eXp (z’svdxt,l) |di—1 = d’}

X

ds.

ox syd E[i(xtfad/fﬁd/wt_l) exp(islxt_1)|dt_1:d/]
P 1Jo ~4 Elexp(isiz¢—1)|di—1=d’]

d81

using any d’. This completes Step 1.

Step 2: Closed-form identification of the proxy model f (z; | z}): Given (A.1), we can

write the density of ¢; by

fo(e) = (Foe,) (e)  foralle,
where the characteristic function ¢., is defined by (A.1) as

E [exp (iszy) |dy = d]

s E[i(xt+1 —ad—Bdyy) exp(islﬂ?t)|dt=d]
eXp | Jo ~4 Elexp(is’zt)|di=d]

Oc, (S) = .
ds’

Provided this identified density of ¢;, we nonparametrically identify the proxy model

flae | 2f) = fe (20 — 27)

In summary, we obtain the closed-form expression

flaclap) = (Foe,) (xe — xf)
1 / exp (—is(xy — z7)) - E [exp (isxy) |dy = d]

o

ds

s E[i(:thrlfadedwt)exp(islzt)\dt:d]d
exp fO ~ve Elexp(is1z¢)|d¢=d] 1

using any d. This completes Step 2.
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Step 3: Closed-form identification of the transition rule f (wt|dt_1,wt_1,x;*_1): Con-

sider the joint density expressed by the convolution integral

t—1, Wt t—1, Wt—1) — gt_1 t—1 — :_1 :_17 t t—1, Wt—1 z(_l
fre 1, we | dy—q,wiq) f x o ) f(af | wy | dioq,we ) do

We can thus obtain a closed-form expression of f (x;[l,wt | di_q, wt_l) by the deconvolution.

To see this, observe

E [exp (is12-1 + isowy) |dy_1,w;—1] = E [exp (isle_l + 181641 + Z'Sgwt) |d; 1, wt_l}
= E [exp (isleI + iszwt) |d;_1, wt_l} E [exp (is184-1)]

by the independence assumption for &;, and so

E [exp (is12¢-1 + iSowy) |dy—1, wy_1]
E [exp (is16¢-1)]

. . E|i(xi—ad—B%w;_ is| i1 )|di—1=d
E [exp (is124-1 + isowy) |dp—1, we—1] - exp | [§ = jdE[exit(i;g);jpl()ZEjtl1?1|]t =

E [exp (is124-1) |di—1 = d]

E [exp (islx;“_l + iszwt) |di—1, wt_l] =

!/
ds}

follows. Letting J5 denote the operator defined by

(Fa29) (&1,&2) = ﬁ//e_islﬁl_i”@gb(sl,82)d31d82 for all ¢ € L*(R?) and (£1,&) € R?,

we can express the conditional density as

f ('r:—lawt|dtflawt71) = (f2¢x:71,wt\dt,1,wt,1) (whxrfl)

where the characteristic function is defined by

¢x:—1th|dt—lywt—1 (‘917 32)

. . E|i(zi—ad—B%w;_ is| i1 )|di—1=d
B lexp (111 + dsawe) [doos, ] -exp [ 1 el oot

E [exp (is124-1) |di—1 = d]

!/
ds}

with any d. Using this conditional density, we can nonparametrically identify the transition
rule f(wy | di—1, w1, ;) with

— f (g, wildi1, we1)
If ($I—1>wt|dt—17wt—1) dw;

f (wt’dt—bwt—l,x:_l)
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In summary, we obtain the closed-form expression
*
(fzﬁﬁx;_l,wt\dt_l,wt_l) (i1, we)
*
f ('F2¢$:,1ywt|dt—l7wt71> (xt—l?wt)dwt

= Z 1{d;—1 = d} //exp (—z’slwt - z'sza:;‘_l) - E[exp (is1x4-1 + isowy) |di—1 = d, wi—q] X
d

f (wt|dt—17wt—lax;‘il) -

51 E[i(xtfadlfﬁd/wt_l)exp(is’lxt_l)|dt_1=d’]
exp |:f0 'yd/E[eXp(iSllxt_l)wt—l:d/]

E [exp (is124-1) |di—1 = d]

///exp (—islwt — iSQJ:;‘_l) - Elexp (is1x4-1 + isqwy) |di—1 = d, wy—4] X

d '1}
d81d82

sy B [i(xtfad/ B4 wy_1) eXp(iSﬁxt—1)|dt—1=d/]
EXP | Jo ~ E[exp(is’lxz_1)|dz—1=d’]

E [exp (is124-1) |di—1 = d]

d g]
dsidssdw,

using any d’. This completes Step 3.

Step 4: Closed-form identification of the CCP f (d;|w;, z}): Note that we have
E[1{d; = d} exp (isz;) |w)] = E[1{d; = d}exp (isx] + ise;) |wy]
= E[1{d; = d} exp (isx]) |w;] E [exp (ise;)]
= E[E[1{d; = d}|we, xi] exp (isz}) [w;] E [exp (isey)]

by the independence assumption for £; and the law of iterated expectations. Therefore

E [1{d; = d} exp (isz;) |w]

E [exp (ise)] E[E[1{d = d}|wy, at] exp (iszy) [wi]

_ / exp (isz?) B [1{d, = d}|ws, 7] f (*|wy) da’

This is the Fourier inversion of E [1{d; = d}|wy, x}] f (x}|w;). On the other hand, the Fourier

inversion of f (z}|w;) can be found as

E [exp (iszy) |wy]

E [exp (isz}) |wy] = E [exp (isey)]

Therefore, we find the closed-form expression for CCP f (d;|wy, z}) as follows.

E [1{d; = d}|wy, 7] f (7]we) _ (Fbpuriw) (27)
f(xﬂwt) (‘Fqu;lwt) (ZL’:)

Pr (d; = dwy, x7) = E[1{d; = d}|wy, x}] =
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where the characteristic functions are defined by

E [1{d; = d} exp (isz;) |w]

(b(d)xﬂwt (S) = E [exp (iSEt)]
[7, (41— ad —,3 wt)exp(zslxtﬂdt d’]
E [1{d, = d} exp (isz;) |wy] - exp | [} T Eepmeld=d] ds;
B E [exp (iszy) |dy = d]
and
E lexp (isz) |w
D o (5) [exp (1s2¢) [wi]

E [exp (isey)]

(41— —,Bd we) exp(is1xe)|de=d’
E [exp (isw¢) [wy] - exp fo [ 37 Elexp(isize)|di=d'] ]dsl

E [exp (iszy) |dy = d]

by (A.1) using any d'. In summary, we obtain the closed-form expression

(Fowsiw:) (z7)
(Fbazfw,) (x7)

= /exp (—iszy) - E[1{d; = d} exp (iszy) |wy] X
[ Tip1—ad '_pd’ wy) exp(isi1xy)|di=d
o [fo 7? Elexp(isizt)|di=d'] da} d
E [exp (iszy) |d; = d] °
/exp (—iszy) - E[exp (isxy) |wy] X

exp |:f0 [z zpy1—a? —B wt)exp(zslact)\dt d’] d31:|
d

Pr (d; = djwy, x})

4" Elexp(isize)|di=d’]

E [exp (iszy) |d; = d] °

using any d’. This completes Step 4. ]

A.2 The Full Closed-Form Estimator

Let g/b\z;‘dt:d denote the sample-counterpart estimator of the conditional characteristic function

Gutld=d, defined by

S1

ZJ 1 Zt 1 Z( Jit+1 ot — gl W) - exp (is1X;e) - 1{D;s = d}
¢xt|dt - eXp d
v 30 Yo exp (is1Xjy) - 1{ Dy, = d}
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The closed-form estimator of the CCP, f(d; | wy, z}), is given by

.Zj-v:l ST oxp (iX1) - l{pt_d} K( e w)
Z] 12 ( -Lam w)

X

F(djw,z%) = / exp (—isz®)

u)

N T-1 o
Gutldr—a (5) 2= 1Zt:1 Uy = ) - oK (sha) ds/

S S exp (isXjy) - 1{Dy, = d'}
o Zj:l Zt:l €xp (iSth) K (W]ht—w_w)
/exp (—isz™) - —
Z] 1 Z (]—w>
S S LD = )
Z] 1Zt p exp (isXj) - I{Dj = d'}

X

gwﬂdz:d'( )

- Px(shy) ds (A.2)

with any d’, where h,, denotes a bandwidth parameter and ¢ denotes the Fourier transform of
a kernel function K used for the purpose of regularization. We discuss appropriate properties of
K required for desired large sample properties in Section A.6 in the appendix. The closed-form
estimator of the transition rule, f(w; | di—1,wi—1,2;_,), for the observed state variable w; is

given by

= //exp(—islw’ — i897%) X

SIS exp (i1 Xy + isaWien) - 1{Dy = d} - K (M3
S S Dy = ) K ()

S YDy =d'}
S Y exp (is1Xjy) - 1{Dy = d'}

///exp(—islw" — 1891") X

S > exp (is1 Xy + isoWjqa) - 1{ Dy = d} - K <thtw_w> -
8 — Pt di=ar (51) X
e Yoy Dy = d} - K( Tha >

ZjV L Dy =d'}
Z] 1Zt , exp (is1Xj) - 1{Dy = d'}

: Cbmﬂdt:d’(sl) X

‘¢K(51hw) : ¢K(52hx) d81d82/

O (s1hy) - dK(S2h,) dsidsedw”  (A.3)
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with any d’. The closed-form estimator of the transition rule, f(x} | di—1, w1, 2} ), for the

unobserved state variable z is given by

1
o | exp (—is(z*? — Bhw — y%2*)) x
Z;Vﬂ Zf:_f exp (isXjy1) - 1{ Dy = d}f y
YL Yo exp (is(ad 4 BAWy +49X;)) - 1{ Dy = d}
S Yo exp (isy? X)) - 1{Dj = d'} , Guslar—a (5)
Z;\le ZtT;f exp (isXji) - I{Dj, = d'} ¢z;|dt=d'(37d)

J/c\(z_*/*) _

oK (shy) ds(A.4)

with any d’. Finally, the the closed-form estimator of the proxy model, f(z; | z}), is given by

1

7 J-V_l tT:_lleX isXj) - I{Dj =d
flx]z") = %/eXp(—is(x—x*)).gj_ 2 D ) -1 }

' hy) ds (A.5
Sraa9) S S Dy =y A

using any d'.
In each of the above four closed-form estimators, the parameters (a?, 3¢,7%) for each d are

also explicitly estimated by the matrix composition:

- - -1

1 Sl iy Wyl {Dji=d} Sl i X l{Dje=d}
Zj'v:1 ZtT;ll 1{Dj¢=d} Z;V:1 ZtT;ll 1{Dj¢=d}
Sty Sy Wy l{Dje=d} Sn1 Sy W I{De=d} Sty Sy X Wi I{Dje=d}
S Yioy H{Dje=d} S Xy I{Dje=d} S Yoy I{Dje=d}
S S W I Dje=d} 0 S Wy Wy e {Dye=d} 0L, S Xe Wy e 1{Dje=d}
[ L X 1{Dje=d} S Yoy H{Dje=d} S Yoy {Dje=d} J

S Yy X1 1{Dje=d}
S S D=}
X S Y X e Wy 1 {Dje=d}
S D=}
S i X1 Wy e 1{ Dy =d}
S Y D=}

A.3 Derivation of Restriction (4.1)

Let v(d, w, z*) denote the policy value function defined by

v(d, wy, 77) = 03 + 0w, + Oy + pE [V(wt-l-lax;—l) | di =d, wtaxﬂ
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where V(wy, z}) denotes the value of state (wy, ;). With this notation, we can write the

difference in the expected value functions as

pE [V<wt+17x:+l) | dy = 1,wt,l’ﬂ —pE [V(wt+1>$:—i—l) | di = 0>wt71’ﬂ
= v(Lwy,x}) —v(0,ws, 7)) — 0w, — 07 + 05 + 08w, + 05w}

= In fDthX;(l | wy, z7) — In th|WtXt*(0 | we, zy) — 0wy — 672} + 98 + 05w, + 05 xf

where fp,jw,x:(d: | we, ¥7) is the conditional choice probability CCP, which we show is identified
in Section 3.1. On the other hand, this difference in the expected value functions can also be

explicitly written as

pE [V(wer, xyy) | di = Lwg, 27| — pE [V(weg, 7yy) | de = 0, wy, 7]

= Z p* - E [fow,x: (0 | ws, 2%) - (05 + 05w, + 0527 + ¢ — I fow, x: (0 | ws, x7)) +
s=t+1
Toaw.x: (1] ws, 2l) - (0Yw,s + 072t 4+ ¢ —In fpw, x: (1| ws, 22)) | dy = 1wy, 2] —
> 0T E [foawax: (0| we,2) - (60 + 05w + 0527 + ¢ — In fpw, x: (0| ws,23)) +
s=t+1
stlVVs,X;“(l | ws,xZ) : (Q?ws + HTSC: +c—In stlVVs,Xs*(l ’ w87x:>> ’ dt = vatvxﬂ

by the law of iterated expectations, where ¢ ~ 0.577 is the Euler constant. Equating the above

two equalities yields (4.1).

A.4 Feasible Computation of Moments — Remark 3

This section is referred to by Remark 3, where otherwise-infeasible computation of the expec-
tation with respect to the unobserved distribution of (wy,z}) is warranted to be feasible. We
show how to obtain a feasible computation of such moments. Suppose that we have a moment

restriction

0 = [ [t dP(ue)
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which is infeasible to evaluate because of the unobservability of x;. By applying the Bayes’ rule

and our identifying assumptions, we can rewrite this moment equality as

0 = [ [ ctune arqua)

J Clwe, zf) - f(z | xf) - flaf | wy) day
/ I [z | xf) - flaf | wy) day dF (wy, z1) (A.6)

Now that the integrator dF'(wy, x) is the observed distribution of (wy, x;), we can evaluate the
last line provided that we know f(x; | z7) and f(z} | w;). By Theorem 1, we identify (wy, x;) in
a closed form as the proxy model. Hence, in order to evaluate the last line of the transformed
moment equality, it remains to identify f(z} | w;). The next paragraph therefore is devoted to
this identification problem.

By the same arguments as in Step 1 of the proof of Theorem 1 in Section A.1 in the appendix,

we can deduce

E [exp (isz}) |d; = d,w;] = exp

/5 E [i(xt_i'_l —a® — Bw,) exp (isyx;) |d; = d, wt} s
0 Y4E [exp (is12¢) |dy = d, wy] e

Therefore, we can recover the density f(z; | d; = d,w;) by applying the the operator F to the

right-hand side of the above equality as

flo} | dy = d,wy) = —/e_zsmf -exp [/ [Z(xtﬂ o =P wt) exp (is12:) |ds wt] d51] ds.
0

27 YL E [exp (is12¢) |dy = d, wy]
Since the conditional distribution of d; | w; is observed in data, d; can be integrated out from

the above equality as

flaf |wy) = %Z/e—isz;‘ f(dy = d | wy) x
d

exp /8 E [i(xtJrl —a® — phwy) - exp (is17) |dy = d, wt}
0 v Eexp (is1xy) |dy = d, wy

dsi| ds. (A.7)

Therefore, f(z; | wy) is identified in a closed form. This shows that the expression in the last
line of (A.6) can be evaluated in a closed-form.
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Lastly, we propose a sample-counterpart estimation of (A.7). The conditional density f(x] |

wy) is estimated in a closed form by
~ ok 1 isz* Zjvzl ZT:—l ]l{Djt = d} K (Wj};tw—w>
f<x|w>:%2/e . KT
d 2] 12 <]—w)
/ Zg ST (XG e — o = BW,) cexp (is1X,) - 1{D;; = d} - K (W]ﬁl_w>
exp
: YT Y exp s Xy 0) - LDy = d) - K ()

X

A.5 The Estimator without the Observed State Variable

With the observed state variable w; dropped, the moment restriction with the additional no-

tations we use for our analysis of large sample properties becomes

E[R(p, f;27)7)0 — R(p, f;27);")] = 0

where
R(p, f[;27) = [&(p, [ 20), (o, [ 27), &5 (p, [ 27)]

and

§p, fra7) = I f(1]a7) —In f(O] 2f)

+ Z P fO ) - In fO[zy) [ de=1,27] + Ef [f(1 | z7) - In f(1 ] 2) | de =1, 27])
5= t+1
Z P FO[ay) - f(0] @) | de=0,2] + B [f(1 ) - In f(1]2}) | dy = 0,27])
s=t+1
&(p, fr27) Zp FO]2}) [de=1,27] = E; [f(0] 27) | dy = 0,27]) — 1
s=t+1
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&(p, f;x7) Zp” By [f(d|a}) o} | dy=1,27] —

s=t+1

Zp” By [f(d]ay) ) [ d=0,27] = (1)}

s=t+1
for each d € {0,1}. The subscript f under the E symbol indicates that the conditional expec-
tation is computed based on the components f of the Markov kernel.

The components of the Markov kernel are estimated as follows. Let @ﬂdt:d denote the

sample-counterpart estimator of the conditional characteristic function ¢,x|4,=¢, defined by

Z] 1 Zt 1 Z( G+l — ad) - eXp (iSIth) ) ]l{Djt = d}
gbxt\dt - eXp . d81
vt Zj:l Zt:l exp (is1Xj) - 1{Dy = d}

The CCP, f(d; | x}), is estimated in a closed form by

~ 1 tlex 1sXj) - I{Djy =d
fdz*) = /exp(—isx*) Z] b ]\];((T—l)) { }><

" T S (D = )
Bneos): st e o /

/ (—isz*) - Z] lzt 1 eXP(ZSth) "
exp (—isx NI

> 1 S YDy = d'}
Z] 1 Z =1 exp (isXji) - I{Dj, = d'}

Q/b\x;*ldt:d’( ) - - oK (shy) ds

with any d’, where ¢ denotes the Fourier transform of a kernel function K used for the purpose
of regularization. The transition rule, f(wy | d;—1,w;—1,z;_;), for the observed state variable w;
is no longer estimated given the absence of w;. The transition rule, f(x} | d;_1,z; ), for the

unobserved state variable z; is estimated in a closed form by

) = —/exp —is(z* — y%2*)) x
ZJ 1 Zt p exp (isXj 1) - 1{ Dy = d} o
Z] 1 Zt L exp (is(ad + 94X y)) - 1{Dj; = d}
Z] 1 Zt 1 &Xp (237 't) -I{Dj = d'} _ $x2‘|dt:d’(s>
Zj:l S exp (isXj) - 1{Dj; = d'} Pzldi=ar (57°)

- O (shy) ds
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with any d’. Finally, the proxy model, f(z; | }), is estimated in a closed form by

. Zjvﬂ EtT:]l exp (isXj) - 1{Dj; = d'}
i N T-1 '
¢$Z‘\dt=d’<3) : Zj:l Zt:l I{Dj; = d'}

using any d’. When each of the above estimators is evaluated at the j-th data point, the j-th

Ok (shy) ds

f(x | z%) = %/exp(—is(m — "))

data point is removed from the sum for the leave-one-out estimation.

A.6 Large Sample Properties

In this section, we present theoretical large sample properties of our closed-form estimator of
the structural parameters. To economize our writings, we focus on a simplified version of the
baseline model and the estimator, where we omit the observed state variable w;, because the
unobserved state variable x; is of the first-order importance in this paper. Accordingly, we
modify the estimator by simply removing the w;-relevant parts from the functions R and £ as
well as from the components of the Markov kernel. Furthermore, we use a slight variant of our
baseline estimator of the Markov components for the sake of obtaining asymptotic normality
for the closed-form estimator of the structural parameters. See A.5 for the exact expressions of
the estimator that we obtain under this setting.

For convenience of our analyses of large sample properties, we make explicit the dependence
of the functions R and £ on the Markov components by writing

Rp, f;27) = R(p;at)  Rlp, f;2}) = R(p;z;)  and

§o, fray) = Spay)  &p fiay) = &lpiay),
where f denotes the vector of the components of the Markov kernel, i.e., f(dy, x}, 2*;di—1, xf_1) =
(f(dy | x}), flz} | dir,xyy), f(ze|2})), and  denotes its estimate. The moment restriction
is written as
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and the sample-counterpart closed form estimator 0 is obtained by substituting ffor f in this
expression. Furthermore, we simply take the above expectation with respect to the observed
distribution of z;, while Section 4 introduces a way to compute the expectation with respect to
the unobserved distribution of z;. Note that the moment restriction continues to hold even after
this substitution of the integrators, because the population restriction (4.1) holds point-wise —
also see Remark 3.

With these new setup and notations, it is clear that our estimator is essentially the semi-
parametric two-step estimator, where f is an infinite-dimensional nuisance parameter. Reflect-

ing this characterization of the estimator, the score is denoted by

S

-1

N
myr(p, 0, f) = Z m;(p, 0, 3 X5,),

]th 1

where m;; is defined by

mje(p, 0, f; X5,) = R(p, f: X5,) ' Rlp, f3 X560 — R(p, [ X5,)'§(p, [1 X54).

To derive asymptotic normality of our closed-form estimator 0 of the structural parameters, we

make the following set of assumptions.

Assumption 7 (Large Sample). (a) The data {D;., X7,}{_, is i.i.d. across j. (b) 6 € ©
where © is compact. (c) fo € F where F is compact with respect to some metric. (d) X* =

supp(X;,) is bounded and conver. (e) The CCP f(d; | - ) is uniformly bounded away from

0 and 1 over X*. (f) po € (0,1). (g) supser [mja(po,bo, f; - )lloq - < 00, where |-y x-

is the first-order L* Sobolev norm on X*. (h) mji(po, 0, f,-) is continuous for all (0, f) €

©xF. (i E[Sup(ejf)e@X;|mjt(p0,«9, [ X9 < 0. (5) myi(po, -, f, %) is twice continuously
differentiable for oll f € F and for all x* € X*. (k) Zt 1 m]t(po,eo, fo; X54) has finite (2+1)-

th moment for some r > 0. (1) The density function of x} is ki-time continuously differentiable
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and the ki-th derivative s Holder continuous with exponent ko, i.e., there exists ko such that
| f(k1)(x%) = fED) (2% + 6)| < ko 6/ for all x* € X* and § € R. Let k = ky + ky be the largest
number satisfying this property. (m) f(d | z*) is ly-time continuously differentiable with respect
to x* and the li-th deriwative is Holder continuous with exponent ly. Let | = 1y + [ be the

largest number satisfying this property. (n) The conditional distribution of X; given Dy = d is

ordinary-smooth of order q > 0 for some choice d, i.e., |¢g,4,—a(s)| = O (|s|™?) as t — Foo.

(0) The bandwidth parameter is chosen so that hy — 0 and nha ™0 s ¢ 45 N = 0o for

some nonzero constant c. (p) min{k,l} > 2+ 2q.

The major role of each part of Assumption 7 is as follows. The ii.d. requirement (a) is
useful to obtain the asymptotic independence of the nonparametric estimator ]?, which in turn
is important to derive the desired asymptotic normality result for 9. The compactness of the
parameter space © X F in (b) and (c) are used in the common manner to apply the uniform
weak law of large numbers among others. The boundedness of the state space X* in (d) is
used primarily for two important objectives. First, together with the convexity requirement
in (d) as well as what is discussed later about (g), it can be used to guarantee the stochastic
equicontinuity of the empirical processes. Second, the bounded state space is necessary to
uniformly bound the density function of X; away from 0, which in turn is convenient for us to
obtain a uniform convergence rate of the nonparametric estimator ]?of the infinite dimensional
nuisance parameters fy so as to prove the asymptotic independence. The assumption (f) that
the true rate pg of time preference lies strictly between 0 and 1 is used to guarantee the existence
and continuity of the score and its derivatives. The bounded first-order Sobolev norm in (g)
is used to guarantee the stochastic equicontinuity of the empirical processes. Parts (h) and (i)

are used derive consistency together with parts (a) and (b) as well the uniform law of large
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numbers. The twice-continuous differentiability in (j) and bounded (2+r)-th moment in (k) are
used for the asymptotic normality of the part of the empirical process evaluated at (po, 0o, fo) by
the Lyapunov central limit theorem. The Holder continuity assumptions in (1) and (m) admit
use of higher-order kernels to mitigate the asymptotic bias of the nonparametric estimates of
the components of the Markov kernel sufficiently enough to achieve asymptotic independence.
The smoothness parameter in (n) determines the best convergence rate of the nonparametric
estimates of the Markov components. The bandwidth choice in (0) is to assure that the squared
bias and the variance of the nonparametric estimates of the Markov components converge at
the same asymptotic rate so we can control their order. Lastly, part (p) requires that the
marginal density f(z}) and the CCP f(d; | x}) are smooth enough with respect to z}, and
that characteristic function ¢,,4,—¢ vanish relatively slowly toward the tails. On one hand,
the smoothness of the marginal density f(x;) and the CCP f(d; | x}) helps to reduce the
asymptotic bias. On the other hand, the smoothness of the conditional distribution of x;
given d; exacerbates the asymptotic variance. This relative rate restriction balances the subtle
trade-offs, and is used to have the nonparametric nuisance parameters converge fast enough,
specifically at least the rate faster than n'/4. Under this set of assumptions, we obtain the

following asymptotic normality result for the estimator f of the structural parameters.

Proposition 1 (Asymptotic Normality). If Assumptions 1, 2, 3, 4, 5, 6, and 7 are satisfied,

then VN (5— 90> A N(0,V) as N — oo, where V.= M (pq, fo) " S(po, 0o, fo) M (po, fo) ™+ with

M(ﬂo,fo) = E[R(p07f07X;,t)/R(p07f01X;,t)} and

-1
1 *
S(po,bo, fo) = VC”’(ﬁ;myyt(ﬂoﬁo,fo;)(j,t))-

A proof is given in Section A.7.
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A.7 Proof of Proposition 1

Proof. First, note that identification of f; € F and 6, € O is already obtained in the previous
sections. We follow Andrews (1994) to prove the asymptotic normality of 9. First, we show
that m;.(po, -, f;27) is continuously differentiable on © for all f € F, zf € X*, i and ¢. This
is trivial from our definition of m;; together with the boundedness of R(po, f;2}) that follows
from Assumption 7 (e) and (f).

Next, we show that ZtT;ll m;i(po, 0, f; X;,;) satisfies the uniform weak law of large num-
bers in the limit N — oo over © x F. To see this, note the compactness of the param-
eter space by Assumption 7 (b) and (c¢). Furthermore, ZtT;ll m;(po, 0, f; X5,) is contin-
uous with respect to (0, f) due to Assumption 7 (e) and (f). The uniform boundedness
Esupg peoxr ST mya(po, 0, f; X31)| < oo also follows from Assumption 7 (b), (c), (e), and
(f). These suffice for 31" m; (o, 0, f; X 1) to satisfy the conditions for the uniform weak law

of large numbers in the limit N — oo over © x F. Furthermore, under the same set of assump-

tions, m(po, 0, f) = 75 ?:_11 Em;+(po, 0, f; X7,) exists and is continuous with respect to (6, f)
on ©x F. Similar lines of argument to show that the Hessian ZtT:_ll %mj,t(po, 0,f; X5,) = tT:_ll

R(po, 0, f; X5,)" R(po, 0, f; X;,) also satisfies the uniform weak law of large numbers in the limit
N — oo over © x F, and that M(po, ) = E fm;(po. 0, f; X3,) = ER(po, f; X;,)'R(po, f3 X,
exists and is continuous with respect to f on F.

To vanish the terms in the score that follow from estimating f by J/C\, we require that that
the empirical process vnr(po, 6o, f) = \/N(WNT(pO, o, f) — Emnr(po, b0, f)) is stochastically
equicontinuous at f = fy. This can be shown to hold under Assumption 7 (a), (d), and (g) by
applying the sufficient condition proposed by Andrews (1994).

To show that the empirical process under the true parameter values vyr(po, 0o, fo) converge
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in distribution to a normal distribution as N — oo, it suffices to invoke the Lyapunov central
limit theorem under Assumption 7 (a) and (k), where the N-asymptotic variance matrix is
given by S(po, 0o, fo) = Var (T 1 Zt 1 m;t(ﬂo,e(),fo, ))

Next, we show the asymptotic independence v N Emnr(po, o, f) 5 0. To this end, we
show super—nl/ 4 rate of uniform convergence of the leave-one-out nonparametric estimates of
the components of the Markov kernel by the standard argument, but we need to perform
several steps of calculations. Since estimation of ¢ and ~? does not affect the nonparametric
convergence rates of the component estimators, we take these parameters as given henceforth.
For a short-hand notation we denote the CCP by g4(z}) := E[1{d; = d} | z;]. Our CCP

L —

estimator is written as gq(z*) f(z*)/f(x*) where

— 1ex 15Xj) - I{Djy = d
ga(x*) f(z*) = %/exp(—isx*) ZJ P ]\I;((T—1)> { }><

> ] Y YDy =d}

Pt S exp (X - 1Dy —ay
and
— X]t
flax) = %/GXP (—isx™) - Z] 1%\;(% ixi(zs ) %
~ N T ip, =d
B (s) - gzt MO0 =4

Z] 121‘, 1 exp (isXje) - I{Dj, = d'}

where ¢gx|4,=q is given by

Z] 1 Zt 1 Z( G+l — ad) - €Xp (ilejt) : H{Djt = d}
¢€Et\dt = exp dsy| .
ve Z] 1 Zt p exp (is1X;) - 1{Dj = d}

The absolute bias of J@ is bounded by the following terms.

E f(z") — f(z")

— 1 - e
< ‘Ef(x*) _ %/e—zsw ¢x§|dtd'(s>#j(s)¢f<(8h)ds +

3 [ a9 2 So(shds — )
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The first term on the right-hand side has the following asymptotic order.

‘E@ — / T <s>#(d,)()¢f((sh)ds

i/ —isx* ¢ ( exp / Z] 1 z ]t—i—l d’)@i51th H{Djt = d/}d81 y
2T ~d 23 } Z ezslxﬁﬂ{Dﬁ =d}

Zﬁ'vzl ZtT e ijl Zt "I{Dj = d'} — Gurldy=ar (5) — Pz, (5) ds
N(T - 1) XN, S X1 { Dy, = d') milh= ) e (5)

< |¢K||oo|’¢z;dt—d'}oo/1 /S/h
27Th —1Jo

162, [l oo B ‘ﬁ S ST (X 1 — af e X LDy, = &'} — B(X, 011 — o) X 1Dy = )
( |G jdi=ar (5/ )| |Gy =ar (51)| VY] f ()
vl H ! ’ NT) S S e X Dy = d'} — Be Xt 1{D;, = d'}

|¢wt|dt7d’ (s/h) | ‘(ba:t\dt:d/(sl)’ F(d)
E ) NTT ZJ (ST eisXge _ R eisXoe
|¢wt|dt d/(s/h)}
p Ll B |y Yo Xt €5 1Dy = '} — B 1Dy = &'}
|G di=ar (/h) } F(d')

+ hot(s1) + hot(s/h)) dsids

n'2h? | ¢y, q,=a (1/h)]
where the higher-order terms hot vanish faster than the leading terms uniformly as N — oo

under Assumption 7 (d), since the empirical process

N
_

i_

]:1 t

Gn(s) := VN (

1

Xjir1 — o)X 1Dy = &'} = B(Xj 11 — o) 1{Dy, = d,})

for example converges uniformly as E ((Xj,t—i-l — ad/)e“Xﬂﬂ{Dﬁ = d’})2 < E(Xj41 — a?)? is

invariant from s. On the other hand, the second term has the following asymptotic order.

! / T b= (5 )%ixt—j@ﬁﬁK(Sh)dS - f@)

o5 e

where k is the Holder exponent provided in Assumption 7 (1). Consequently, we obtain the

= o)
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following asymptotic order for the absolute bias of ]@

E f(2*) — f(z")

=0 ( ! 2) + 0O (h").
202 | beja=ar (1/1)]

—

Similarly, the absolute bias of gq4(x*)f(z*) is bounded by the following terms

—

Ega(z*) f(2*) = ga(z™) f(27)

N\

— - 15X ¢ b= d
Boue) - 5 [ o) W (ahyas| 4

i [ a2 D ahyas 1)

The first term on the right-hand side has the following asymptotic order

— 1 . o
‘E f(z*) — %/em ¢z;|dt—d/(5)#(j)(>¢;<(sh)ds
1

2—/ 5 dc(sh { lexp < / Z] 1 Dt (Kt = 0)en 1 { Dy = dl}df;l) X

SGD IR 1ZT XDy = d'}
2] 1 Zt 1 elsxjtﬂ{Djt = d} Z] 1 Z H{D‘t — d,}] | (s)
= Vai|de
N(T-1) T, Y5 XDy = d'}

Ele®**it1{D;; = d}]
d
¢It|dt:d/(s) } i

< 16Kl oo || Paridi=ar || /1 /S/h
27Th/ —1Jo

[ 6eriai=d]l . B ’ﬁ Yin Yot (Xjen — a®)e Xt 1 Djy = d'y = B(Xj 41 — o) X 1{ Dy, = d/}’
|\bwstdemar (8/D)| |Gy jarmar (s1)| V] F(d)

||¢ﬂft\dt=dHoo
+

O amar | B |5 S0 X0 X0 1Dy = &'} — Be X0 1Dy = &'} £(d)

et M a2 1(@)

£ ’m Z;\;l St eis X — B eis X
|6y d=ar (/1)

" |‘¢md,,:d||oo E

1 T-1 isX; ’ isX; U

oy S S e Dy = )~ BN Dy, = &) 1)
M1 2=~ 2] ’ + hot(s1) + hot(s/h) | ds1ds
|¢wt|dt:d’(5/h)‘ f(d')

= O ( ! 2)
n'2h? | g, g,—ar (1/h))|

where the higher-order terms hot vanish faster than the leading terms uniformly as N — oo

under Assumption 7 (d). On the other hand, the second term has the following asymptotic
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order.

1/‘%x%mt(>mwéiiﬁ;dmwﬁm@—&Mﬂﬂf)

< | [wsanx (55 ) do - auta) o)

where &k and [ are the Holder exponents provided in Assumption 7 (1) and (m), respectively.

- O (hmin{k,l})

—

Consequently, we obtain the following asymptotic order for the absolute bias of g4(z*)f(x*).

—

T+ ) — z* z* _ 1 min{k,l}
’Egd( )f(@*) = ga(z™) f( )‘ o <n1/2h2 ‘¢xt|dt:d’(1/h)|2> +0 (h ).

Next, the variance of @ has the following asymptotic order.
_ad’ 151X3t1 D —
E(/ zsx¢ (Sh [exp(/ Z] le/ ( Jit+1 X) { }d81>><
v Z] L Y X I{ Dy = d'}

1
42

Y= isX s Z] 12 H{Djt— } _
< _1 ZZ ) (,yd’zj 121& 1 estJt]]_{D,t:d/}>
Eex

j=1 t=1
’ 1
vd Z] 121& ) e’leﬂﬂ{D-t Id}

1 e isXji Z] 12 H{Dﬁ* '} 2
<N(T_ 1) ;;e ) (’Yd, Z] 1Zt 1 ezSXJtH{Dﬁ - dI})] ds)
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= (// T Gk (sh) i (Ph) Bt dy—ar (8) Dt |di—a //

P (3) (m S Y (X — a®)e X 1Dy = d'} — B(X 41 — o )1 X 1{D;, = d’})
budi=d (8) Py |ay=ar (51)7Y f(d')

00, ()01 0,0 (51) (i Lpis i €% 1{Dyy = d'} — Be* X 1{Dy; = d'})
a Gay|di=d (8) Py |di=ar (1) f(d')
N(T i) Z] 1Zt 1 telsXor — Bt X
Pyl dy=ar (S)
60,(5) (et s im' €% 1Dy = d'} — Be* X 1{D;, = d'})
- Puyld=ar (8)2 f (')
¢z, (1) ( T 5 Z; ) Z ( il — ad')eir1 Xt {Dj; =d'} —E(Xj 41 — ad’)eirlxﬁl{Dﬁ _ d’})
Pay\dy=a' (T) ay|dy=ar (r1)YY f(d)
60, ()6 14,0 (1) (o s Kyt €™ UDjy = d') = Bem X 1{ Dy, = d'})
- Gayldy=d (T) Py \dy=ar (1) f(d)
ﬁ Z;‘V:l Ef 11 el Xt —Eelrtt
by dy=ar (T)
60, (1) (3t L0y Xl e Dyt = d'} —Ee ™ D, = d
- Guy|dy=ar (1) f(d')

s/h
/ / / / I(s,r,s1,m1,h)dridsidrds = (’)( L 4)
nh* | ¢y, ai=a (1/h))

where I(s,r,s1,71,h) consists of the following ten terms and higher-order terms that vanish

+ hot(s) + hot(s1)| X

}
) + hot(s) + hot(s1) | dridsidrds

||¢K||oo\

%t |de=d’

<

faster uniformly.

I b, 12 .
|¢m|dt:d'($/h ’ |¢a:t\dt =d’ 51 | |¢act|dt =d’ ’/‘/h | ’d)a:t‘dt —a 7"1 | f d/ . ( )2
[ N T-1 _o\ 1/2
1 . d'\ is1 X / AN is1 Xt ,
. N(T-1) Z (Xjrp1 —a®)e™ 2 YDy = d'} = E(Xjp1 —a® )e™ P { Dy = d'} X
j=1t=1
I N T-1 o 1/2
1 — . |
E m Z (Xj,t+1 — O[d ) ir1 Xt ]l{D = d/} E( 1 — Oéd ) ir1 Xt ]l{D]t _ d/}
L j=1 t=1 |
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/

2
H@,nw\

i |dy=d’
12 = X
|bzetdemar ($/R)| - |Gy jdimar ()| | Dy tdee d’(r/h || bwsjdemar (r1)| - f(d)?
_ _o\ 1/2
1 N T-1
Bl o> Y XDy =d} —Ee* N 1{D;, = d'} X
NT-1) 5 _
i N T-1 12\ /*
E Z Xt 1{D;, =d'} —Ee™ X 1{D;, = d'}
i J:l t=1 |
N T-1 2\ /2
1 1 - ,
13 _ E elSth/h _ Eestjt/h
’¢wt|dt =d’ S/h ‘ ‘(bxt‘dt =d’ (’I“/h)‘ N(T o 1) ; t=1
o\ 1/2
N T-1
ZZ irXji/h _ Eeer]t/h
_1 ] 1 t=1
2
. 2.2 )
|bosldim d/(S/h{ |Gy = d/(T/h)| f(d')?
_ _o\ 1/2
1 N T-1
E Z eiszt/h]l{Djt — d/} _ Eeiszt/h]l{Djt — d/} %
NT-1) = 5 |
_ Zo\ /2
1 N T-1 ‘
E | gy 2 2 @ MU Dy = d'} ~ BTN Dy, = )
i j=1 t=1 |
. 2 1212, (0410,
5 - X
|¢wt|d¢:d/(s/h ’ ‘d)xt\dt =d’ 51 | |¢.Lt|dt d’(r/h | : ’¢wt‘dt:d/(rl)| ' f(d,) | |
i 1 N T-1
E N(T —1) SN (Kjupr — a®)e X 1Dy = d'} = B(Xj 441 — o)™ X 1D, = d'}
j=1 t=1
_ o\ 1/2
1 N T-1 ‘
B | g 2 2 ¢ LDy = 'y~ Ben YDy, = )
i =1 t=1
2| ¢
. 2, .
|bwitdimar ($/R)| - |Gy jaimar ()| |Dwstdomar (r/B)| - (') - |y
[ 1 N T-1 _
E N(T —1) YD K —a®)e YDy = d'y — B(Xj 41 — o) 1Dy, = d'}
j=1 t=1
[ N T-1 2\ V/?
. _
E irXje/h E irXje/h
N(T = 1) 2. ¢ ‘
L j=1 t=1
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2
2|x, o

I; = X
|G jdi=ar (5/B)| - | Daydy=ar (51)] | Dy 1= d'(T/h)’ fd)? -y
_ 9 1/2
N T-1
Bl 1 SN (X1 — a®)e X 1Dy = d'} = B(Xj 41 — o ) X0 1{ Dy, = d'}
NT-1) e "t g o
i j=1 t=1
B 9 1/2
1 N T-1 /
E eiTX-”/h]l{D-t — d/} _ Eeierf, h]l{D‘t — d/}
N(T —1) ; e ! !
; 2|[@alloo || Doz dy=ar
8 = X
|G jdi=ar (5/B)] - | Dayjdy—ar (s1)] - |¢mf|df a(r/h)| - f(d)
B 2 1/2
1 N T-1
151Xt [P 7 B is1 Xt [
B | §r = 2o 0 ¢ Dy = 4} B (D = ) x
L j=1 t=1
) o\ 1/2
1 N T-1 / i
E iTth h _ E i’l"X]'t
N{T 1) 2> e ‘
i j=1 t=1
2
) 2162, 12 || 4 e
9 = X
|G jdi=ar (5/P)] - | Dayjdy=ar (s1)] - |¢zt|dt d'(T/h)| f(d)?
_ 1/2
1 N T-1 ) ) 2
B N(T —1) Z XDy = d'} — B X 1{Dy; = d'} X
L j=1 t=1
B 9 1/2
1 N T-1 ) )
B N(T —1) SN e XM Dyy = d'} - Ee /MDDy, = d/}]
i j=1 t=1
1/2
216, Sty
I = t . 1 Z Z 625X]t/h EestJt/h «
|G jdi=ar (5/R)] + | by, = d'(T/h)| f(d) - ] 1 =1

o\ 1/2

N T-1
1 irX;¢/h ! irXii/h ’
SN XDy =d'} — B /M 1Dy, = d'}
N(T-1) & =
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Similarly, the variance of g4(z* f *) has the following asymptotic order.

1 fzsoc j 1 Z ( Jt+1 — ad ) i81th]l{Djt = d/}
— B oK ( exp = — , dsy | X
Am g ijl Zt:l e1 %5t 1{ Dy, = d'}

N T-1 N T-1 i
o T I{D;=d
< 1 : : z :eZSXJtI]‘{DJt - d}> ( d’ Z]\?_1 %tjll isiA = } 1 ) -
—H= Ve 2y €N Dy = d'}

t=1

E s Q- i (X1 — o)X 1{ Dy, = d/}d X
exp | i = PN — $1
0 v Zjﬂzf e Xt 1{D;y = d'}

A S S Dy = d) :
( ZZ@ ]l{Dt—d}) ( " ZJ 12 eZSXJtIL{Djt:d’})] ds)

j=]. t=1

- #E (//ei(s”)ﬂ”*¢K(sh)¢K(Th)¢xr|dz=d/(5)%dt=d'(r) / /

[(bzﬂdt—d(s)f(d) (ﬁ Z;vzl Z?:zl(Xj,t+1 - ad ) 7“Sl)(Jt]l{.D = d/} E( g+l — O[d ) ilejt]l{Djt = dl})

bayldi=d (8)Pay|di=ar (51)7Y f(d)

D ai=a(5) 85 0,0 (1) (@) (dmy Ty XU €5 1Dy = d'} = Bt X0 1{ Dy, = d'})
B Pay\dy=dr (8) Py |dy=a (51) f(d)
| 3t SN S Dy = df B Dy = d}
buy\dy=a (5)
G lt=a(5)1(d) iy Siiy S X0 1 Dyy = d'} — Bei*X1{Dy, = d'})
- buyla,=ar (8)* f(d)
i la,=a(r) [ (d) (ﬁ Y S (X — o)X 1Dy = d'} — B(Xj 441 — o )™ X 1{D;, = d’})
Gayldi=d (T)ay|dy=ar (r1)YY f(d)
Payldi=d(T) Py g, —ar (1) f () (N(T 52 iy €SI Dyy = d'} — B X 1{Dyy, = d’})
- Gardi—a (M) b, g, = (1) F(d)
| S S S e Dy = d} — Bem (D, = d)
%t\dt:d'(?")
Gy ds—a(7) () (m SN ST 1Dy, = d') — B 1{Dy, = d,})
- bayld,=ar (1) f(d')

||¢K||oo\¢xt|dt o a/h .
< / / / / J(s,r, 81,71, h)dridsidrds = O 7
nh* | ¢y, di—a (1/1))

where J(s,r,s1,71,h) consists of the following ten terms and higher-order terms that vanish

+ hot(s) + hot(s1)| %

+ hot(s) + hot(sl)] dridsidrds
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faster uniformly.

i

H¢lt\dt dH2

E

Ja

J3

Jy =

<.

I

1

T

|
A

~
Il
-

H¢Tt\dt*dHoo

o

/
ot dy=d/

|G d=ar (/)| - |Gwrldimar (51)] -+ |Gy = d'(T/h |'\¢xt\dt:d'(ﬁ)| S f(d)? - (v?)?

Rk

N T-1
Z Z jip1 —a®)e XDy, = d'Y = B(Xj 0 — a®)e N {Dy, = d'}

Xjap1 — a®)em N D)y = d'} = B(Xj 441 — o )em N0 1{Dy, = d'}

|G jdear (5/B)| + | D dy=ar (51)] | Doy 1= w(r/h/|'|¢z4df:w(rl)|'f(dqz
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i 1 N T-1 _ 1°
By 2 2 oDy = ) B D, = &)
I =1 =1 |
_ —2
) N T-1 4
B | oy 2 3 €Dy = ) B Dy = )
I =" |
1
|G d=ar (/)| + | Pyl = d'(T/h)|
[ 1 N T-1 . 1°
B |y o 2 e LD = d) - B D = d)
Y
i 1 N T-1 _ 1°
B | =) 2 2o & MUy = d) B Dy = d)
I i=1 t=1 |
2
Hd)ﬂcddt d”
|G| di=ar (5/R) | |G|y (T/h)| f(d)?
i 1 N T-1 , T
B | iy o 3 ¢ Dy = )~ B D = )
I J=1 t=1 |
I . N T-1 A i
B vy 30 3 ¢ Dy = ) - BT (D, = )
I =1 t=1 |
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1/2
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2||¢rr\dt d”oo‘ xy|di= d/’ f(d)2

|¢$t|dt:d/(8/h ‘ |¢zf\df a’ 81 ’ |¢ff\df d'(r/h | ‘ert\dt:d/(rl” f(d/) | /‘ "

) o\ 1/2

N T-1
]_ ZS ¢ 18 it
E m ; Z:: G+l — a? 1 Xy HDjy =d'} — E(Xj41 — a? )e 1 {Dj; =d'}

] o\ 1/2
N T-1 .
E ZZ 171th]1{Djt :d/}_Eel'qujt]l{Djt :d/}
L _]:1 t=1
2 H%\d, |l oo f «
’¢zt|dt:d’ (S/h‘ ‘ |¢1f‘d1 a’ 81 ’ |¢mt‘dt a’ (T/h)| ( ) ' "yd/‘
i N T-1 )\
1 — 51X
E N(T -1) Z (Xjip1 — a®)e X 1Dy = d'} — B(Xj 01 — o) X 1{D;, = d'}
i j=1 t=1
] o\ 1/2
N T-1
E Z "Xt/ Djy = d} — B/ Dy, = d}
i ]:1t:1
2 | b0 jar=all . £
p X
’¢zt|dt:d’(s/h ‘ ‘(bl’t\dt a4’ Sl ’ M)xt\dt d’ T/h)| d’) | |
i N T-1 N\
1 — ; .
E N(T -1) Z (Xjir1 = @®)e X 1Dy = d'} = B(X 1 — a)e™* X0 14Dy, = d/}]
i j=1 t=1
] o\ 1/2
1 N T-1 ,
E mz emXﬂ,/h]]_{Djt:d/}_Eeﬂ’Xﬂ/h]]_{Djt:d/}]
L 7j=1t=1
. 2| 20ja=all o, [0 | _ £
8 = x
|Gasldi=a (s/B)| - |G di=ar (1)] - | by jay=ar (r/R)] - F()
) o\ 1/2
N T-1
E ZzezalX]t]l{D =d} - Ee“lX”]l{Dt—d/}] X
] 1t=1

1/2
T-1

1 N
Emz

j=1t=1

2
eiert/h]l{Djt _ d} o Eeiert/h]l{Djt —_ d}]

o8



2| 6artar=all % |4 pamar ]| S(@)?
Jo = x
|6z, tdemar (8/B)| - |Gy tarmar (s1)] - |¢wt\dt d/(T/h)| f(d)?
[ N T—1 2\ /2
E Z > e XDy, =d'} — Ee N 1{Dj, = d'} X
L j=1t=1
[ N T-1 2\ /2
E Z erjt/h]l{Djt _ d/} _ Eeiert/h]l{Djt — d/}
i g:1 t=1
2 Tt|dt=
e 6=l S .
|G jdear (5/1)| * | Dyt = d'(T/h)’ f(d)
[ N T-1 2\ /2
E estﬁ/h]l{Djt _ d} _ Eeiszt/h]l{Djt — d} X
i ]:1 t=1
i N T-1 2\ /2
Bl > ie“‘xﬂ/hn{n =d'} —Ee"™/"M{D;, = d'}
N(T-1) & & I 7t

Consequently, under Assumption 7 (n), the bandwidth parameter choice prescribed in As-

—

sumption 7 (0) equates the asymptotic orders of the squared bias and the variance of g4(z*) f(z*)

as n 0 Gpujgpear | ~ B2 holds if and only if nhg T O 1 holds. Substitut-

ing this asymptotic rate of the bandwidth parameter into the bias or the square-root of the

variance, we obtain
ey 2\ '/ _ —min{kl}
(E [Qd(fk)f(l‘*) — gd(x*)f(f‘)] ) =0 <n2(2+2q+min{k,l})> .
By similar lines of argument, we have
— 2 1/2 &
(E [f(f’?*) - f(a:*)] ) =0 (nm> ,

Since the MSE of the CCP estimator is given by

.
flar)?

S (7)) + 9;((;6:)); MSE (f(z))

it follows that

—_— 2 1/2 — min{k,l}
(E [gd(x*) _ f(a:*)] ) — 0 <nm) ,
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Now, notice that this convergence rate is faster than n=*/* as min{k, (} /(2(2+2¢+min{k,})) >
1/4 under Assumption 7 (p). Moreover, this rate is invariant across x* over the assumed
compact support, implying that the CCP estimator converges uniformly at the rate faster than
n~Y4. Similar calculations show that the same conclusion is true for the other components of
the Markov kernel. By the continuity of R(po, f;z*) and &(po, f; x*) with respect to f under
Assumption 7 (e) and (f), the asymptotic independence is satisfied.

With all these arguments, applying Andrews (1994) yields the desired asymptotic normality

result for the estimator 8 of the structural parameters under the stated assumptions. O

A.8 Extending the Proxy Model

The baseline model presented in Section 3.1 assumes classical measurement errors. To relax
this assumption, we may allow the relationship between the proxy and the unobserved state
variable to depend on the endogenous choice made in previous period. This generalization is
useful if the past action can affect the measurement nature of the proxy variable. For example,
when the choice d; leads to entry and exit status of a firm, what proxy measure we may obtain
for the unobserved productivity of the firm may differ depending whether the firm is in or out
of the market.

To allow the proxy model to depend on edogeneous actions, we modify Assumptions 2, 3, 4

and 5 as follows.
Assumption 2'. The Markov kernel can be decomposed as follows.

* *
f (dt) Wi, Ty xt|dt—17 Wi—1,Ty_1, CUt—l)

= f(dt|wt,$:)f (wt|dt—17wt—17$;1) f (Ifldt_l,wt_hwlll) f($t|dt—17$:)

where the proxy model now depends on the endogenous choice d;_; made in the last period.
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Assumption 3. The transition rule for the unobserved state variable and the state-proxy

relation are semi-parametrically specified by

faglder,wen,ayy) 0 ap = ol flwea Hyte oyl ifdi=d

f(zeldi—y, ) - r, = &%)+ el ifd,1=4d

where ¢; and ¢ have mean zero for each d, and satisfy

5? L ({dr e {2l e {wr bry {er bre) for all ¢
nt AL (dr,zr,w,) for all 7 < t for all ¢.
where &, = (0, ¢}, , &%),

Assumption 4'. For each d, ((d;—1 = d) > 0 and the following matrix is nonsingular for each

ofd =dand d =0.

1 Elwi—i | di—1 = d,dy—o = d'] Elzi1 | di1 = d,di—o = d']

Elwi_1 |di—1 =d,dy—o =d'] Ewl,|di—1=d,di—a=d] Elzimqwi1|dim1 =d,di—o = d]

Elw | di—1 =d,di—2 =d|  Elwwy | di—1 =d,di—o =d'|  Elzyqw | di1 =d,di—2 = d']

Assumption 5. The random variables w; and x; have bounded conditional moments given
(dy,d;—1). The conditional characteristic functions of w, and z; given (d;, d;—1) do not vanish on
the real line, and is absolutely integrable. The conditional characteristic function of (z}_;, w;)
given (d;—1,di—2,w;—1) and the conditional characteristic function of z; given (wy,d;—1) are
absolutely integrable. Random variables ¢; and 7¢ have bounded moments and absolutely

integrable characteristic functions that do not vanish on the real line.

Because x; is unit-less unobserved variable, there would be a continuum of observationally

equivalent set of (8°,--- %) and distributions of (<9, --- &%), unless we normalize §¢ for one
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of the choices d. We therefore make the following assumption in addition to the baseline

assumptions.
Assumption 8. WLOG, we normalize 6° = 1.

Under this set of assumptions that are analogous to those we assumed for the baseline model

in Section 3.1, we obtain the following closed-form identification result analogous to Theorem

1.

Theorem 2 (Closed-Form Identification). If Assumptions 1, 2, &, //, ¥, and 8 are sat-
isfied, then the four components f(di|wy,x}), f(wt|dt_1,wt_1,a:§_1), f(xﬂdt_l,wt_l,x;‘_l),
[ (z¢|di—1, x}) of the Markov kernel f (dt, Wy, T, Ty dy—1, W1, T, xt,l) are identified by closed-

form formulas.

A proof and a set of full closed-form identifying formulas are given in Section A.9 in the
appendix. This section demonstrated that, even if endogenous actions of firms, such as the de-
cision of exit, can potentially affect the measurement nature of proxy variables through market

participation status, we still obtain similar closed-form estimator with slight modifications.

A.9 Proof of Theorem 2

Proof. Similarly to the baseline case, our closed-form identification includes four steps.

Step 1: Closed-form identification of the transition rule f (azﬂdt,l,wt,l,x;‘fl): First,

we show the identification of the parameters and the distributions in transition of zj. Since

vo= Y {di = d}[oa} + ]
d

= Y 1{diy = d}[06" + B6%wiy + 6%, + 6% + €]

d
dgd d ¢d d(Sd d, d d d5d d’
— ZZﬂ{dt,1 = d}ﬂ_{dt,Q = d/} a’d +ﬁ ) Wi—1 +’}/ Wﬂ:t,l +(5 un +€t - Watil
d d
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we obtain the following equalities for each d and d':

Elz; |diy =d,dyy =d] = %"+ p% Elw,_y | diy = d,dy_y = d]

5 /
+7dﬁ E[$t—1 | diy =d,di—y = d]

Elzaw, | diy =d,di g =d] = a’6"Elw_1 | di1 =d,di_y=d]

+B%Elw;_y | diy = d, dy—y = d]

5d
—i—Wdﬁ Elz; qwiy | diy = d,dy g = d]

Elzaw, | dioy =d,dyy =d] = a6 Elw, | di—y = d,dy_y = d]

—FﬁdédE[wtflwt ‘ dtfl = d> dt72 = dl]

5¢ /
—I—'Vdﬁ Elzqwy [ dioy = d, dy—o = d]

by the independence and zero mean assumptions for n¢ and 4. From these, we have the linear
equation

Elz; | dyr = d, dy_o = d']
Elzywi—y |diy =d,dyo=d] | =

E[a:twt | dt—l = d, dt_g = dl]

1 E[wt,1 | dt,1 = d, dt,Q = d/] E[.’L'tfl | dtfl = d7 dtfz = d/] Oéd(sd
Elwi_y | di—1 =d,dy—o=d'] Elw} | |di-1=d,di—os=d'] Elzi_qwiy | dim1 =d,dp—o = d] B
Elwy | dy—1 =d,di—2 =d] Elw_wy |di1 =d,di—o =d']  Elzy_wy | dimy =d,di—g = d'] ve f:/

Provided that the matrix on the right-hand side is non-singular, we can identify the composite

parameters <ad(5d, 5d(5d,’ydﬁ> by

§d’
-1
adéd 1 E[’th_l | dt—l = d, dt_g = d/] E[Zt_l ‘ dt—l = d, dt_2 = d/]
pist | = | Blwa |diy =dydi o =d] Ewt,|diy=ddo=d] Elziw1|d1=ddo=d]
’Yd% Elw, | di-1 =d,di—o =d| Elwiiw | dim1 =d,di—a=d']  Elzy_iw | dimr =d,di—o = d]

E[.’L‘t ‘ dt—l = d, dt_g = dl]
X | Elzpwi—1 | di—1 = d, dp—o = d']

E[ﬂftwt | di—1 =d,dy_o = d/]
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Once the composite parameters vdg—z and v = 7dg—j are identified by the above formula, we can

in turn identify

for each d by the normalization assumption 6° = 1. It in turn can be used to identify (a?, 3¢, v%)

for each d from the identified composite parameters (ad(Sd, plse, ”ydg—g) by

(Oéd 5d d)_i adéd ﬁdad d(S_d
) 77 —(Sd ) 7’}/ 50 .

Next, we show identification of f (5?) and f (nf) for each d. Observe that

E [exp (121 + isomy) |di—1 = d,dy_o = d]
_E [exp (isl (5d’x;:1 + ef’,l) sy (00! + B5%w,_y + 7% | + 6 + af)> dioy = d,dyy = d
= E [exp (z (515‘”1:;’;1 + 550207 + 598%6%w,_1 + sgfydéda:;il)> |di 1 =d,dy_o = d’}

x E [exp (islafl_lﬂ E [exp (z’sg (5d77td + 8?))]

follows for each pair (d,d’) from the independence assumptions for n¢ and & for each d. We

may then use the Kotlarski’s identity

0
{— InE [exp (is124-1 + 1592¢) |di—1 = d, dy—g = d’]]
682 s2=0

E [i(a%? + 6%y +v46%;_ ) exp (is16Yx) ) |diy = d, dpn = d]
E [exp (isléd'a:;*_l) |diy =d,di—9 = d’}

— iadst ﬂdédE[iwt—l e}fp(is}éd/xf_l) |di 1 =d,dy_o = d']
Elexp(isi6?x;_,) | -y = d,dy—o = d]
SVLISRNS lexp (#1070, ) ldiy = d,dyp = |
5d’ 851 1 t—1 t—1 y Wt—2
= ja%0? + mng[iwtﬂ eX‘P(isﬂtfl) | diy =d,di :/ d']
Elexp(isixi_1) | dioy = d, dy—o = d']
NI [exp (is 5 ) ldioy = d,dy_y = d’}
5d’ 851 1 t—1 t—1 s Ut—2
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Therefore,

E [exp (z’séd/x:_1> |di1 =d,dy—o=d
= ex /S 5—d/ilnE[eX (is124_1 + 189x4) |dy—1y = d, dy_o = d] ds
= p o | 7452 s, p (251741 2%¢) |G—1 = @, (hp—2 = - 1

B / iads? e / B4 Eliw,_y exp(isizy_1) | dioy = d, dy_o = d'] s }
o ¢ ! o ¢ Elexp(isixi—1) | di—y = d, dy—o = d'] !

s B [i(%xt — a5t — ﬁdéd/wt_l) exp (is12¢—1) |di—1 = d, dy—g = d’]
ex :
b /0 Y E lexp (is124-1) [di—1 = d,dt—o = d']

d81
From the proxy model and the independence assumption for &,
Elexp (isz;_1) |y = d,dy o =d] =E [exp <z’35d/xffl) |di1 =d,dy_o = d’] E [exp (isetllﬂ )

We then obtain the following result using any d.

B [exp <ise . )} _ E [exp (isxi_1) |di—1 = d,di—9 = d']
=t E [exp (is0% 2} ) |d1 = d, dy—o = d']
E [exp (iszi-1) |di—1 = d,di—9 = d']

s E {i(%xt—ad6d/ —Bd(sd/wtfl) eXp(is1a:t,1)|dt71:d,dt72:d’}
exp | [, ds;

~v4 Elexp(is1zi—1)|di—1=d,dt—2=d’]
This argument holds for all ¢ so that we can identify f (5?) for each d with

E [exp (z’ssf)} = B lexp (iszy) |d = d', dy- = d] ) (A.9)

Lsd .
ox fs E[z(;vxurlfad/édfﬁd/édwt)exp(lslxt)|dt:d’,dt,1:d] 5
1 0 ~a Elexp(isizt)|di=d’,d¢—1=d] 1

using any d'.
In order to identify f (nf) for each d, consider
5
E [exp (isxy) |di—1 = d,dy—o = d'| E {exp (isydﬁef_l)]
5d
= E {exp (is(adéd + B4,y + fydﬁmt_l)> |di1 =d,dy_o = d/]

x E [exp (z’s5dntdﬂ E [exp (is&tf)]
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by the independence assumptions for n¢ and £?. Therefore,
E [exp (iszy) |di—1 = d, dy—o = d']
E [exp (is(adéd + B45%w,_q + Vdg—;ft—ﬁ) |di 1 =d,dy_o = d’]
E [exp <i5’yd§%€f/_1>}
E [exp (isef)]

E [exp (isédnf)] =

X

and the characteristic function of n¢ can be expressed by

E [exp (isgmt) |dio1 = d, dyy = d']
E [exp (z’s(ad + Blw,_q + ’yda%xtq)) diy = d,dy— = d/]
1
E [exp (isgidsf)} E [exp (—isvdé—}l,gip_l)]
E [exp (iszrme) |dim1 = d, dyy = d']
E [exp (is(ad + w1 + Vd%%:—ﬂ) |di—1 = d,dy—o = d/]

E [exp (isnf)] =

X

d ! /
s/84 E[i(%xt+1—ad §d—pd (det) exp(isla:t)\dt:d’,dt_lzd]
eXp [fo ’ ’yd/ E[exp(islxt)|dt=d’,dt71=d} d81
X .
E [exp (zsé—ldact) |dy = d' dy—1 = d}
E [exp <isyd6%mt_1> |di 1 =d,dy_o = d’}
X

L osd .
syl /64" E{%%wt—adéd’—ﬁ%d’wm)exp(zsmfl)|dt71:d,dt72:d/] d
eXP | Jo ~v4 Elexp(is1zt)|di—1=d,dt—2=d’] S1

by the formula (A.9). We can then identify f,q by

fem) = (Foe) () forall

where the characteristic function ¢pa is given by

E [exp (z’saidxt) |di 1 =d,dy_5 = d’]
E [exp (is(ad + Blw 1 + ’Ydé%ﬁt—l)) di—1 = d,dy_y = d’]

Ppa(s) =

. 5d .
oxc fs/(gd E[z(;Tacthl—ocdléd—ﬁd/(sdwt)exp(zslxt)|dt:d’,dt,1:d] <
P 1Jo ~4" Elexp(isiz¢)|di=d’ ,d¢_1=d] 1

- E [exp (isdw,) |dy = d' dpy = d]

E [exp (isydé—ﬁlxtq) ldi-1 =d,dy—» = d’}

- )
@ rear Bli(Czi—adsd —Bd5d w, 1) exp(isize_1)|ds—1=dds_o=d’
exp | [ /8 ° ds
p 0 4 Elexp(is1zt)|di—1=d,dt—2=d’] 1
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We can use this identified density in turn to identify the transition rule f (xﬂdt_l, W1, x;"_l)
with
f(@f]dior, 2o, 3p_y) = Z Hdi1 = d} [ (zy — at — plw,_y — fyd:c:;l) .
d

In summary, we obtain the closed-form expression

f (xﬂdt_l,ﬂtt_l,x;‘_l) = Z 1{d;—, = d} <F¢n§) (ﬁ — ot — B, — 7d:l:;f_l)

d

= Z W/exp (—is(z; — o’ — w1 — y%2)_ ) %
d
E [exp (z’s(sida:t) |di—y = d,dy—9 = d’}

X
E [exp (iS(Oéd + Blwi—1 + Vdﬁmt—lw |diy = dydy s = d/]
S/(;d E[i(;%wt_‘_l—ad/(sd—ﬁdlédwt)eXp(isl-Z’t)ldt:dladt—lzd]
eXp d’ - — — d81
0 ~% Elexp(isixt)|di=d’,d¢—1=d]
X

E [exp (z's(sidxt) |dy = d',dy1 = d]
E [exp (z’svda%xt_1> |di 1 =d,dy_5 = d’]

U

L sd .
sy /5 E [l(%l’t—adéd,—,@déd,wtfl) exp(zs1xt71)|dt,1:d,dt72:d’:|
exp dsy

0 4 Elexp(is17¢)|di—1=d,d¢—2=d']

using any d’. This completes Step 1.

Step 2: Closed-form identification of the proxy model f (z; | d;_1,z}): Given (A.9), we

can write the density of £ by

fea(e) = <}-¢Eg> () for all ¢,

where the characteristic function ¢.s is defined by (A.9) as

E [exp (iszy) |dy = d', dy—q = d]

Peq(5) =

t d zip1—ad 64— B4 §duw,) exp(isizt)|di=d’ ds_1 :d]

E [i(L
s sd/
exp |:f0 4 Elexp(isixy)|di=d’ ,dy—1=d] 51

Provided this identified density of €7, we nonparametrically identify the proxy model

flxe | diy = d,xf) = fs§|dt_1=d($t - 5%:) = fef(xt - 5%:)
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by the independence assumption for €. In summary, we obtain the closed-form expression

Pl dinsap) = 30 Wdir = d} (Foug) (w0 — %)
d

_ Z 1{d;_1 = d} exp (—is(z; — 6%7)) - E[exp (iszy) |dy = d', dy—y = d]

a 2 E[i(Ld,(EtJrl—adléd_/Bd/éd'LUt)eXp(iSl$t)‘dt:d,,dt71:dj|
d 5 a4

eXp |:f0 ~4" Elexp(isizt)|di=d ,dy_1=d]

S
d81

using any d’. This completes Step 2.

Step 3: Closed-form identification of the transition rule f (wt|dt_1,wt_1,x;*_1): Con-

sider the joint density expressed by the convolution integral

f (xtfbwt | dy—1, W1, di_9 = d) = /fsgl_l (l’tq - 5d$I_1) f (xf_l,wt ’ di—1, w1, dy_o = d) dxf_l

We can thus obtain a closed-form expression of f (1:;‘71, wy | dy—q, w1, dt,Q) by the deconvolu-

tion. To see this, observe

E [exp (i31$t—1 + iSzwt) |dt—1> Wi—1,di_p = d]
= E [exp (islédx;‘_l + islsf_l + i82wt) |di—1, w1, dy_o = d}

= E [exp (2'815de_1 + iSth) |di 1, w1,di—o = d} E [exp (z’slsf_l)}

by the independence assumption for €4, and so

E [exp (is124-1 + isqwy) |dp—1, w1, dy—o = d]
E [exp (islef_l)]

= E [exp (is124—1 + iSwy) |dp—1, Wi—1, dy—o = d]

E [exp (islédm;k_l + iSth) |di—1, w1, di—g = d] =

. d / / i
ox fsl E[l((??xtfad §d—pd 5dwt_1)exp(zs’lxt_l)|dt_1:d’,dt_2:d] 3/
b1 Jo ~d! E[exp(is’lmt,l)|dt,1:d’,dt,2:d] 1

E [exp (is12¢-1) |[di—1 = d', dy—o = d]

X
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follows with any choice of d’. Rescaling s; yields

E [exp (islx;‘_l + iszwt) |di—1, w1, dy_o = d}

1
= E [exp (i81ﬁ$t—1 + iSzwt) |dt—17 W1, di_p = d] X

.osd .

s1/64 E[z(*;d/ wy—ad 64— g4 50w, 1) eXP(Zsllxt—l)|dt—1:d,7dt—2:d] ,

exp | Jo = — — — dsy
¥ E[exp(zslxt_1)|dt_1—d ,dt_g—d]

E [exp (’iSl 6%"17,5,1) ’dt,1 = d/, dt,Q = d]

We can then express the conditional density as

f(wywldi g, wy,dy g = d) = <]:2¢x:_1,wt|dt_1,wt_1,dt_2=d> (wi, ry_q)

where the characteristic function is defined by

1 .
¢wt,x;11\dt,l,wt,l,dt,zzd(sl, 32) = E [GXP <Z81ﬁ$t1 + 152wy |dt71,’wt71, di—g = d| X

d
ox 51/6d E[i(;Txtfad/zSded/det,l) exp(is’lzt,l)|dt,1:d’,dt,2:d] ds'
P o v Blexp(ishzi1)|de-1=d’ dr—o=d] !

E [exp (isléidmt_l) |dy1 =d' di_o = d}
Using this conditional density, we nonparametrically identify the transition rule

o de (lep wt|dt—17wt—17 di—p = d) Pr<dt—2 =d | dt—hwt—l)
30 f (@ wildiy, w1, des = d) Pr(dy—o = d | diy, we_r)dw;

f (wt‘dtfla W1, 517:,1)
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In summary, we obtain the closed-form expression

[ (wildi—1, w1, 27_y) = Z 1{d;—1 = d} x

d
Do (fzéf)x;l,wﬂdt,l:d,wt,l,dt,zzd') (we,xf 1) -Pr(di—o =d' | d—1 = d, wy—1)

f Zd’ (F2¢I:_17wt|dt—1:d,wt—17dt—2:dl> (wt,:c;‘_l) . Pr(dt_g =d ’ di_1 = d, wt_l)dwt

= Z 1{di—1 = d} {Z Pr(dy o =d' | diq1 =d, wtl)//exp (—islwt — iszxf_l) X

d d’

E {GXP (7381 ﬁxt_l + i82wt> |di—1 = d,we—1,di—2 = d’}

E {exp <i516—}l,xt,1) |di—1 = d",di—o = d’}

s1/67 E {i(%xt — a5 — ﬂdnéd/wt,l) exp (ishxi—1) |[di—1 = d" dy—o = d'} i g
P /0 Y B [exp (isjai-1) |di—1 = d", dy—2 = d] Rt

X

{Z/Pr(dt—2 =d|di1= d,wt_l)//exp (—islwt — iszx;k_l) X

d/

E [exp (i51 ﬁxtq + iszwt) |di—1 = d,wp—1,di—o = d/}
E [exp (islfi/xt—1> ’dt—l =d" di_o = d/}

s1/6¢ B [i(%ﬂft —a?"6 — B 6% wy_y) exp (ishai—1) |di—1 = d", dy_g = d,} ds’ | dsidsod
=P /0 V" E [exp (ishi-1) [di—1 = d", dy—z = d'] i R

X

using any d' and d” This completes Step 3.
Step 4: Closed-form identification of the CCP f (d;|w;, z}): Note that we have

E [1{d; = d} exp (isz;) |wy, dy 1 = d'] = E []l{dt = d} exp (isédlx;‘ + isaf) |wy, dy—y = d’]
= E [Il{dt = d} exp (z’sédle> |wy, dy 1 = d’] E [exp (isefl”

= E [E [1{d; = d}|wy, z},d;—1 = d'] exp <i5(5d,xf> \wy, dy—1 = d’} E [exp (isef,ﬂ

by the independence assumption for Ef/ and the law of iterated expectations. Therefore,

E [1{d; = d} exp (iszy) |wi, di—q = d']
E [exp (issf)]
= E [E [1{d; = d}|wy, x},di—1 = d'] exp (@'S(Sd/xf) |wy, dy— = d’

= /eXp (isédll‘:> E [:ﬂ_{dt = d}‘wt, ./L'r7 dt—l = d/] f (x:|wt, dt—l = d/> d]?:
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and rescaling s yields

B[ 1{d: = d} exp (isgra) i, diy = |
E [exp (is%sfﬂ

_ / exp (isz?) B [1{d, = d}wy, 27, dy 1 = d] (2 |wp, doy = d') da?

This is the Fourier inversion of E [1{d; = d}|wy, z},d;—1 = d'] f (x}|wy, di—1 = d’). On the other
hand, the Fourier inversion of f (x}|w;,d;—1) can be found as
E [exp (is(s%ara |we, dy— = d’}

E [exp (isﬁaﬁ’) ]

Therefore, we find the closed-form expression for CCP f (d;|wy, z}) as follows.

E [exp (isx}) |wy, dy— = d'] =

Pr(d; = dlwy, x}) = ZPI (dy = d|wy, xf,dy—1 = d')Pr(de—y = d' | wy, xf)
d/
= Y E[1{d = d}wy, 2}, dy = d|Pr(diy = d' | wy, z)
d/

Z E [ﬂ{dt = d}|wt7x>tk7 di—1 = d’] f (ﬂfﬂwt, di—y = d')

Pr(d,_, =d *
f(xf|wy, di—y = d') r(di— | wy, x7)

dl

_ Z (Fiayas weia) (ft>pr (diy =d' | wy, x})
v (Fbutiwi(a) (x7)

where the characteristic functions are defined by
E [Il{dt = d}exp (z’s&—i,xt> |wy, di—q = d’]
Pldyarwn(@)(s) = .
E [exp <2857€t )]

1
= E {I[{dt = d} exp (zsﬁxt) |wy, dy—1 = d']

d/

s/5 E[i(;ﬁxtﬂ—Otd”t;dl—ﬁdﬁésd/wt)eXP(isllt)|dt:d”7dt71:d’}

exXp d’’ i — — dS]_
0 74" Elexp(isiae)|dr=d" ,d¢—1=d']

X

E [exp (is(s—i,xt> |dy =d' dy_1 = d”]
and
E [exp (isé%x,) |wt]
E [exp <i35%€f')]

d
E o s/6d/ E {z( ;d” a:t_,_l—ad//édl —,Bd”5’1/wt) eXP(iswt)\dt=d”,dt—1=d/} g
|:6Xp <ZSW[L}> ‘wti| "CXP o 74" Blexp(isize)|dy=d" ,dy—1=d'] 51

Guplwn(ar)(8) =

!

E [exp (Z'S(;%‘TJ |d = d',dy—y = d”]
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by (A.9) using any d”. In summary, we obtain the closed-form expression

Pr(di_y =d' | wy, x)

(F@u;lwna) (27)
Pr(d; = dlwy, zy) = ¢
( t | t t) %: (]:stﬂwt(d/)) ([L"tk)

— ZPr (dioy =d' | wy,x}) /exp(—isxf) X

d/
1 ,
E {Il{dt = d}exp (zsﬁxt) |wy, dy—1 = d] X

d/
o6 E[i(fwﬂ—ad”éd'—ﬂd"éd'wt)exp(ism)ldt:d”,dH:d/]

exXp [ 0 ~d7 Elexp(isiat)|di=d" ,dy_1=d'] d81]
ds

E [exp (is%x& |dy =d',dyq = d”}

1
/exp (—iszy) - E [exp (isﬁxt) \wt} X

o/5 E{i(%xt+1—ad//6‘ﬂ—Bdlléd/wt)exp(islxt)|dt:d”,dt,1:d’}
exp 7 , — — dsy
0 ~v4" Elexp(isixt)|di=d" ,di—1=d']
ds.
E [exp (isé%xt) |dy =d',dy—q = d”}
This completes Step 4. O]
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