Generalized Methods of Integrated Moments
for High-Frequency Data*

Jia Lif Dacheng Xiut
Duke University Chicago Booth

This Version: February 14, 2014

Abstract

We study the asymptotic inference for a conditional moment equality model using high-
frequency data sampled within a fixed time span. The model involves the latent spot variance
of an asset as a covariate. We propose a two-step semiparametric inference procedure by first
nonparametrically recovering the volatility path from asset returns and then conducting infer-
ence by matching integrated moment conditions. We show that, due to the first-step estima-
tion error, a bias-correction is needed for the sample moment condition to achieve asymptotic
(mixed) normality. We provide feasible inference procedures for the model parameter and estab-
lish their asymptotic validity. Empirical applications on VIX pricing and the volatility-volume

relationship are provided to illustrate the use of the proposed method.
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1 Introduction

Inference methods based on moment equalities have been a powerful tool in empirical economists’
arsenal since the invention of the generalized method of moments (GMM) (Hansen (1982), Hansen
and Singleton (1982)). In their application, moment conditions often arise from conditional
moment equalities as orthogonality conditions between instruments and random disturbances.
Asymptotic properties of these methods are determined by the properties of sample moments,
which are well known (White (2001)) in the classical “large 77 setting with an asymptotically ex-
panding time span. In this paper, we study a novel variant of the GMM for estimating conditional
moment equality models using high-frequency (intraday) data that are sampled within a relatively
short sample period. We derive an asymptotic theory in a setting where data are sampled at
asymptotically increasing frequencies within a fixed time span, allowing for general forms of de-
pendence and heterogeneity in the data. Our study is mainly motivated by financial applications
such as the estimation of certain types of option pricing models and market microstructure models,
where high-frequency data are rapidly becoming more readily available.

An important aspect of financial models is that they often involve volatility processes of finan-
cial time series. This is not surprising since volatility is the primary measure of risk in modern
finance (Engle (2004)). Since volatility is unobservable, its appearance in the model poses a sub-
stantial challenge for inference. The common solution to the latent volatility problem is to impose
auxiliary parametric restrictions on volatility dynamics; see Bollerslev, Engle, and Nelson (1994),
Ghysels, Harvey, and Renault (1995) and Shephard (2005) for reviews. Since an incorrect para-
metric specification of the auxiliary model may affect the inference of the primary model, it is
prudent to consider a nonparametric approach as a complement.! Indeed, a large literature on
nonparametric inference for volatility has emerged during the past decade by harnessing the rich
information in high-frequency data; see Jacod and Protter (2012), Hautsch (2012) and Andersen,
Bollerslev, Christoffersen, and Diebold (2013) for recent reviews.

This paper proposes a simple, yet general, two-step semiparametric procedure for estimating
conditional moment equality models that include volatility as a latent variable. In the first step,
we nonparametrically recover the volatility process from high-frequency asset returns via a spot
realized variance estimator (Foster and Nelson (1996), Comte and Renault (1998)) with truncation
for price jumps (Mancini (2001), Jacod and Protter (2012)). In the second step, we construct
sample versions of instrumented conditional moment equalities. Unlike the classical GMM, the

population moment condition here takes form of an integrated stochastic process that involves the

! Although it is subject to the risk of misspecification, a tight parametric specification may have several advantages
over a nonparametric approach, such as better statistical efficiency, better finite and out-of-sample performance,
simplicity of interpretation and real-time control, etc. Pseudo-true parameters (White (1982)) for misspecified
parametric models may be worth considering in practice as well.



spot variance and other state variables over a fixed time span, instead of an unconditional moment.
We thus refer to the proposed framework as the generalized method of integrated moments (GMIM).
The GMIM estimator for a finite-dimensional model parameter is constructed as the minimizer
of a sample criterion function of the quadratic form. Our analysis also extends the scope of the
high-frequency literature on volatility estimation: while prior work focused on the inference of
the volatility itself, we treat its estimation only as a preliminary step and mainly consider the
subsequent inference of parameters in economic models.

Since we treat the volatility process in a nonparametric manner, our method is semiparametric
in this particular aspect. The key distinctive feature of our semiparametric procedure is that the
nonparametric object here (i.e., the volatility process) is a nonsmooth stochastic process rather
than a smooth deterministic function. Indeed, the sample path of the volatility process in a
typical stochastic volatility model (Heston (1993), Duffie, Pan, and Singleton (2000)) is nowhere
differentiable because of Brownian volatility shocks and is often discontinuous due to volatility
jumps. This feature gives rise to an interesting theoretical result: the first-step volatility estimation
leads to a “large” bias in the sample moment function, in the sense that the bias cannot be
made asymptotically negligible in the derivation of central limit theorems by just restricting the
asymptotic behavior of tuning parameters. We hence consider an explicit bias-correction to the
sample moment function and show that the bias-corrected sample moment function enjoys a central
limit theorem. This result extends the theory of Jacod and Rosenbaum (2013) and is one of our
main technical contributions. In contrast, in typical kernel- or sieve-based methods, the bias from
the nonparametric estimation can be “tuned” to be asymptotically small by undersmoothing (or
overfitting) the unknown function, under the assumption that the function is sufficiently smooth;
see, for example, Newey (1994) and Gagliardini, Gouriéroux, and Renault (2011).

The GMIM estimator is constructed using the bias-corrected sample moment function. We
show that the GMIM estimator is consistent and has a mixed Gaussian asymptotic distribution.
The asymptotic covariance matrix is random and consists of two additive components. The first
component is due to the random disturbances (e.g., pricing errors in an option pricing model)
that implicitly define the conditional moment equalities. We allow the random disturbance to be
serially weakly dependent and propose a heteroskedasticity and autocorrelation consistent (HAC)
estimator for it. The HAC estimator is nonstandard (cf. Newey and West (1987)) due to its
involvement with discretized processes including, in particular, the latent volatility process, in an
in-fill asymptotic setting. The second component is contributed by the first-step estimation error,
for which new consistent estimators are also provided in closed form. Overidentification tests
(Hansen (1982)) and Anderson-Rubin-type confidence sets (Anderson and Rubin (1949), Stock
and Wright (2000), Andrews and Soares (2010)) are also discussed as by-products.

We illustrate the proposed method with two empirical applications. The first application



concerns the pricing of the CBOE volatility index (VIX). We exploit a simple idea: a large (but
far from exhaustive) class of structural models for the risk-neutral volatility dynamics with linear
mean-reversion implies that the squared VIX is linear in the spot variance of the S&P 500 index.
We test the specification of this class of models via the GMIM overidentification test and find that
these models are rejected in 14 out of 23 quarters (2007Q1-2012Q3) at the 5% significance level.
In the second application, we investigate the relationship between return variance and trading
volume for stock data. Using daily data, Andersen (1996) found that a conditional Poisson model
for trading volume is broadly consistent with data and outperforms early models considered by
Tauchen and Pitts (1983) and Harris (1986). We estimate and conduct specification tests for these
models using high-frequency data under the GMIM framework and find further support for the
findings of Andersen (1996).

This paper is organized as follows. Section 2 presents the setting. Section 3 presents the main
theory. Section 4 shows simulation results, followed by two empirical applications in Section 5.

We discuss related literature in Section 6. Section 7 concludes. The appendix contains all proofs.

2 Generalized method of integrated moments

2.1 The setting

We observe a data sequence (X¢, Z, Y;) at discrete times ¢t = 0, Ay, 24,,, . .. within a fized time span
[0, T], with the sampling interval A, — 0 asymptotically. In applications, X; typically denotes the
(logarithmic) asset price, Z; denotes observable state variables and Y; denotes dependent variables
such as prices of derivative contracts, trading volumes, etc. In this subsection, we formalize the
probabilistic setting underlying our analysis, with concrete empirical examples given in Section
2.2.

Let (Q(O),}" , (Ft)e>0, IP’(O)) be a filtered probability space. Without further mention, we assume
that all processes defined on this space are cadlag (i.e., right continuous with left limit) adapted
and take values in some finite-dimensional real space. We endow this probability space with the
processes X;, Z; and (; that, respectively, take values in X, Z and B. The process §; is not

observable; instead, we observe
Yin, =¥ (Binn,xi)» i =0,...,[T/An], (2.1)

where x; is a random disturbance, % (-) is a deterministic transform taking values in a finite-
dimensional real space Y and [T'/A,,] is the integer part of T/A,,.
We shall assume the random disturbances (x;)i>o0 to be F-conditionally stationary and weakly

dependent. To be precise, we describe the formal setting as follows. We consider another probabil-



ity space (1), G, P(1)) that is endowed with a stationary ergodic sequence (x;)icz, where Z denotes
the set of integers and x; takes value in a Polish space with its marginal law denoted by P,. We
stress from the outset that we do not assume the sequence (x;)i>o to be serially independent. Let
Q=00 x 0 and P = PO @ P, Processes defined on each space, QO or QM) are extended in
the usual way to the product space (2, F ® G, P), which serves as the probability space underlying
our analysis. For the sake of notational simplicity, we identify the o-fields F and JF; with their
trivial extensions F ® {(0, Q(l)} and F; ® {Q), Q(l)} on the product space. By construction, the
sequence (x;)iez is independent of F.

We note that the variable Y;a, is a noisy transform of 3;a, with x; being the confounding
random disturbance. In its simplest form, (2.1) may have a signal-plus-noise appearance: Yja, =
Bin, +xi- That noted, (2.1) often takes more complicated forms in many applications, as illustrated
by the examples in Section 2.2. Heuristically, the formulation (2.1) highlights two distinct model
components for the sequence (Yja,)i>o: information “inside” the information set F (e.g., F-
conditional temporal heterogeneity) is captured by the process 5; and information “outside” F is
captured by (xi)i>0.2

The basic regularity condition for the underlying processes is the following.

AssuMpPTION H: (i) The process X; is a one-dimensional It6 semimartingale on
(QO), F, (F)i=0,P®) with the form

t t t
X =Xo+ / bsds + / o dWs + / / 0(s,2)u(ds,dz),
0 0 o Jr

where the process b, is locally bounded; the process o, is strictly positive; W} is a standard Brownian
motion; § : © x Ry x R — R is a predictable function and p is a Poisson random measure with
compensator v of the form v (dt,dz) = dt ® A (dz) for some o-finite measure A on R. Moreover,
for some constant r € (0, 1), a sequence of stopping times (7, )m>1 and A-integrable deterministic
functions (J, )m>1, we have [§(w® ¢, 2)|" A1 < Jp, (2) for all @ € QO+ < T, and z € R.

(i) The process Z, = (87, Z],0,)7 is also an It semimartingale on (2@ F, (F)i>0, P(0)) with

the form
Zy = Z0+/ bsd8+/ GsdW
0 0
t ~
—|—/O /R5(s,z) 1{||5(s,2)||S1} (b —v)(ds,dz)
t ~
+/0 /R<5(s,z) 1{||5(S’Z)H>1}/L(d3,dz),

2This formal setting for introducing weakly dependent random disturbances into high-frequency data has been
considered by, for example, Jacod, Li, and Zheng (2013), who consider % (-) with a location-scale form.




where b, and &, are locally bounded processes, Wt is a (multivariate) Brownian motion and B
is a predictable function such that for some deterministic A-integrable function J,, : R — R,
10w, £, 2)|2 A1 < Jm(z) for all W@ € QO ¢ < T, and z € R.

The key condition in Assumption H is that the process X; is an Itd semimartingale. In appli-
cations, X; is typically the (logarithmic) price of an asset and oy is its stochastic volatility process.
We set V; = o and refer to it as the spot variance process; it takes values in V = (0, c0).

Assumption H accommodates many models in finance and is commonly used for deriving in-fill
asymptotic results for high-frequency data; see, for example, Jacod and Protter (2012) and the ref-
erences therein. There is no stationarity requirement on the processes Xy, 5¢, Z; and o;. Although
the sequence x; is stationary, the sequence Y;a, is allowed to be highly nonstationary through
its dependence on f;a,. Assumption H also allows for price and volatility jumps and imposes
no restriction on the dependence among various components of studied processes. In particular,
the Brownian shocks dW; and th can be correlated, which accommodates the “leverage” effect
(Black (1976)). The constant r in Assumption H(i) serves as an upper bound for the generalized
Blumenthal-Getoor index, or the “activity,” of jumps. Assumption H(ii) also restricts the processes
B, Zy and oy to be It6 semimartingales. We note that this assumption accommodates stochastic
volatility models with multiple factors (see, e.g., Chernov, Gallant, Ghysels, and Tauchen (2003)),
provided that each factor is an It6 semimartingale. This assumption also allows general forms for
volatility-of-volatility and volatility jumps, where the latter may have infinite activity and even
infinite variation. While Assumption H(ii) admits many volatility models in finance, it does ex-
clude an important class of long-memory volatility models that are driven by fractional Brownian
motion; see Comte and Renault (1996, 1998). The generalization in this direction seems to deserve

a focused research on its own and is left to future study.

2.2 The conditional moment equality model and examples

The primary interest of this paper is the asymptotic inference for a finite-dimensional parameter

0* that satisfies the following conditional moment equality:
E[Y (Yia,, Zia,, Via,;0%) |F] =0, almost surely (a.s.), (2.2)

where ¢ : Y x Z x V— R ¢; > 1, is a measurable function with a known functional form up to
the unknown parameter *, and the conditional expectation integrates out the random disturbance
Xi- We suppose that the true parameter 6* is deterministic and takes value in a compact parameter
space © C RIME) I the sequel, we use 0 to denote a generic element in ©. The transpose of a
matrix A is denoted by AT.

To motivate model (2.2), we consider a few empirical examples.



EXAMPLE 1 (LINEAR REGRESSION MODEL): Let X; denote the logarithm of the S&P 500
index and let VIX; denote the CBOE volatility index. We set ¥; = VIX?. For a large (but far
from exhaustive) class of risk-neutral dynamics for the spot variance process V;, the theoretical
value of the squared VIX has a linear form 67 + 05V;; see Section 5.1 for details. Empirically, we

can model the observed Y;a, as the theoretical price plus a pricing error a;a,, x;, that is,
Yin, =07 +05Via, +ain, xi,  ElalF] =0, EN;|F]=1, (2.3)

where we allow the scaling factor a; of the pricing error to be stochastic with the condition
E[x?|F] = 1 being a normalization. Note that (2.3) can be written in the form of (2.1) with
By = (0] + 65Vi,ar), where & (-) takes a location-scale form. The pricing error a;a, x; is intro-
duced to capture price components that standard risk-neutral pricing models do not intend to
capture. The pricing errors can be serially dependent as we allow the process a; and the se-
quence (x;)i>0 both to be serially dependent in a nonparametric manner; allowing for general
statistical structure on the pricing errors is important, as emphasized by Bates (2000). By setting
U (Y, Vi 0) =Y, — 61 — 05V}, we verify (2.2).

EXAMPLE 2 (NONLINEAR REGRESSION MODEL): Let X; be the price process of an underlying
asset and Y; be the price vector of g; options written on it. We set Z; = (¢, Xy, 7, d;) where 7 is
the short interest rate and d; is the dividend yield. If, under the risk-neutral measure, the process
(Z;, V;) is Markovian,® then the theoretical prices of the collection of ¢; options can be written as
a R%-valued function f (Z;, V;;60%), where 6* arises from the risk-neutral model for the dynamics
of the state variables. Empirically, it is common to model the observed option price vector Y; as

the theoretical price plus a pricing error, that is,
}/;An = f (ZiAn7 ‘/iAn; 9*> + AN, Xis E[Xz‘f] = 07 E[XZXILF] = Iqlv (24)

where a; is a ¢; X g1 matrix-valued process that denotes the stochastic covolatility of the pricing
errors with the condition E[x;x]|F] = I,, being a normalization. Note that (2.4) can be written in
the form of (2.1) with 8, = (8], B3 )7, b1t = f(Z, Vi;0%) and B = vec(ar), where vec(-) denotes
the vectorization operator. Setting ¢ (Yi, Zt, Vi;0) =Y, — f (Z4, Vi3 0), we verify (2.2).

3 Assuming that V; is the only unobservable Markov state variable excludes derivative pricing models with multiple
volatility factors under the risk-neutral measure, which have been considered by, for example, Christoffersen, Heston,
and Jacobs (2009), Bates (2012) and Andersen, Fusari, and Todorov (2013). Note that this assumption does not
imply (Z:, V%) is Markov under the physical measure (i.e. P), as the equivalence between measures imposes little
restriction on drift and jump components of (Z:, V;). Hence, it is useful to consider the general It6 semimartingale
setting (Assumption H) under the physical measure even if one imposes additional restrictions under the risk-neutral
measure.



EXAMPLE 3 (PARAMETRIZED CONDITIONAL HETEROSKEDASTICITY): Consider the same set-
ting as Example 2. The process A; = vec(aia]) is an economically relevant quantity as it can
be interpreted as a summary measure of market quality (Hasbrouck (1993), Ait-Sahalia and Yu
(2009)). To investigate whether A; depends on other state variables, one may further model A; as

Ay = h(Zy, Vy; 0%) for some deterministic function A (-).* Then we can verify (2.2) by setting

wm,zt,vz;e):( Yo~ f (2, Visf) )

vee((Ye — f (21, Vis 0)) (Ye = [ (Ze, Vi 0))7) — h (2, Vi3 0)

EXAMPLE 4 (SCALED POISSON REGRESSION MODEL): Andersen (1996) proposes a Poisson
model for the volatility—volume relationship for daily data, in which the conditional distribution
of daily volume given the return variance is a scaled Poisson distribution. Here, we consider a
version of his model for intraday data. Let Y;a, denote the trading volume of an asset within
the interval [iA,, (i + 1)A,). Suppose that Yia,|Via, ~ 07+ Poisson(65 + 65Via,). To cast this
model in the form (2.1), we represent the Poisson distribution with time-varying mean in terms
of a time-changed Poisson process: let x; = (x:(/))s>0 be a standard Poisson process indexed by
B and then set 8; = 05 + 05V; and Y;a,, = 07 xi(Bia,). In Section 5.2, we estimate this model by

using the first two conditional moments of Y;. This amounts to setting

(2.5)

wm,vt;e):( Y= 01 (62 +65V2) )

Y2 — 02 (03 + 03V;)? — 02 (0 + 03V})
which readily verifies (2.2).

As shown in the above examples, the conditional moment equality model (2.2) arises in a
variety of empirical settings. These settings naturally involve the spot variance process V4, but are
agnostic regarding the precise form of its dynamics (under the physical measure). This reaffirms
the relevance of including V; in (2.2) and treating it nonparametrically in our econometric theory.
We also note that it is desirable to allow the studied processes to be nonstationary in these
empirical settings. For example, option pricing usually includes time and the underlying asset
price as observed state variables, both of which render the process Z; nonstationary. Moreover,
while it may be reasonable to assume that the stochastic volatility process is stationary in the
classical large-T setting for daily or weakly data, the stationarity assumption is more restrictive
for high-frequency data due to intradaily seasonalities.

Finally, we note that while X;A  is assumed to be observed without microstructure noise, we
do allow Y;a, to be noisy in a quite general fashion. In particular, in option pricing settings such

as Examples 1-3, Y;a, has the form of a semimartingale plus a noise (i.e., pricing error) term,

“Upon a reparametrization, we can assume that f(-) and h(-) share the same parameter without loss of generality.



which is commonly used in the study of noise-robust estimations of integrated volatility.® Our
“asymmetric” treatment for microstructure noise in X;a, and Y;a, is reasonably realistic as the
option market is less liquid than the stock market, so microstructure effects play a less important

role for the latter than the former.%

2.3 Integrated moment equalities and the GMIM estimator

Our inference is based on matching a set of integrated moment equalities that are implied by
(2.2). To construct these integrated moment conditions, we consider a measurable function ¢ :
Z xV x0O — R2 for some ga > 1. Below, we refer to ¢ (-) as the instrument. We set ¢ = ¢1¢2 and

consider a R?-valued function

9y, z,v;0) =Y (y, 2,v;0) @ ¢ (2,v;0), (2.6)

with which we associate
9(3.210) = [ 9(@(5.00.50:0) P, (dx). (2.7)

Since Z;a, and Vja, are F-measurable, (2.2) implies that E [¢(Yia,, Zia,,, Via,; 0%)|F] = 0 or,
equivalently,
9 (Bin, s Zin,,Vin,;0°) =0, i=0,...,[T/A,]. (2.8)
If g (B, z,v;6) is continuous in (5, z,v), then the process (g (B, Zt, Vi; 0))i>0 is cadlag, so we can
define -
Go)= [ gz, Vi0)ds, 0€0. (2.9)
0
By (2.8) and a Riemann approximation, we obtain a vector of integrated moment equalities given

by
G (6*) = 0. (2.10)

In Section 3.2, we construct an estimator G, (-) for the random function G (-) and show that

G, (+) converges in probability toward G (-) uniformly. Following Sargan (1958) and Hansen (1982),

®See, for example, Zhang, Mykland, and Ait-Sahalia (2005), Hansen and Lunde (2006), Bandi and Russell (2008),
Barndorf-Nielsen, Hansen, Lunde, and Shephard (2008), Jacod, Li, Mykland, Podolskij, and Vetter (2009) and Xiu
(2010).

SWe note that our analysis is based on general integrated volatility functionals, for which little is known in
noisy settings in the current literature. To the best of our knowledge, the most general class of estimators is the
pre-averaging method of Jacod, Podolskij, and Vetter (2010), which can be used to estimate integrated volatility
functionals of the form fOT Vdds for positive integer j. This class of integrated volatility polynomials, however, is
quite restrictive for our purpose of estimating general nonlinear models. Since estimating general integrated volatility
functionals in the noisy setting is a very challenging task by itself, we leave the extension with noisy X to future
research, so as to focus on the main idea of the current paper.



we estimate 6* by making G,,(6) as close to zero as possible according to some metric. More

precisely, we consider a sequence =, of weighting matrices and define the GMIM estimator 6, as

0, = aregrgin Qn(0), where Q,(0)=G,(0)"=,G,(0). (2.11)
€

The GMIM estimator clearly resembles the classical GMM estimator. Moreover, transforming
the conditional moment equality (2.2) into the integrated moment equality (2.10) is analogous to
the common practice of estimating conditional moment equality models by forming unconditional
moment conditions.

That being said, there are fundamental differences between the two settings. The classical
GMM setting requires a large sample with an expanding time span in order to recover the invariant
distribution of the studied processes. In the in-fill setting here, we do not require the existence
of an invariant distribution. In the continuous-time limit, the integrated moment function G (-),
rather than being an unconditional moment, arises naturally as the limiting, or “population,”
version of the sample moment condition. The phenomenon that stochastic limits take the form
of temporally integrated quantities is common in the econometrics for high-frequency data; see
Andersen, Bollerslev, Diebold, and Labys (2003), Barndorff-Nielsen and Shephard (2004a), Jacod
and Protter (2012) and references therein. As is typical in the high-frequency literature, our in-fill
asymptotic results require only mild conditions on the sample-path regularity of the processes
Bi, Zy, X and 'V, (see Assumption H), while allowing for general forms of nonstationarity and
dependence; the current setting is actually non-ergodic, as the integrated moment function G (-)

is itself a random function.

3 Asymptotic theory

In Section 3.1, we discuss regularity conditions. In Sections 3.2 and 3.3, we present the key
theoretical results of the current paper, that is, the asymptotic properties of the bias-corrected
sample moment function (Section 3.2) and consistent estimators of its asymptotic covariance matrix
(Section 3.3). Asymptotic results for the GMIM estimator then follow straightforwardly and are

presented in Section 3.4.

3.1 Assumptions

In this subsection, we collect and discuss some regularity conditions that are used repeatedly in
the sequel. This subsection is technical in nature and may be skipped by readers interested in our

main results during their first reading.
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AssuMPTION MIX: The sequence (x;)icz is stationary and a-mixing with mixing coefficient
amix(+) of size —k/ (k — 2) for some k > 2.7

Assumption MIX imposes a mixing condition on the sequence (x;);ez so that, conditional on
F, the sequence (Y;a,, )i>o is also a-mixing with mixing coefficients bounded by amix(-). Note that
Assumption MIX only concerns (x;)icz. We do not need processes defined on (), F, P(9)) to be
mixing. Our use of a-mixing coeflicients is only for concreteness; other types of mixing concepts
can also be used. The degree of dependence is controlled by the constant k. A larger value of k
makes Assumption MIX weaker, but demands stronger dominance conditions as shown below (see
Assumption D).

We need some notation for introducing additional assumptions. Let ||-|| denote the Euclidean
norm. For j >0, p>1,0€0, 8,6 €B, 2,2 € Zand v,v' €V, we set

Gip (.7 0:60) = (/u X505 O)P P(dx>)l/p,
pp (B, 2,0), (8,2, v) (3.1)

= ([ 15 .00, 200:07) - @(ﬁ’,x),zﬁv%@*)Hf’Px(dx))l/p,

provided that the jth partial derivative 8Zg exists. The functions g;,(-) compute the L,-norms
of g(# (-,xi),,-)) and its partial derivatives. The function p,(-,-) computes the L,-distance
between g (% (8, xi) , 2z, v;0%) and g (% (B, x;), 2, v; 0*) under the probability measure P(1). This
semimetric is useful for considering the smoothness of the F-conditional moments (such as the
covariance and autocovariance) of the sequence (g (% (8, xi), 2, v;60%))i>0 as functions of (3, z, v).

It is also convenient to introduce a few classes of functions. Let A be the collection of all
measurable functions that are defined on B x Z x V and take values in some finite-dimensional

real space. For p > 0, we set

Plp) = f € A: for each bounded set L C B x Z, there exists a constant K > 0,
Pr= such that ||f (8, z,v)|| < K(1+oP) for all (8,2) € K and v eV

and C (p) = {f € P(p) : f is continuous}. We denote by C*3 the subclass of functions in A that
are twice continuously differentiable in (3, z) € B x Z and three times continuously differentiable
in v € V. We then set, for p > 3,

02,3( )= f € C?3 : for each bounded set K C B x Z, there exists a constant K > 0, such
| that |8 f (8,2,0) || < K(1+vP9) for all (8,2) e K,veVandj=0,1,2,3 |

"The mixing coefficients are of size —a, a > 0, if they decay at polynomial rate a+¢ for some & > 0. See Definition
3.45 in White (2001).

11



The constant K in the definitions of P(p) and C%3(p) is uniform with respect to § and z, but
this requirement is not strong, because we only need the uniformity to hold over a bounded set
K and we allow K to depend on K.® The key restriction on P(p), C (p) and C*3 (p) is that their
member functions, as well as the derivatives of these functions with respect to v for the third,
have at most polynomial growth in v. In our analysis, the argument v often takes value at some
estimate of the spot variance, and the polynomial growth condition is used for controlling the effect
of approximation error between the spot variance and its estimate.

Our main regularity conditions on g () are given by Assumptions S, D and LIP below.

AssuMPTION S: (i) The function g (y, z,v;6) is continuously differentiable in § and twice
continuously differentiable in wv; (ii) for some p > 3 and each 6§ € O, we have g(-;0) €
C%3(p), Opg(;0) € C(p) and 090%g(;0) € C(p—2); (iii) for each § € © and (B,z,v) €
Bx ZxV, we have %g(ﬁ,z,v;e) = f@ﬁg(@(ﬁ,x),z,v;@)ﬂ”x(dx) and 8965@(@2,1};9) =
J 90039(# (B.x), 2, v;0)Py (dx) for j = 0,1,2.

Assumption S mainly concerns smoothness. Assumption S(i) specifies the basic smoothness
requirement on the function ¢ (-). Assumption S(ii) imposes additional smoothness conditions on
g(+;0). We consider g () directly because, as an integrated version of g(-) (recall (2.7)), it is often
smooth even if the latter is not. Assumption S(iii) is a mild condition that allows us to change
the order between differentiation and integration. We do not elaborate primitive conditions for it,
because they are well known.

In Assumption D below, the function dgg; 1.(-,0) is defined by (3.1) with g(-) replaced by dgg(-).

AssumpTION D: For some £ > 2, p > 3 and « € (0,1], we have (i) gox(-;0) €
P (0/2)V (20/K)), Togos(+0) € P(p) and Go (36), Togny (+6) € P(p—2) for cach 6 ¢ ©;
(ii) for any bounded set K C B x Z, there exists a finite constant K > 0 such that, py (2, 2") <
K1+ P4 /P27 |17 — &% for all 2,7 € K x V with || — #|| < 1, where = (3, 2,v) and
2= (p,70).

Assumption D is of the dominance type. Assumption D(i) restricts the kth F-conditional
absolute moments to have at most polynomial growth in the spot variance and is mainly needed
for using mixing inequalities. Assumption D(ii) is a local dominance condition for the semimetric
pk (+,+). This condition is weaker when the Holder exponent & is closer to zero. The multiplicative
factor K (1 + |v|P/2=1 + |/|P/>71) is uniform in (B,z, 8, 2') on bounded sets and has at most

polynomial growth in the arguments that correspond to the spot variance.

DEFINITION 1 (CLAss LIP): Let j, p be integers such that 0 < j < p. A function (y, z,v,0) —
g(y,z,v;0)on Y x Z x Vx0O is said to be in the class LIP(p, j) if, for each 0 < i < j, there exists a

80ur theory does not need the processes f; and Z; to be bounded. However, by a localization argument, we can
assume these processes to be bounded without loss of generality when deriving limit theorems.
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function B; (y, z,v) such that [|0!g (y, z,v;0) =l g (y, z,v;0') || < B; (y,2,v) || — H’H forall 0,6 € ©
and (y, z,v) € Y x Z x V, and the function (3, z,v) — B;(3, z,v) \/fB ,2,0)%Py (dx)
belongs to P(p — 7).

AssumpTIiON LIP: (i) g () € LIP(p,2); (ii) dgg (-) € LIP(p, 2).

Assumption LIP imposes a type of Lipschitz condition for g (-;6) and its partial derivatives.
This condition is used for establishing uniform (w.r.t. €) convergence in probability of various
sample moment functions. It is also used to show that the effect of replacing the true parameter

value with its estimate is asymptotically negligible in the HAC estimation.

For concreteness, we illustrate how to verify the above regularity conditions in the setting of
Example 4, which is the main focal point of our numerical work in Sections 4 and 5. Focusing on
this example is instructive because it illustrates the key technical argument which is common to

many applications.

ExaMPLE 4—CONTINUED: To simplify the discussion, we take the constant k in Assumptions
MIX and D as an integer. We use K to denote a positive constant which may vary from line to line.
We consider an instrument of the form ¢(v) = v* for some integer ¢+ > 0, while noting that setting
©(+) to be scalar-valued is without loss of generality for the purpose of verifying Assumptions S,
D and LIP. It is easy to see

9(.v:0) = y =01 (6o +6s0) o
o y? — 03 (02 + 03v)% — 03 (02 + O3v) ’
18 — 01 (02 + O3v)
012(B + B2) — 02 (02 + O3v)* — 03 (62 + O3v)

.

g(B,v;0) =

Assumption S is verified for any p > max{3,: + 2} by direct inspection. By properties of the
Poisson distribution, E[|Y;|*|F] < K (|8¢|+|8:|*). It is then easy to see that g;x(-;0) € P(t+2—7)
for j € {0,1,2}, so Assumption D(i) is verified for p > max{2,k/2}(c + 2). In addition, for
B and ' in a bounded set with |3 — /| < 1, we have E|x;(8) — x:(8)|** < K|B — 8'|. By
the Cauchy-Schwarz inequality, E|x;(8)% — xi(8)?|* < K|B — 8/|'/2. 1t is then easy to see that
pr ((B,0), (B,0) < K1+ o™ + [o/|"T)(18 = B'|/?* + |v — v/|). Hence, Assumption D(ii) is
verified for x = 1/2k and p > 2(. + 2). Turning to Assumption LIP, we note that ||#)g(y, v;6) —
g (y,v:0) || < K(1+0v279)[|§ — || for 6,6’ in the compact set ©. Assumption LIP(i) is verified
for p > ¢+ 2. Assumption LIP(ii) can be verified similarly. To sum up, for any k& > 2, Assumptions
S, D and LIP are verified for p > max{2,k/2}(v +2) and x = 1/2k.
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3.2 The bias-corrected sample moment function and its asymptotic properties

In this subsection, we construct a sample moment function G, (-) for estimating the integrated
moment function G () in (2.9). We then present the asymptotic properties of G, (-).

We first nonparametrically recover the spot variance V;a, by using a spot truncated realized
variation estimator. To this end, we consider a sequence k,, of integers with k,, — oo and k, A, — 0,
which plays the role of the local window for spot variance estimation. The spot variance estimate

is given as follows: for each i = 0,...,[T/A,] — kn,

k

~ 1 - 2 _

V;An = A E (A?‘F]X) 1{’A?+jX|§dAﬁ}’ where A?_HX = X(i-i-j)An _X(i+j—1)A,L>
nsan j=1

and & > 0, w € (0,1/2) are constants that specify the truncation threshold. This estimator is a
localized version of the estimator proposed by Mancini (2001), where the truncation is needed so
that the spot variance estimate YZ-An is robust to jumps in X.? Below, we denote N,, = [T/A,] —ky,.

We start with a (seemingly) natural sample-analogue estimator for G(6), which is given by

Nn
Gn(0) =0, g (YEAn,ZiAn,‘A/iAn;@) , 0€6.
i=0

Theorem 1 shows that G, (-) is a consistent estimator for G(-) under the uniform metric.

Theorem 1. Suppose (i) Assumptions H and MIX hold for some r € (0,1) and k > 2; (ii) for
some p > 0 and each 6 € ©, g(;6) € C(p) and gox(;0) € P(p); (i) if p > 1, we further assume
that w > (p—1)/(2p—1); (iv) g(-) € LIP(p,0); (v) kn — 00 and knAn — 0. Then Gn(-) — G (-)

uniformly on compact sets.

We also need a central limit theorem for the sample moment function (evaluated at 6*), which
is useful for conducting asymptotic inference. It turns out that the “raw” sample analogue én(ﬁ)
does not admit a central limit theorem due to a high-order bias; see Corollary 1 below for a formal
statement. Nevertheless, Theorem 1 is useful for establishing the consistency of various estimators,
such as that of the asymptotic variance.

We hence consider a bias-corrected sample moment function given by

~

N,
~ 1 ~ . n ~
Gul0) = Gu(0) = —Bu(0), where By(0) = A,y 0% (Yia, Zin,: Vini0) VA, (32)
" i=0

This sample moment function is used for defining the GMIM estimator in (2.11). As shown in

9The estimation of spot variance can be dated at least back to Foster and Nelson (1996) and Comte and Renault
(1998), in a setting without jumps. Also see Reno (2008), Kristensen (2010), and references therein.
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Theorem 2 below, A, Y 2Gn(9*) enjoys a central limit theorem with a mixed Gaussian asymptotic
distribution.

To describe the asymptotic covariance matrix, we need more notation. For each [ > 0, we
denote the joint distribution of (x;, xi—1) by Py, and set, for (3,2,v) € Bx Z x V,

" (Bazvv) = /g(@(ﬁaX)v’%v;g*)g(@(ﬁaxl)azvU;Q*)TPX,Z(dX7dX/)' (33)

We then set

(ﬁ,Z v)—70 ﬁvz v +Z " 572 v +’Yl(/852 U) )
= (3.4)

T
= [ 5.2 ds
0

Here, (5, z,v) is the F-conditional autocovariance of the sequence g (% (5, xi) , z,v; 0) at lag [,

and ¥ (83, z,v) is the corresponding “long-run” covariance matrix.'’ Finally, we set
- T
S=2 [ 0,98, 2. Vis0")0,9(5e, 20, Vis 0TV, (3.5)
0

The (F-conditional) asymptotic covariance matrix of A, Y 2Gn(e"‘) is given by

Xy

43, (3.6)

where T' arises from the serially dependent random disturbances (x;)i>0 and S arises from the
first-step sampling error in ‘//\;An'

We are now ready to state the asymptotic properties of G, (). We then characterize the afore-
mentioned high-order bias of the raw estimator Gy, (0*) as a direct corollary (Corollary 1). In the
sequel, we use L% to denote F-stable convergence in law'! and, for a generic F-measurable posi-
tive semidefinite matrix %, we use MAN(0, ) to denote the centered mixed Gaussian distribution

with F-conditional covariance matrix Y. We shall assume the following for the local window k.

AssuMPTION LW:  k2A, — 0 and k2 A, — oc.

The process ¥ (B¢, Z¢, Vi) may be more properly referred to as the local long-run covariance matriz, as it is
evaluated locally at time t. It arises from a large number of adjacent observations that are serially dependent
(through x;), but all these observations are sampled from an asymptotically shrinking time window. In other words,
7 (Bt, Zt, V2) is long-run in tick time, but local in calendar time. The series in (3.4) is absolutely convergent. Indeed,
under Assumption MIX, by the mixing inequality, ||[70(3, z, v)|| + Y12, [|7:(8, 2,v)|| < Kgo,k(B, z,v;6%)*. Therefore,
7 (B, z,v) is finite whenever go,x(8, z,v; 0*) is finite, for which Assumption D suffices.

Gtable convergence in law is slightly stronger than the usual notion of weak convergence. It requires that
the convergence holds jointly with any bounded F-measurable random variable defined on the original probability
space. Its importance for our problem stems from the fact that the limiting variable of our estimator is an JF-
conditionally Gaussian variable and stable convergence allows for feasible inference using a consistent estimator for
its F-conditional variance. See Jacod and Shiryaev (2003) for further details on stable convergence.
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Theorem 2. Suppose (i) Assumptions H, MIX, S, D and LW hold for some r € (0,1), k > 2 and
p>3; (i) w>2p—1)/2(2p — ). Then

(a) under Assumption LIP(i), By(6) LN fOT 025(Bs, Zs, Vs; 0)V2ds and G, () N G(9), uni-
formly in 6 on compact sets;

(b) A72GL(07) £5 MN(0,5,).
Corollary 1. Under the conditions in Theorem 2, kn@n(ﬁ*) N fOT 02G(Bs, Zs, Vs; 0% )V2ds.

COMMENTS. (i) Theorem 2(a) shows the uniform consistency of Gy, (+). This result is a simple
consequence of Theorem 1 and is used for establishing the consistency of the GMIM estimator.

(ii) Theorem 2(b) characterizes the stable convergence of A, 2q, (0*). The rate of convergence
is parametric, as is typical in semiparametric problems. Note that G, (6*) is centered at zero
because of (2.10). We only consider Gy (-) evaluated at the true value #* because this is enough
for conducting asymptotic inference on the basis of (2.10).

(iii) In the special case where g (y, 2z, v; 6*) does not depend on y and z, Theorem 2(b) coincides
with Theorem 3.2 of Jacod and Rosenbaum (2013), which concerns the estimation of integrated
volatility functionals of the form fOT g(Vs)ds. For the same technical reasons as here, Jacod and
Rosenbaum (2013) (see (3.6) there) also adopt Assumption LW to restrict the range of rates at
which k, grows to infinity. Jacod and Rosenbaum (2013) show!'? that A, 1 26’”(9*) contains sev-
eral bias terms of order Op(k,v/A,) which arise from border effects, diffusive movement of the
spot variance process, and volatility jumps, with the latter two being very difficult (if possible) to
correct. As a consequence, the condition k2A,, — 0 is needed to make these bias terms asymptoti-
cally negligible. However, an additional bias term (which is characterized by Corollary 1) remains
in A;lﬂan(ﬁ*), which is of the order Op(1/k,\/Ay) and is explosive when k2A,, — 0. This bias
term has to be explicitly corrected for the purpose of deriving a well-behaved limit theorem; the
correction term k!B, (-) in (3.2) exactly fulfills this task.

3.3 Estimation of asymptotic covariance matrices

In this subsection, we describe estimators for the asymptotic covariance matrix ¥,. These estima-
tors are essential for conducting feasible inference. We start with the estimation of T' (recall (3.4)).
Let 6, be a preliminary estimator of 8*. We consider the sample analogue of fOT Y (Bs, Zs, Vs; 0%) ds,
I >0, given by

N
Tin(0n) = Ay Zg (Ymn, Zinn: Viay; 9n> g <Y(i—l)Ana Zi- ) ‘7(i_l)An; én)T : (3.7)

1=l

128ee Theorem 3.1 in Jacod and Rosenbaum (2013).
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Following Newey and West (1987), we consider a kernel function w (j, m,) and a bandwidth se-

quence my, of integers. The estimator for I is then given by
o~ ~ mn ~ o~
P(B) = Tonl0n) + 3w (oma) (Tin(Ba) + Tin(8)7) - (3.8)
j=1

We need the following condition for studying the asymptotics of fn(én)

AssuMPTION HAC: (i) The kernel function w (-,-) is uniformly bound and for each j > 1,
lim, 00 w (7, m) = 1; (ii) m, — oo and mnkn ™% — 0, where x € (0, 1] is the constant given in

Assumption D; (iii) the function g ox(+; 6*) is bounded on bounded sets.

As in Newey and West (1987), when the kernel function w (-,-) is chosen properly, L'y (6,,) is
positive semidefinite in finite samples; one example is to take w (j,m) =1 — j/(m + 1), that is,
the Bartlett kernel. In this paper, we restrict attention to kernels with bounded support. It is
possible to consider estimators with more general forms as considered by Andrews (1991). Since
the efficient estimation of the asymptotic covariance matrix is not the primary focus of the current
paper, we leave this complication to a future study.

We consider two estimators for S. The first estimator is applicable in a general setting. We

choose a sequence of integers k!, and set

kI —1
AN A ]- < ~ ~ .
i (On) = W Z dug (Y(i+j)An7 Z(i+j)An7 %An;9n> , 120.

The variable 7}’ (én) serves as an approximation of 9,g(5ia,,, Zia,, Vi, ;0%). We then set

NaA([T/An] =k +1)
S1n(0n) = 22, > A (0n)A7 (02)TVAA,,-
=0

We need Assumption AVARI below for the consistency of §1n(én) toward S.

AssumMPTION AVARI1: (i) g1x(-;0%), 080,g(-;0%) and 0,0,9(-;0*) belong to P (p/2 — 1); (ii)
kI, — oo and kI, A, — 0.

Assumption AVAR1(i) imposes dominance conditions for the moments, as well as their deriva-
tives with respect to 8 and z, of 0,9(# (-, x),,;60*). Assumption AVARI(ii) imposes mild con-
ditions on the sequence k;,. While &/, is allowed to be different from k,, setting kI, = k, is a
convenient choice.

The second estimator for S is designed to exploit a special structure of regression models, which

is formalized by the following assumption.
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AssumpPTION AVAR2: There exists a function (z,v;60) — ¢ (z,v;0) with a known functional
form such that for some p > 1, (i) 0,9 (B, Zt, Vi;0%) = ¢ (Z, Vi; 0) for all t € [0,T]; (i) (-5 0%) €
C(p—1); (iii) ¢(-) € LIP(p — 1,0).

Assumption AVAR2(i) posits that the value of 0,g (B, Zt, Vi; 6*) can be computed from the
realizations of Z; and V;, provided that 6* is known. Assumption AVAR2(ii) imposes some mild
smoothness requirements on @(-;60*). Assumption AVAR2(iii) says that ¢(-) is smooth in 6, so
that replacing 0* with its preliminary estimator results in an asymptotically negligible effect. The
example below shows that, in a nonlinear regression setting such as Example 2, Assumption AVAR2

imposes essentially no additional restrictions beyond Assumptions S(ii) and LIP(i).

EXAMPLE 2—CONTINUED: Under the setting of Example 2, it is easy to see that
0ug (B, Zt, Vi 0) = (Brt — f(Ze, Vi 0)) @ Ouip (21, Vi; 0) — Ouf(Ze, Vi 0) @ ¢ (Zt, Vi;0). We set
P(z,v;0) = =0, f(z,v;0) @ p (2,v;0) and note that Assumption AVAR2(i) readily follows because
B = f(Z;,Vi;6%). Assumptions AVAR2(ii) and AVAR2(iii) are related to and are somewhat

weaker than Assumptions S(ii) and LIP(i), respectively. To see the connection, we note that

0vg (B, z,0:0%) = (B1— f(2,1;0)) ® O (2,v:0%) + P(2,v;0%),
0ug (y,2,v;0) = (y— f(2,0;0)) @y (2,v;0) + H(z,v;0).

While Assumptions S(ii) and LIP(i) imply that 0,g(-;6*) € C(p — 1) and 0,9 (-) € LIP(p — 1,0),
Assumptions AVAR2(ii) and AVAR2(iii) only require the second component in each of the two

displayed decompositions above to satisfy the same regularity condition.

The second estimator for S is given by

A~

Np,
Son(0n) = 280> " 3(Zin,, Vin,: 0n)B(Zin,: Vin,: 02)TViA,,-
1=0

Theorem 3. Suppose (i) the conditions in Theorem 2 (ii) A;l/Q(én —0*) = Op(1). Then
(a) under Assumption HAC, T'\,(6,,) 5T
(b) under Assumption AVARI, §17n(én) N S;
(¢) under Assumption AVAR2, §2n(én) 58S
Consequently, under Assumptions HAC and AVARI1 (resp. AVAR2), ig,n(én)
§1,n(én) (resp. ig’n(én) =Tn(6,) + §2n(én)) is a consistent estimator of ¥.

Il
=)

n(0n) +

COMMENTS. (i) The preliminary estimator 6, is assumed to be A, 1/2_consistent. The GMIM
estimator satisfies this condition; see Proposition 1 below.

(ii) The HAC estimator fn(én) is valid under the assumption that (x;)i>o is weakly dependent.
If it is known a priori that (y;)i>0 forms an independent sequence, then T' = fOT Yo (Bs, Zs, Vs) ds,
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which can be consistently estimated by f()n(én) Indeed, an intermediate step of the proof of
Theorem 3(a) is to show that fln(én) N fOT i (Bs, Zs, Vs) ds for each | > 0.

As a direct consequence of Theorems 2 and 3, we can construct Anderson—Rubin—type confi-
dence sets for 0* by inverting tests. To this end, we consider a function L(-,-) : R? x R7*? — R and
a test statistic of the form L, (0) = L(A;l/an(Q), igyn(ﬁ)), where ig,n(') is given by Theorem 3.
We let a € (0, 1) denote the significance level.

Corollary 2. Suppose (i) the conditions in Theorem 3 hold; (ii) the function (u, A) — L(u, A) is
continuous at (u, A) for all w € R? and for almost every A under the distribution of ¥4. Then

(a) L, (6%) £ L(&,%y), where the variable £ is defined on an extension of the space (2, F&G,P)
and, conditional on F, is centered Gaussian with covariance matrix 3.

(b) Let U be a generic q-dimensional standard normal variable that is indepedent of F ® G.
If, in addition, the F-conditional distribution of L(§,%,) is continuous and strictly increasing
at its 1 — « quantile cvi_q, then the 1 — a quantile of the F ® G-conditional distribution of
L(ig,n(e*)l/QU, ig,n(e*)), denoted by cvp1-o(0%), converges in probability to cvi—_,. Consequently,
P(L,(0) < copi1-a(0¥)) > 1—a.

Corollary 2(a) establishes the asymptotic distribution of the test statistic L,(6*). Corol-
lary 2(b) further shows that cvy, 1, forms an asymptotically valid sequence of critical values,
as it consistently estimates the 1 — o F-conditional quantile of the limit variable L (§,%,). We
can then construct a sequence of confidence sets CS,, = {§ € © : L,(0) < cv,1-4(6)}. Since
P (Lp(0*) < cvp1-a(0*)) = 1 — a, we have P(60* € CS,,) = 1 — a. That is, CS,, forms a sequence
of confidence sets for §* with asymptotic level 1 — a.

The confidence set CS,, is similar to that proposed by Stock and Wright (2000) when the test
statistic takes a quadratic form (i.e. L (u, A) = uTA~'u). In this case, the distribution of the limit
variable L(§, ¥ ) is chi-square with degree of freedom ¢ and, hence, the critical value can be chosen
as a constant. Since CS,, is of the Anderson—Rubin type, it is asymptotically valid even if §* is
only “weakly identified,” with the lack of identification considered as an extreme form of weak
identification. The test statistic may also take other forms, such as the maximum of t-statistics
(i.e., L(u, A) = maxi<j<q \uj\/Ajl-]/-Q), as considered by Andrews and Soares (2010). In general, the
critical value cvy 1—(0) depends on  and does not have a closed-form expression, but it can be

easily computed by simulation.

3.4 Asymptotic properties of the GMIM estimator

We now describe the asymptotic behavior of the GMIM estimator 6, defined by (2.11). With

the limit theorems for sample moment functions (Theorems 1 and 2) in hand, we can derive
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the asymptotics of 0, by using standard techniques from the classical GMM literature (see, e.g.,
Hansen (1982), Newey and McFadden (1994) and Hall (2005)). Below, we collect a standard set

of assumptions, with some slight modifications made so as to accommodate the current setting.

ASSUMPTION GMIM: (i) © is compact; (ii) 6* is in the interior of ©; (iii) =, — =, where =
is an F-measurable (random) matrix that is positive semidefinite a.s.; (iv) EG(0) = 0 a.s. only if
0 =0% (v) for H= fOT 097 (Bs, Zs, Vs; 0%) ds, the random matrix HTZH is nonsingular a.s.

Assumption GMIM(i) imposes compactness on the parameter space. This condition is used to
establish the consistency of the GMIM estimator. Assumption GMIM(ii) allows us to derive a linear
representation for the GMIM estimator through a Taylor expansion for the first-order condition
of the minimization problem (2.11). Assumption GMIM(iii) specifies the limiting behavior of the
weighting matrix =,. Unlike in the standard GMM setting, the limit Z may be random, which is
important because the limiting optimal weighting matrix is typically random in the current setting.
Assumption GMIM(iv) is an identification condition, which guarantees the uniqueness of 0* as a
minimizer of the population GMIM criterion function Q(0) = G (6)T ZG (#), up to a P-null set.
This condition is a joint restriction on the population moment function G(-) and the weighting
matrix E. In particular, when = has full rank, Assumption GMIM(iv) amounts to saying that 6*
is the unique solution to G(f) = 0. This condition is commonly used to specify identification in
a GMM setting, but it takes a somewhat nonstandard form here because the population moment
function G (-) is itself a random function. It is instructive to further illustrate the nature of this
condition in the simple setting of Example 1: if we set the instrument ¢(v) to be (1,v)T as for

ordinary least squares, then

G(G):( TT fé’jvm)(e;‘el).

Jo Veds [; Vids 05 — 02

We see that 6* is the unique solution to G(0) if and only if TfOT V2ds — (fOT Vids)? # 0. By the
Cauchy—Schwarz inequality, T fOT V2ds — ( fOT Vids)? > 0 and the inequality is strict unless the
process V; is time-invariant over [0,7]. In other words, the identification is achieved as soon as
the process V; is not colinear, in a pathwise sense, with the constant term. Finally, Assumption

GMIM(v) is used to derive an asymptotic linear representation of the GMIM estimator.

The asymptotic behavior of the GMIM estimator 6,, is summarized by Proposition 1 below.

Proposition 1. Suppose (i) Assumptions H, MIX, S, D, LIP, LW and GMIM hold for some
€(0,1), k>2andp>3; (it) w> (2p—1)/2(2p —r). Then
(a) b, > 6~
(b) A6, — 0%) £3 MN(0,%), where ¥ = (HTEH) ' HTES,SH(HTEH) .
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(c) Suppose, in addition, Assumptions HAC and AVARI1 (resp. AVARZ2) and let §n(én) =

Sin(Bn) (resp. San(0n)). Denote H, = 83Gn(0y), Sgn(0n) = Tn(0n) + Sp(0,) and %, =
(HYZ, Hy) "L HIZ,8 g 1 (0n) 20 Hy (HIZ, Hy,)~L. We have 5, —— 3.

COMMENT. Proposition 1(a) shows the consistency of the GMIM estimator 6,. Part (b)
shows the associated stable convergence in law, where the asymptotic distribution is centered
mixed Gaussian with (F-conditional) asymptotic covariance matrix ¥. The asymptotic covariance

matrix can be consistently estimated by in as shown by part (c).

The asymptotic covariance matrix > has a familiar form as in the classical GMM setting
(Hansen (1982)), although ¥ is a random matrix here. Similar to the well-known result in the
GMM literature, the asymptotic covariance matrix ¥ is minimized in the matrix sense when
== Z;l, provided that ¥, is nonsingular a.s. A feasible efficient GMIM estimator can be ob-
tained by first computing a preliminary GMIM estimator, say 6,, with the identity weighting
matrix and then conduct the GMIM estimation with the weighting matrix =, = ig’n(én)*l. Here,
the efficiency is with respect to the choice of weighting matrix while taking the instrument ¢(-) as
given. The choice of optimal instrument and, as a matter of fact, the characterization of the semi-
parametric efficiency bound in the current in-fill setting for nonstationary dependent data remain
open questions. Efficient estimation of integrated volatility functionals of the form f(;[ g9(Vs)ds has
been recently tackled by Clément, Delattre, and Gloter (2013), Jacod and Rosenbaum (2013) and
Renault, Sarisoy, and Werker (2013). Efficiency may also be improved by considering a continuum
of instruments as in Carrasco, Chernov, Florens, and Ghysels (2007). Extending these results to
the analysis of GMIM appears to be very challenging and is left to future research.

Hansen’s (1982) overidentification test can be adapted to the current setting with the familiar

chi-square distribution, as shown by the following proposition.

Proposition 2. Suppose (i) conditions in Proposition 1; (i) ¥4 is non-singular a.s. and = = 29_1.

Then A;lQn(én) ﬁ) Xg—dim(e)'

4 Simulation results

In this section, we examine the asymptotic theory above in a simulation setting that mimics the
setup of our empirical application in Section 5.2. Throughout the simulations, we fix T' = 21 days
and consider two sampling frequencies: A = 1 or 5 minutes. The window size k, in the spot
variance estimation is taken to be 120, 150, and 180 for the 1-minute sample, and 40, 45, and 50
for the 5-minute sample. The perturbation on k,, is reasonably large for checking robustness. We
set k], = k,. For each day, the truncation parameters are taken as w = 0.49 and a = 3V BV
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where BV is the daily bipower variation (Barndorff-Nielsen and Shephard (2004b)). There are
2,000 Monte Carlo trials in total.

We simulate X; and V; according to

{ dX, = (0.05+40.5V;)dt + /VidW; + JxdN; + 0.02\ydt, (1)

Vi = exp(—28+6F,), dF,=—AFdt+ 0.8dW;+ JpdN; — 0.02\dt,

with E[thth] = —0.75dt, Jx ~ N(-0.02,0.05%), Jr ~ N(0.02,0.022), and N; being a Pois-
son process with intensity Ay = 25. Given the path of V;, the sequence (Yja, )i>o is simulated
independently with the marginal conditional distribution ¢-Poisson(mg + m1Vja, ), where ¢ = 10,
cmgy = 20, and cm1 = 80 are calibrated to data used in Section 5.2. The parameter of interest is
0* = (¢, cmg, cmq); this reparametrization is also used in the empirical study in Section 5.2 as in
Andersen (1996).

We conduct this estimation using the first two conditional moments of Y; as described by
(2.5) in Example 4. We set the instrument as ¢(V;) = (1,V;)T, which results in four integrated
moment conditions, leaving one degree of freedom for overidentification. Our goal in this exercise
is to examine the finite-sample properties of the GMIM estimator, as well as the rejection rates of
the overidentification test. The estimator for the asymptotic covariance matrix X, is taken to be
fo,n(én) + §17n(én); see comment (ii) of Theorem 3. For comparison, we also report results for the
uncorrected procedure, which is implemented according to the classical GMM theory but with the
spot variance estimate XA/mn treated as if it were the true spot variance V;a,,. Note that, for the
uncorrected procedure, the asymptotic covariance matrix >, only contains the component T.

Figure 1 presents finite-sample distributions of the efficient GMIM estimator and the “efficient”
uncorrected estimator. We see that the uncorrected estimators exhibit evident biases, while the
GMIM estimators are properly centered at the true values. This finding is further confirmed by
Table 1, from which we see that, in all Monte Carlo scenarios, the bias of the GMIM estimator is
much smaller than that of the uncorrected estimator and fairly close to zero. Moreover, we find
that the bias-correction also reduces the root mean squared error (RMSE) of the estimates in most
cases.

Figure 2 compares finite-sample distributions of the standardized GMIM and the standardized
uncorrected estimators with the asymptotic A/ (0, 1) distribution; the standardization is feasible
(i.e., estimators of asymptotic variances are used). As predicted by the asymptotic theory, the
distribution of the standardized GMIM estimator is well approximated by the asymptotic N(0, 1)
distribution for both 1-minute and 5-minute sampling, although some distortion can be seen for
the latter. On the contrary, the distribution of the standardized uncorrected estimator differs
substantially from N(0,1).
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Figure 1: Histograms of Non-standardized Estimators
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Note: This figure compares the finite-sample distributions of the “efficient” uncorrected estimators (solid)
and the efficient GMIM estimators (shaded area). The dashed lines highlight the true parameter values.
The sampling interval is A = 1 (left) and 5 minutes (right). We set T' = 21 days and k,, =150 and 45 for
1-minute and 5-minute sampling, respectively. There are 2,000 Monte Carlo trials.

Finally, Table 2 reports the finite-sample rejection rates of overidentification tests using the
GMIM procedure, along with results from the uncorrected procedure as a comparison. We find that
tests based on the uncorrected procedure almost always falsely reject the null hypothesis, which is
not surprising in view of the findings above. The rejection rates of the GMIM overidentification
test are fairly close to, although slightly lower than, the nominal level for 1-minute sampling. For
5-minute sampling, the GMIM overidentification tests become more undersized. This evidence
suggests that in small samples, the GMIM overidentification test tends to be conservative, at least

for the Monte Carlo setting considered here.

23



Table 1: Summary of Monte Carlo Estimation Results

Panel A. A = 1 minute

Uncorrected GMIM
k, = 120 k., = 150 k, = 180 k, = 120 k, = 150 k, = 180
c Bias 0.077 0.079 0.072 0.020 0.032 0.033
RMSE 0.280 0.286 0.283 0.186 0.204 0.213
c-mg Bias 0.706 0.611 0.560 0.029 0.049 0.083
RMSE 1.035 0.977 0.905 0.660 0.684 0.661
c-mq Bias -7.864 -6.598 -6.398 0.744 0.566 -0.286
RMSE 12.969 12.564 12.217 10.749 11.236 10.853

Panel B. A = 5 minutes
k, = 40 k, = 45 k, = 50 k, = 40 k, = 45 k, = 50

c Bias 0.143 0.140 0.123 0.015 0.029 0.018
RMSE 0.569 0.555 0.544 0.518 0.498 0.502
c-mo Bias 1.712 1.656 1.510 0.034 0.145 0.100
RMSE 2.348 2.283 2.165 1.845 1.824 1.740
c-mp DBias -19.717 -19.484 -17.768 1.808 0.011 0.355
RMSE 28.202 28.282 27.218 30.774 30.078 28.878

Note: We report the bias and the root mean squared error (RMSE) of the “efficient” uncorrected and the
efficient GMIM estimators in the simulation for various k, values. We set T = 21 days. The sampling
interval is A = 1 or 5 minutes. The true parameter values are ¢ = 10, ¢ - mg = 20 and ¢ - my = 80. There
are 2,000 Monte Carlo trials.

5 Empirical applications

5.1 Application 1: VIX pricing models

To illustrate the use of the proposed method, we first apply it to study the specification of the
risk-neutral dynamics of the stochastic volatility process by using intraday data of the S&P 500
index and the VIX. Starting with the setup, we suppose that the dynamics of the logarithm of the

S&P 500 index X; under the risk-neutral measure, henceforth the -measure, follows

t t t
X, = X, +/ b;@ds+/ VVed W@ +/ /z (N(ds,dz) - I/Q(Vs,dz)d3>, (5.1)
0 0 0 JR
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Figure 2: Histograms of Standardized Estimators
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Note: This figure compares the finite-sample distributions of the standardized “efficient” uncorrected es-
timators (solid) and efficient GMIM estimators (shaded area). The N(0,1) density function is plotted for
comparison (dashed). The sampling interval is A = 1 (left) and 5 minutes (right). We set T' = 21 days and
kn, =150 and 45 for 1-minute and 5-minute sampling, respectively. There are 2,000 Monte Carlo trials.

where the drift b? is determined by the no-arbitrage condition, WtQ is a Brownian motion under
the Q-measure, and N (dt,dz) is the jump measure of X with compensator v2(V;, dz)dt which is
allowed to depend on the spot variance.!3 We assume that the predictable compensator of the jump
quadratic variation is an affine function in the spot variance, that is, fR z21/Q(Vt, dz) =no+mVg,
where 79 and 7; are constants. While this assumption is commonly adopted in empirical work,
the discussion below does rely on its validity.

The main focus of this empirical exercise is on the risk-neutral dynamics of the stochastic

variance process, which is given by:

t
V=V + / K% — V,)ds + M2, (5.2)
0

13See Duffie (2001), Singleton (2006) and Garcia, Ghysels, and Renault (2010) for comprehensive reviews of the
no-arbitrage pricing theory and related econometric methods.

14This assumption is trivially satisfied if the compensator V@(-) does not depend on V;. It is also satisfied if X,
has compound Poisson jumps with its stochastic arrival rate for jumps being a linear function in V;. See Chapter
15 of Singleton (2006) and many references therein for detailed examples.
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Table 2: Comparison of Monte Carlo Null Rejection Rates

Uncorrected Procedure GMIM Procedure
A Level k, = 120 k, = 150 k, = 180 k, = 120 k, = 150 k, = 180
1% 84.35 84.75 84.10 0.55 0.85 0.80
lmin 5% 87.85 88.40 87.90 3.10 3.65 4.40
10% 90.00 90.15 89.95 7.70 7.60 8.25

Level ky =40 kp =45 kn =50 kn =40 ky =45 kn =50

1% 85.70 85.60 83.80 0.20 0.15 0.15
5min 5% 88.80 89.15 87.55 1.05 1.40 1.95
10% 90.65 91.25 89.35 3.90 3.90 4.50

Note: We report the finite-sample rejection rates (%) of the overidentification tests for the uncorrected
procedure (left) and the GMIM procedure (right) at significance levels 1%, 5% and 10% for various k,
values. We set T' = 21 days. The sampling interval is A = 1 or 5 minutes. There are 2,000 Monte Carlo
trials.

where k2 and 9% are model parameters and M@ is a martingale under the Q-measure that captures
both Brownian movements and (compensated) jumps of V;. We note that (5.2) only imposes a
mean-reverting parametric restriction on the drift term while leaving the martingale component
M@ completely nonparametric. In particular, we allow for general forms of volatility-of-volatility
and volatility jumps. This setting allows us to focus on the specification of the risk-neutral drift
of the spot variance. We also note that, since (5.2) only parametrizes the drift term under the
Q measure, the equivalence between P and Q, which is implied by no-arbitrage, does not further
restrict the dynamics of V; under the P-measure. This class of risk-neutral volatility models has
been widely studied in empirical option pricing and financial econometrics.'®> While it has proven
very useful for modeling option prices at the daily or weekly frequency, whether it fulfills the more
challenging task of providing a satisfactory pricing specification for intraday data is an open and
important question.

We investigate this empirical question by examining the pricing of the VIX. Below, we refer to

the squared VIX as the implied variance. As shown by Jiang and Tian (2005) and Carr and Wu

'5Examples include those studied by Bakshi, Cao, and Chen (1997), Bates (2000), Chernov and Ghysels (2000), Pan
(2002), Eraker, Johannes, and Polson (2003), Eraker (2004), Ait-Sahalia and Kimmel (2007) and Broadie, Chernov,
and Johannes (2007), among others, where jumps may be driven by the compound Poisson process with time-varying
intensity or the CGMY process (Carr, Geman, Madan, and Yor (2003)). This class also include non-Gaussian OU
processes considered by Barndorff-Nielsen and Shephard (2001); see also Shephard (2005) for a collection of similar
models.
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(2009), the theoretical value of the implied variance is given by

t+7 t+7
V;ds+/ /ZQI/Q(V;,dZ)dS
t R

where 7 = 21 trading days and E€ is the expectation operator under Q. To derive an analytical
expression for Y;*, we first observe that (5.2) implies that dEQ[V;|F;]/ds = kQ(@Q — EQ[V,|F)).
We solve this differential equation for EQ[V;|F], which is then plugged into (5.3), yielding

Yt*E]EQ[

t }'t] , (5.3)

Yy = 6 + 63V, (5.4)

where 6% = ng + 0Q(1 +m)(1 — (1 — e*“QT)//@QT) and 05 = (1 +n1)(1 — e*”QT)//ﬁQT.

Equation (5.4) highlights the key aspect for using the VIX to study the risk-neutral volatility
dynamics. The aforementioned large class of models, although potentially very different from
each other with distinct pricing implications for individual options, all imply a linear pricing
function for the implied variance. Consequently, specification tests for this class of structural
models can be carried out by examining the linear specification (5.4). We do so by conducting
the overidentification test (see Proposition 2). As described in Example 1, we suppose that the
observed implied variance Y; =VIX? is the theoretical price plus a pricing error such that E[Y; —0F —
05Vi|F] = 0. We implement the GMIM procedure with the instrument ¢(V;) = (1, V4, 1/(Vi +¢))T
for ¢ = 0.001.16 Note that the third instrument 1/(V;+¢) gives more weight to low volatility levels,
while the second instrument V; does the opposite.

Our sample period ranges from January 2007 to September 2012, as constrained by data avail-
ability; the data source is TickData Inc. The VIX is updated by the CBOE roughly every 15
seconds. The S&P 500 index data is updated more frequently. In order to reduce the asyn-
chronicity between the two time series, we resample the data at every minute. At this frequency,
microstructure effects on the S&P 500 index are negligible in our sample. We remind the reader
that we allow Y; to contain general forms of noise (i.e. pricing error), so microstructure noise in the
VIX data is readily accommodated. Days with irregular trading hours are eliminated, resulting
in a sample of 1,457 days spanning 23 quarters. Tuning parameters are chosen as follows: the
truncation parameters & and w are set as in the simulation, k, = 150, the estimator of asymp-
totic covariance matrix is given by Proposition 1(c) with §n(én) = §17n(9An), using m, = 12 and
k! = 150.

For each quarter, we estimate parameters in (5.4) via the efficient GMIM estimator. In the

upper two panels of Figure 3, we plot the parameter estimates of 7 and 65 and their confidence

16Setting ¢ > 0, instead of ¢ = 0, facilitates the verification of regularity conditions in Proposition 2. In particular,
notice that 1/(V; + ¢) is three-times continuously differentiable in V; with bounded derivatives.
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Figure 3: Results for the VIX Pricing Model
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Note: We plot the time series of quarterly estimates (solid) of the intercept (61) and slope (f2) in the linear
VIX pricing model, along with their 90% two-sided pointwise confidence bands (shaded area). The lower
bound of each confidence band is the 95% lower confidence bound. The bottom panel plots the scaled
overidentification test statistic (i.e. A;'Qn(0,)) (asterisk), and the dashed line indicates the 95% critical
value. We fix k, = kI, = 150 and m,, = 12.

intervals. We see that these quarterly estimates exhibit substantial temporal variation. We also
conduct an overidentification test for each quarter and plot the value of the test statistic on the
bottom panel of Figure 3. We find that the linear specification (5.4) is rejected at the 5% level for
14 out of 23 quarters. The evidence here points away from the linear specification of VIX pricing
and, hence, the linear mean-reversion specification of the risk-neutral volatility dynamics given
by (5.2), even in sample periods as short as a quarter. This finding suggests that some form of
nonlinearity (e.g., an exponential Ornstein—Uhlenbeck specification) needs to be incorporated in

the risk-neutral drift term of the spot variance process.

5.2 Application 2: Volatility-volume relationship

In the second application, we use high-frequency equity data to investigate the Mixture of Distri-

bution Hypothesis (MDH). The MDH posits a joint dependence between returns and volume on
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a latent information flow variable and has spurred a sizable literature in financial economics.'” A
key implication of the MDH is the relationship between return volatility and trading volume. In its
classical form, the volatility-volume relationship predicts that the conditional distribution of the
trading volume Y; given the return variance V; is N (uarpr Vs, 0]2\/[DHV,5), where pppr and 0]2\/[DH
are parameters and the normal distribution is motivated by an asymptotic argument; see Tauchen
and Pitts (1983). We refer to this model as the standard MDH. Andersen (1996) proposes a modi-
fied MDH on the basis of the Glosten and Milgrom (1985) model. The modified MDH features the
random arrival of uninformed and informed traders and predicts that the conditional distribution
of trading volume given the spot variance is scaled Poisson, that is, Y;|V; ~ ¢ - Poisson(mg+m1V}).
Using Hansen’s (1982) overidentification test on daily data, Andersen (1996) (p. 201) finds that the
modified MDH is broadly consistent with the data and performs vastly better than the standard
MDH.

Motivated by the fact that the trading activity has increased substantially over the past decade,
we take Andersen’s model one step further to address intraday data. As described in Example 4,
we set Y;a, to be the trading volume within the time interval [iA,, (i + 1)A,) and suppose that
Yia, |Via, ~ ¢ - Poisson(mg + m1V;a, ). We implement the efficient GMIM estimation procedure
and, subsequently, the overidentification test on the basis of the first two conditional moment
conditions given by (2.5). We conduct the same exercise for the standard MDH, for which the first

two conditional moment conditions are given by (2.2) with
(Ve Vis (aipms o3ipn)) = (Yo — paupeVes Yi — u3rpa Ve — oaipu Vi)™

The same instrument ¢(V;) = (1, ;)T is used for both the standard MDH and the modified MDH,
so as to maintain a fair comparison.

Our sample comprises transaction price and volume data for five tickers: GE, IBM, JPM,
MMM, and PG; the data source is the TAQ database. The sample contains 20 quarters from
January 2008 to December 2012. In our analysis, each quarter is treated on its own. This sample
period includes some of the most volatile periods in modern financial history. Data preprocessing
takes a few steps. First, we keep transactions from major exchanges at which most of the trading
of these tickers take place.'® Second, we sample transaction price with a sampling interval A = 5
minutes using the previous-tick approach. The volume Y;A is the total volume within [iA, (i4+1)A)

across all exchanges. To mitigate the impact of block trades, we omit before aggregation all

17See, for example, Clark (1973), Epps and Epps (1976), Tauchen and Pitts (1983), Harris (1986), Harris (1987),
Richardson and Smith (1994), Andersen (1996) and references therein.

'8 These exchanges include National Association of Securities (ADF), NYSE, NYSE Arca, NASDAQ, Direct Edge
A and X, BATS, and BATS Y-Exchanges. NYSE is the exchange where the studied companies are listed, whereas
the other exchanges are electronic communication networks. Our results do not change qualitatively when using
transactions only from NYSE.
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transactions with volumes exceeding 10,000 shares. Next, we delete the U.S. holidays and half-
trading days, as well as May 6, 2010 when the “Flash Crash” occurred. As the economic mechanism
around opening and closing auctions is very different from the regular intraday trading, we remove
data during the first and the last 5 minutes of regular trading hours. Overnight returns and
volumes are also eliminated. We do not de-trend the trading volume series, as the trend (if there is
any) is unlikely to be important for the quarterly horizon. The unit of the volume series is 10,000
shares. Tuning parameters are chosen as follows: the truncation parameters & and w are set as
in the simulation, k, = 45, the estimator of asymptotic covariance matrix is given by Proposition
1(c) with S,,(0,) = S1.,(0,), using m,, = 12 and k!, = 45.

Figure 4 plots the quarterly time series of the efficient GMIM estimates for the modified MDH
model. To save space, we only plot the estimates for ¢mg and ¢my, in that these two parameters
determine the conditional mean of volume given the spot variance, that is, E [Y;|V;] = emo+cmq V.
The findings are summarized as follows. First, consistent with Andersen (1996), the point estimates
of emg and cm; are almost always positive. We further report in Panels A and B of Table 3
the numbers of quarters with statistically significant estimates, which show that the estimates
are indeed significant in most cases. Second, while we observe some temporal variation of the
parameter estimates, the parameter instability is not very severe, in the sense that estimates in
many adjacent quarters appear to be statistically indifferent. Third, we find that for all tickers, the
estimates of cm; have quite small values during the financial crisis in 2008. This finding suggests
that the underlying information flow has higher price impact during the crisis period than normal
periods, which is likely due to the increased level of information asymmetry in the marketplace
during the crisis.

We further examine the specification of the modified and the standard MDH for each ticker-
quarter using the GMIM overidentification test. In Panel C of Table 3, we report the number of
quarters for which the modified MDH is rejected by the test. We see that the modified MDH is
rarely rejected and the number of rejections is in line with the Type-I error of our test. By contrast,
we see from Panel D of Table 3 that the standard MDH is rejected by the GMIM overidentification
test for a majority of quarters for all tickers. These findings are consistent with those of Andersen

(1996), and provide further support to the prior findings in a high-frequency setting.

6 Related literature

This paper is related to several strands of literature. First, it is closely related to prior work on
nonparametric inference for integrated volatility functionals; see Andersen, Bollerslev, Diebold,
and Labys (2003), Barndorff-Nielsen and Shephard (2004a), Jacod and Protter (2012) and many

references therein. The most closely related paper is the recent work of Jacod and Rosenbaum
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Figure 4: Quarterly Parameter Estimates for the Modified MDH Model
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Note: For each ticker, we plot the time series of quarterly estimates (solid) of cmg (left) and cm; (right) in
the modified MDH model, along with their 90% two-sided pointwise confidence bands (shaded area). The
lower bound of each confidence band is the 95% lower confidence bound. From top to bottom, the tickers
are GE, IBM, JPM, MMM and PG. We fix k, = k], = 45 and m,, = 12.
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Table 3: Summary of Testing Results for MDH Models

Sig. Level GE IBM JPM MMM PG
Panel A. Hy:cmg=0vs. Hy:cmg > 0.

5% 19 19 18 18 18

10% 19 19 18 18 18

Panel B. Hy:cmy =0 vs. Hy : emq > 0.
5% 11 10 14 11 15
10% 16 10 19 15 15

Panel C. Hjp : Modified MDH is correctly specified.
5% 2 1 0 1 1
10% 2 3 0 2

Panel D.  Hjy : Standard MDH is correctly specified.
5% 17 15 14 16 14
10% 17 16 14 18 16

Note: For each ticker, we report the number of quarters (out of 20 quarters in total) in which the null
hypothesis of interest is rejected at the 5% or 10% significance level. Panel A (resp. Panel B) reports
one-sided testing results for the null hypothesis with ¢mg = 0 (resp. e¢my = 0). Panel C (resp. Panel D)
reports overidentification testing results for the modified MDH (resp. standard MDH).

(2013), who use the spot volatility estimates to construct estimators for a large class of integrated
volatility functionals of the form fOT g(Vs)ds. The use of spot volatility estimates can be dated back
to early work such as Foster and Nelson (1996) and Comte and Renault (1998), to the best of our
knowledge. Jacod and Rosenbaum (2013) provide a detailed analysis of the bias from the first-step
estimation and propose a bias-correction that is similar to ours. The integrated moment condition
G(-) in the current paper has a more general form because it not only depends on V4, but also
depends on the observable process Z; and the unobservable process (5;; moreover, the functional
form of g(-) is in general unknown as it is partially determined by the unknown distribution
P,.. These complications make our analysis notably different from Jacod and Rosenbaum (2013).
Conceptually, the scope of our analysis is very different from the existing literature: while prior
work focused on the inference of the volatility itself, we treat its estimation only as a preliminary
step and mainly consider the subsequent inference of parameters in economic models.

Second, our semiparametric method can be considered as one with nonparametrically gener-

ated regressors.'® From this viewpoint, the method can be further compared with the literature

19 Although the first-step spot variance estimation can be considered as a “noisy measurement” of the true spot
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on estimating stochastic volatility models using joint in-fill and long-span asymptotics, see, for
example, Bollerslev and Zhou (2002), Barndorff-Nielsen and Shephard (2002), Bandi and Phillips
(2003), Corradi and Distaso (2006), Gloter (2007), Kanaya and Kristensen (2010), Bandi and Reno
(2012) and Todorov and Tauchen (2012). These papers use realized volatility measures formed
from high-frequency data to proxy volatility functionals defined in continuous time. The realized
measures can then be used to perform parametric or nonparametric estimation with an appeal to
the “large T” asymptotics. These methods rely crucially on the in-fill approximation error being
dominated by the sampling variability in the long-span asymptotics, so that the former can be
considered negligible for asymptotic inference. In contrast, the “fixed T” setting here allows us
to explicitly characterize the asymptotic bias induced by the in-fill approximation error, construct
bias-correction, and incorporate the effect of the approximation error into the asymptotic vari-
ance of the GMIM estimator. That being said, the role of the current paper for this literature is
completely complementary, because inference concerning certain quantities, such as the drift term
(and hence the law) of a stochastic volatility model, demands an asymptotic setting with a long
span.

Finally, when specialized in an option pricing setting, the current paper can be compared with
Andersen, Fusari, and Todorov (2013). These authors consider a setting where the pricing errors
of a large number of option contracts are weakly dependent so that they can be averaged out by
virtue of the central limit theorem. This “large cross section” setting simplifies the analysis of
option pricing models with multiple latent factors, because the risk factors in each day can be
identified from the large cross section as random parameters. Our method is limited to pricing
models with one volatility factor, but does not require a large panel of options with cross-sectionally
independent or weakly dependent pricing errors. Indeed, we allow the errors in pricing equations

to be arbitrarily correlated across option contracts, as is typical in GMM.

7 Conclusion

The proposed GMIM framework extends the classical GMM for estimating conditional moment
equality models using high-frequency data. Such data have become increasingly available in fi-
nancial markets during the past decade and provide rich information for studying econometric
models. Our asymptotic framework is in-fill with a fixed time span and allows for general forms
of nonstationarity and dependence. Since the method can be applied to relatively short samples,
it conveniently allows for time-varying parameters across short (e.g., quarterly) subsamples.

The key to our analysis is the derivation of the asymptotic properties of the bias-corrected

variance, the nature of our econometric analysis is very different from the literature on errors-in-variables models
(see, e.g., Hausman, Newey, Ichimura, and Powell (1991), Schennach (2004, 2007)).
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sample moment function, which depends on the noisy process Y, the observable semimartingale
Z and the spot variance estimate V. Our analysis on the estimator of its asymptotic covariance
matrix is also new. Given these technical innovations, inference methods in the classical GMM lit-
erature, such as overidentification tests and Anderson—Rubin—type confidence sets, can be adapted
to the GMIM setting. The theory is derived under a reasonably general setting, as we allow for
complications such as price and volatility jumps, the leverage effect and serially dependent noise in
the Y variable. The usefulness of the proposed method is demonstrated with two distinct empirical

examples.
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A  Proofs

The following notations are used throughout the proofs below. We denote the conditional expec-
tation operator E [|F] by Ex. For a random variable & and p > 1, we write ||£[| 7, = (Ex [|£][)/7.
Recall that N,, = [T/A,] — kn. We write ), for ZzN:”O and write »_, ; for Zﬁ\ffzo. We use K
to denote a generic positive constant that may vary from line to line; we sometimes write K, to
indicate its dependence on some constant uw. As is typical in this type of problems, by a classical
localization argument, we can replace Assumption H with the following assumption without loss

of generality.

AssUMPTION SH: We have Assumption H. Moreover, the processes B:, Z;, oy, b and G,
are bounded and, for some A-integrable function J : R — R, we have |§(w,t,z)| < J(z) and
10(w, t,2)||? < J(z), for all w® € QO ¢ >0 and z € R.

We recall some known, but nontrivial, estimates that are repeatedly used below. Consider a

continuous process X given by

t t
X :X0+/ bsds—i—/ osdWs.
0 0
We then set, for each i =0,..., N,,

k
~ 1 n ~ ~
A= TA Y (AFGXN?, 07 =V, — Via,. (A.1)
n=—n j:l

Lemma A.1l. Suppose that Assumption SH holds for some r € (0,1). Let uw > 1 be a constant.

Then for some deterministic sequence a, — 0, we have

ElVia, — Via, " < Kua, AR D= 10,
BJo7 1" < K (k2 + (ka ) /D), (A.2)
EH/}ZATL‘U < Ku + KuA,ELQU_T)w'i‘l—u.

PROOF: The first inequality is by (4.8) in Jacod and Rosenbaum (2013). The second inequality
is by (4.11) in Jacod and Rosenbaum (2013) and Jensen’s inequality. The third inequality readily
follows from the first two inequalities and the boundedness of V;. Q.E.D.

A.1 Proof of Theorem 1

We start with a technical lemma.
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Lemma A.2. Let 3y = (B],2Z])T. Suppose (i) Assumption H; (ii) for some p > 0, we have
feC(p) and h € P (2p); (iii) if p > 1, wefurther assume w € [(p—1)/(2p—71),1/2); (w)k: —>oo
and k, A, — 0. Then (a) A, Zif(ﬁmn, in,) N fo BS, s)ds; (b) A2 S h( an, zA ) o.

PROOF: (a) By a localization argument, we suppose Assumption SH without loss of generality.
We first prove the assertion under the assumption that f is bounded. Construct two processes, B;r
and 17;+, as follows: for each i > 1 and ¢t € [(i — 1) A,,iA,,), we set 51: = @A and V = iAn-
Observe that

~ o~ T ~
E Anzf<5iAn,wAn>— / F(Bos Vi)ds

< Kk:nAnJr/ B |£(B35, Vi) = 1(Bo, Vi)| ds

By Theorem 9.3.2 in Jacod and Protter (2012), we have 178+ N Vs for each s > 0. By the right
continuity of the process 3, we have B+ — B, for each s > 0, which further implies (Bj, YZ,*) N
(Bs, Vi) By the continuity of £ (), f(3, Vi) — f(Bs, Vs). By the bounded convergence theorem,

S BIF(BE V) = £(Bo, Vi)lds — 0, yielding
~ A~ IF) T ~
ALY f(Bing Via,) —>/ f(Bs, V)ds  for bounded f. (A.3)
i 0

We now prove the assertion of part (a) with the boundedness condition on f relaxed. Let
#(-) be a C* function Ry + [0,1], with 1 ) (z) < ¢(x) < 1[1/3’00) (x), anNd for m > 1,
we set ¢ (v) = @ (Jv]/m), ¢, (v) = 1 — ¢, (v). We define f,(3,v) = f(B,v)pm(v) and
Fo(B0) = F(B,0)0l (), 50 f(B,0) = fnl(By0) + f1(Bv). Since fl, is bounded and continous,
(A.3) yields A, Y2, f(Binn, Via,) fo £, (Bs, Vs)ds + 0,(1). Since the process V; is bounded,
fo 1 Bs, )ds = fo Bs, 5)ds for m large enough. By Proposition 2.2.1 in Jacod and Protter
(2012) and Markov’s inequality, it remains to show that

lim limsupE [A, me ﬁmn, zA )| =0. (A.4)

m—=00 n—oo p

By condition (ii), for all m > 1, ]fm(BNiAn,XZAn)\ < K(1 + H/;A P) o ( ZA") <
K|‘2An|p1{\7mn2m/2}' Under the same condition on X, Jacod and Protter (2012) show that
(see (9.4.7)), for some deterministic sequence a, — 0, E[|%An|p1{‘7mn2m/2}] < Km™ +
an- Under condition (iii), we have 1 — p + w(2p—r) > 0 and, hence,
ElA, D, Fm(Bia, Via,)] < Km™ + O (a,). From here, (A.4) follows. The proof of part (a)

is now complete.

KAl—p-‘rw(Zp—r)
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(b) By Lemma A.1 and h € P (2p),

E <E

3500+ i )] £ K st 20,
i

Note that condition (iii) implies that 2 — 2p 4+ w(4p — r) > 0 and, hence, the majorant side of the
above inequality is o(1). The assertion in part (b) readily follows. Q.E.D.

PROOF OF THEOREM 1: By a componentwise argument, we can assume that g(-) is R-valued
without loss of generality. We first show that @n(G) N G(6) for each § € ©. We decompose

G (0) = G1 (0) + Gan (0), where
Gin(0) = A G =9(Yia,, Zing, Vin,:0) — 3(Bia,, Zin,, Via,s 0),

éQ,n(e) = Anzg(ﬂmnazmna‘?mn;@)-

Since (Bia,, Zia,, Via,) is F-measurable, g(Bia,, Zia,,Vian;0) = Ex[g(Yia,, Zia,, Via,;0)] by
the definition of g(-). Hence, the variables ((/");>0 have zero F-conditional mean. Under the
transition probability P(), the a-mixing coefficient of these variables is bounded by cumix(+). Set-
ting al' = go,k(ﬁmn,ZiAn,f/mn;H) + 1 and (P = ¢*/a?, we have Ex|("F < 1 for all 5. Since
150 Qmix (l)(kd)/k < 00, by the mixing inequality (see, e.g., Theorem 3 in Yoshihara (1978)), we
have

~ 2 ~
B |[Gra0)] < KO Y (@) < K8+ KOZ Y g (i Zis T i)

Since o x(+;0) € P (p), we can apply Lemma A.2 (with & (-) = gox(+;6)* € P (2p)) to deduce that
the majorant side of the above display is 0,(1). From here, it follows that CA}Ln(H) = 0p(1). In
addition, since g (+;0) € C (p), we can apply Lemma A.2 again (with f (-) = g(+;0)) to derive

T
G (6) 2> / 3B, Zo, Vi 0)ds = G(0).
0

Hence, én(a) RANVE. (9) for each 6 € O©.
To show the asserted uniform convergence in probability, it remains to show that @n() is
stochastically equicontinuous. Since g(-) € LIP(p,0), we see that for 6,6 € O,

G (0) — G ()| < Bow |0 — ¢

. where By, =A,Y Bo(Yia, Zia,, Via,)
i
for some function By(-) as described in Definition 1, which satisfies By € P (p). Hence, Ex [By ] <
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An S Bo(Biny: Zin,, Via,) < KA S,(1 + |Via, P). By Lemma A1, Ex [By,] = Op(1). Since
By, is positive, we further derive By, = Op(1). From here, it follows that @n() is stochastically

equicontinuous. Q.E.D.

A.2 Proof of Theorem 2

We need two lemmas. Lemma A.3 is used to combine stable convergence and convergence in condi-
tional law (see Definition 2 below). Lemma A.4 generalizes Theorem 3.2 in Jacod and Rosenbaum
(2013).

DEFINITION 2 (CONVERGENCE IN CONDITIONAL LAW): Let ¢, be a sequence of R%-valued
random variables defined on the space (2, F ® G, P) and L be a transition probability from (2, F ®
{0,Q2M1) to an extension of (2, F ® G,P). We write ¢, E2 1 if and only if the F-conditional
characteristic function of (,, converges in probability to the F-conditional characteristic function

of L. If a variable ( defined on the extension has F-conditional law L, we also write (, ﬂr> C.

Lemma A.3. Let &, and (, be two sequences of random vectors defined on (Q, F @ G,P) and let
¢ and C be variables defined on an extension of (2, F @ G,P). Suppose that &, is F-measurable,
&n ﬁ)f and ﬂ; C. Then (&n,Cn) £ (&,Q), with & and ¢ being F-conditionally independent.

PrROOF: The joint convergence (&, () £ (&,¢) is by Proposition 5 in Barndorff-Nielsen,
Hansen, Lunde, and Shephard (2008). It remains to show that £ and ( are F-conditionally inde-
pendent. Let f(-) and ¢ (-) be bounded continuous functions and U be a bounded F-measurable

variable. It remains to verify

E[f (€ g(Q) Ul =E[Er[f (OIEF[g (OIU]. (A.5)

Since &, £ EE[f()Er[g(O))U] = E[f (§)Exrg(¢)]U]. By repeated conditioning, we see
that the limit coincides with the right-hand side of (A.5). By the assumption on (,, we have
Er g ()] RN Er[g(¢)]. Then, by the bounded convergence theorem, E[f (£,) Er g ((n)] U] —
E[f (€0) Ex[g (O] U] = 0. Since &, is F-measurable, E[f (€2) Ex [g (Gu)] U] = ELf (€2) g () U).
Therefore, the right-hand side of (A.5) is also the limit of E[f (&) g (¢,) U]. But, since (&, ¢,) £
(&,¢), we see that E[f (&) g (¢n) U] also converges to the left-hand side of (A.5). Hence, (A.5)
must hold. Q.E.D.

Lemma A.4. Let 3; = (B], 27 and let f be a Re-valued function for some d > 1. Suppose
that (i) Assumption H holds for some r € (0,1); (i) f € C*3(p) for some p > 3; (iii) w >
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(2p—1) /2(2p —1); (iv) Assumption LW. Then the sequence of variables

converges F-stably in law to MN (0,3y), where ¥ = 2fOT (")vf(Bs, Vs) 0y f(ﬂs, )TV2ds.

ProOOF: This lemma generalizes Theorem 3.2 in Jacod and Rosenbaum (2013) by allowing
f(-) to depend on the additional process B The proof is adapted from Jacod and Rosenbaum
(2013). To avoid repetition, we only emphasize the modifications. By localization, we suppose that
Assumption SH holds without loss of generality. For notational simplicity, we set, for (5, z,v) €
BxZxV,

h(B,z,v) = 02f (B, z,v) v°. (A7)

Recall (A.1). The variable in (A.6) can be decomposed as Z?Zl F; , where
Fi, = AY? Z ( FBinn: Via,) — f(Binn, ‘Z’An)>

Al/zk 12( (Bian, Via,) — (Bz‘An,‘A/i,An)>v

(i+1)An B B T B
Fan = AP [0 (fBa Via) = 5V ) ds = A7 [ A Vs,
5 JiAn (Nn+1)Ap
kn
Fyn = A)? > 0uf Binns Via)kn ' D>~ (Virueya, — Vian) »
% u=1
Fin = A (fBinn:Via, + ) = [(Bin,, Via,)
_avf(BiAna V:LAn)ﬁZn - k‘;lh(BiAym ‘//\;,An))a
kn
Fsn = AR (f%f(BiAn, Via,) D (A7, X" - V<i+u_1>AnAn)> :
7 u=1

The proof will be completed by showing the following claims:

{ F_]n — Op(l) for ] = 17273747 (A8)

F5n —)MN(O Ef)

We first consider (A.8) for the case with j = 1. Since f € C??(p) and B;a, is bounded
by Assumption SH, we have for all i > 0 and v € V, ||8,f(Bia,,v)| < K(1 + vP~!) and
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10,1(Bia,,v)|| < K(v+vP~"). Hence, by a mean-value expansion,

EMLM<KAW§:EKLH i Via, = Vin J71) Vi, = Vi, |-

As shown in Lemma 4.4 in Jacod and Rosenbaum (2013) (see case v = 1), the majorant side of the

2 1/2— .
A( P=r@ /27 g1 some deterministic sequence a, — 0.

above inequality can be bounded by Ka,,
Since w > (2p — 1)/2(2p — 1), we derive (A.8) for j = 1.

Now, consider (A.8) with j = 2. Since f(Ss, Vs) is uniformly bounded, it is easy to see that

T
'P#ﬂj F(Bs, Vi)ds|| < Kkn,AL? = 0,

Nn+1)An

where the convergence is due to Assumption LW. Moreover, the first term in Fy,, is also 0p(1)
due to a standard estimate (see, e.g., p. 153-154 in Jacod and Protter (2012)) for the Riemann
approximation error of It6 semimartingales.

Next, consider (A.8) with j = 3. We set (3, = k! Zﬁil (V(z‘+u—1)An - an), é’fl =
E[C3:|Fia,] and (37 = ¢y — (3%, We then decompose F3,, = Fy,, + Fy,,, where

F?i,n = A71’L/2 Zavf(BiAn) ‘/lAn) gfza 3n = Al/z Za f BzAna iAp ) //n

Under Assumption SH, it is easy to see E[(3%| < Kk,A,. Since 10y f (B, V2)|| is bounded, we
further have E[F3 || < KkyAY? = 0. Hence7 F3,, = op(1). Moreover, by a standard estimate

for It6 semimartingales, we have, for any u = 1,...,k,, E‘Vi—l—u—l)An — mn\z < Kk,A,,. From
here, a use of the Cauchy—Schwarz inequality ylelds El¢37 2 KIE]C??Z]Q Kk,A,. By con-
struction, E[(37[Fia,] = 0 and (3% is F(i1x,—1)a, measurable. Hence, 0, f(Bia,, Via, )C37 and

O f (ﬁmn, 1A, )C”n are uncorrelated whenever |i — | > k,. We then use the Cauchy—Schwarz

inequality to derive

//n

E||Fy,|* < o Vin, )Y SKkiAnﬁov

which further implies Fy',, = 0,(1). From here, (A.8) with j = 3 readily follows.
To prove (A.8) with j = 4, we set

Bo= S0 B Vis) (@0 24,
o= fBinn. Via, +07) — f(Bian, Via,)
3y f(Bin,, Vin,, )07 —fa2f(3mn,mn)<a?>2
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i h(Bin,, Viny) = kn ' h(Bing, Via,)-
We can then decompose Fy, = Fi,n + F4”n, where

Fl, = AL? Z CHilFin,) +CiT) s Fin =AY (G —E[C1HFia,]) -

Since f € C?3(p) and an is uniformly bounded, we have H@gf(BiAn,v)H < K (1 + vp*Q) and
102 f(Bia,,v)|| < K(1+vP~3) for all v € V. We can then use the mean—value theorem to derive
131 < K(1+ o2 P~3) |67 + Kk (14 |57P1) [67]. Now, we can use the same argument in the
proof of Lemma 4.4 in Jacod and Rosenbaum (2013) (see case v = 4 there) to derive Fy ,, = 0,(1).
Moreover, note that (1 —E[¢}%[Fia,] and ¢}y —E[(}}|Fia,,] are uncorrelated whenever [i — I > ky,
we have IE||F41’n||2 < KknA,, ZZEKZ‘ZP < Kky, (k2 + knAy), where the first inequality is by the
Cauchy—Schwarz inequality and the second inequality is by the second line of (A.2). From here, it
follows that E[|Ff,,[|> = 0. Hence, Fy,, = Fy,, + Fy, = 0p(1), as claimed in (A.8).

Finally, we notice that the stable convergence in (A.8) follows essentially the same proof as
that of Lemma 4.5 in Jacod and Rosenbaum (2013). (To be precise, the only modification needed
is to replace the weight 9j,,,g (c?) in their definition of V,™ ° by 8, f(Bia,, Via,).) The proof is now
complete. Q.E.D.

Now, we are ready to prove Theorem 2.

PROOF OF THEOREM 2: (a) We first verify that the conditions in Theorem 1 hold when
replacing the function g(y, z,v;0) with h(y, z,v;0) = 92g(y, z,v; 0)v2. We define h () and ij(~)
via (2.7) and (3.1) but with h replacing g. By Assumption S(iii), h(3, z,v;0) = 02g(83, 2, v; 0)v?
Since g(-;0) € C?3(p), we see that 02g(-;0) € C(p — 2) and, hence, h(-;0) € C(p). Further
observe that hgx(:;0) = gox(+;0)v?, which belongs to P(p) by Assumption D(i). The condition
w > (2p — 1)/2(2p — r) clearly implies that w > (p — 1)/(2p — r). Under Assumption LIP(i), it is
easy to verify that h(-) €LIP(p,0). Now, we can apply Theorem 1 with g(-) replaced by h(-) and
derive the first assertion of part (a).

As a result, G () — Gu(-) = 0p(1) uniformly on compact sets. Under Assumptions S(ii), D(i)
and LIP(i), we can apply Theorem 1 to derive that én() — G(-) = 0p(1) uniformly on compact
sets. From here, the second assertion of part (a) readily follows.

(b) Step 1. We outline the proof of part (b) in this step. Without loss of generality, we suppose
Assumption SH. To simplify notation, we suppress the appearance of 6* by writing g(y, z,v) (resp.

(B,2,v)) in place of g(y, z,v;0%) (vesp. §(3,z,v;0*)). We also set h (y,z,v) = 0>

g vd (y, =2 U) v? and
h(B,z,v) = 02g (B, z,v) v2.

47



The proof relies on the decomposition A;UQG” (0*) = R1y + Roy + R3,pn, where
Rip = AWZ( (Bitrn: Zin,, Via,) — _lﬁ(ﬁmn,zmn’ffmn)) ;
RQ,n = Al/Qk ! Z ( BZAnv iAp ‘/ZA ) h(i/lAna ZiAna ‘ZAn)) )

Rsp = Mz( Viss Zitns Vi) = 3Birns Zisns Vi) )

By Lemma A.4 with f(-) = g(-), we have Ry, £ MN(0,5); recall (3.5) for the definition
of S. Below, we show Ra, = 0,(1) in step 2. We then show (recalling Definition 2 and (3.4))
Rs3 L% MN(0,T) in step 4, after preparing some preliminary results in step 3. The assertion of
part (b) then follows from Lemma A.3.

Step 2. In this step, we show that Ry, = op(1). By using a componentwise argument, we
can assume that Ry, is scalar without loss of generality We set iz? = B(ﬁmn,ZiAn,‘Z-An) —
h(Ymn,ZiAn,f/mn) and rewrite Rp, = 1/2 Z . By Assumption S(iii) and the F-
measurability of (Bia,, Zia,, Via, ), we have Ef[hf’] = 0. Furthermore, since go € P (p —2)

(Assumption D(i)),
U2 |70 < Kok (Binn: Zinn: Vin,)Vik, < K(1+|Via, P). (A.9)

By Assumption MIX, conditional on F, the a-mixing coefficient of the sequence (B?)izo is bounded
by amix(+). Observe that

IN

Ak QZ‘E (]

F [Rg,n]
(A.10)

IN

KAnkﬁ Zamlx i — 3D R 2 | R 7 e

0]

where the first inequality is by the triangle inequality, and the second inequality follows from
the mixing inequality. We also note that the condition w > (2p — 1)/2(2p — r) implies w >
(2p — 1)/(4p — r); hence, by the third line of (A.2),

E[Via, |? < K. (A.11)

By (A.9)-(A.11), as well as the assumption that oumix(-) has size —k/(k — 2), we derive E[R3 ] <
Kk,? — 0. Therefore, Ry, = 0,(1) as wanted.
Step 3. It remains to show R3, ﬁ‘j MAN(0,T). By the Cramer-Wold device, we can assume

that Rg3, is one-dimensional without loss of generality. In this step, we collect some preliminary

48



results. For notational simplicity, we set 2] = (@‘An,ZiAn,‘A/mn), 2 = (Binns Zin,, Via,) and
& (B, z,v)=g(¥ (B,xi),2,v) —g(B,2,v). We can rewrite

R3n=A2> & (3]). (A.12)
By (A.2),
EVia, — Via, > < Kan, where a, =A% 4ty kA, (A.13)

Since w > (2p —1)/2(2p — r), r < 1 and p > 3, it is easy to see (4 — r)w > 1. Hence, a,, — 0.
Under Assumption SH, we have E||z ; — 2?2 < K(1 AjAy) by a standard estimate for Ito
semimartingales. By (A.13), we further have E|[2 ; — 27'|> < K(an + 1 A jA,). Recall from
Assumption D the constant k£ € (0,1]. Then we have, by Jensen’s inequality,

E||z,

Observe that, for 7,5 > 0,

_gn \2“] < K@+ 1A jA)R. (A.14)

Elgs (57) §i-5(3,) = & (4 )&—j(zn)]
< Kamis(§) 72516 G 7 all€img (B5) = &g G| 7k
om0 ) — )

< Kaumix(j)’ 2/k(go,k<ff>p< )+ G e (3, 1))

(A.15)

where the first inequality is obtained by using the triangle inequality and then the mixing inequal-
ity; the second inequality follows from ||&(-)||rx < Kgoi(-) and (3.1). Note that Assumption D
implies go x(-) € P (p/2) and pg(2];, 2]) < K(1+V(p/2 M2 — 2 I". Therefore, (A.15) implies

[EF[& (27) &i—j(2;) — & (2F) &g ()]

2 2 n nyK n n||K (Alﬁ)
< Ko ()72 (14 T22) (1 022 0 ) (1 = 220 4+ 120 = 200
By the Cauchy—Schwarz inequality, (A.11) and (A.14), we further deduce that
E ‘Ef[gz (":{L) gi—j(ézn—j) =& ( )fz ]( )H < Kamix ( )1_2/k(an +1A jAn)Fv/z' (A'17)
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Next, we set

Np Np

T =20 Y Er[6 (] + 280 3 Y Er 6 (1) &5 (0]
’ v (A.18)
T =00 Y Er [6 (] + 280 3 Y Erf6i (40) &y
i j=1 i=j
By (A.17) and 35 omix (1)1 72/F < 00, we deduce
_ N, N,
ETy—Ta| < Ka?+ KA Y omix()' 5 (@n + 1A jAL)
j=1i=j

Nn,
K@2/2 + KAZ/Q Zjn/2amix(j)172/k.
j=1

IN

As mentioned above, @, — 0. Moreover, by Kronecker’s lemma, Af/ 2 Eévznl 352 i ( j)1*2/ k0.

Hence,
T, T, 0. (A.19)
We now show
I, T (A.20)

To simplify notation, we denote v, s = vi(Bs, Zs, V) and 45 = ¥(Bs, Zs, Vi) for I > 0 and s > 0. We
note that g(z!") = 0 because of (2.2). Hence, we can rewrite I, as
_ oo Np
T =00 00, + 280 ) > Yiina,
i

=1 i=j

where empty sums are set to zero by convention. Therefore,

_ Np, T o) Ny, T
Fn — F = <An Z ’VO,iAn — / ’)/07st> + 2 Z An Z 'Yj,iAn — / ’)/j7sd8 . (A21)
=0 0 j=1 i=j 0

By an argument similar to (indeed simpler than) (A.16), it is easy to see that v;(5,z,v) is
continuous in (f,z,v). Under Assumption SH, the process (v;:)i>0 is cadlag and uniformly

bounded. Hence, by invoking the Riemann approximation, we deduce that, for each j > 0,
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JANS Zf\[:"] Yiitn — fOT 7vj,sds — 0. Moreover, observe that

o0 Nn T
Do 1A vian _/ Vjsds| <K sup gox (B, Z1,Vi)? < K,
st Py 0 t€[0,7]

1=2/k oo, and the second

where the first inequality is by the mixing inequality and ) j>1 Qmix ()
inequality holds because (8], Z],V;)T is bounded under Assumption SH and go 4 (+) is bounded on
bounded sets. This dominance condition allows us to use the dominated convergence theorem to
obtain the limit of the right-hand side of (A.21). From here, (A.20) readily follows.

Finally, we note that E;[Rg’n] =TI',. Combining (A.19) and (A.20), we derive
Er [R3,] - T. (A.22)

Step 4. We now show that Rj,, L'i MN(0,T). Consider a subset §2 of Q given by Q = {T" > 0}
and let Q° be the complement of 2. Clearly, Q is F-measurable. In restriction to Q°, Ex [R%n] =
op(1) and, thus, the F-conditional law of R, 3 converges to the degenerate distribution at zero.

We now restrict attention on the event €2, so we can assume I' > 0. We consider an arbitrary
subsequence N; C N. By the subsequence characterization of convergence in probability, it is
enough to show that there exists a further subsequence No C Nj such that, as n — oo along Ny, the
F-conditional distribution function of R3, converges uniformly to the F-conditional distribution
function of MAN(0,T) on P-almost every path in Q.

By (A.22), we can extract a subsequence No C Ny such that, along No, Ex [R%n] — T >0 for
almost every path in . Recall from (A.12) that Rs,, = A2 > & (21). Under Assumption MIX,
& (2]') forms a sequence with zero mean and a-mixing coefficients bounded by amix (-) under the
transition probability P(1). Moreover, E|¢; (37) |F < KE | go,k(zﬁfﬂk < K, where the first inequality
is by repeated conditioning, Minkowski’s and Jensen’s inequalities; the second inequality is by
gok € P(2p/k) and (A.11). We are now ready to apply Theorem 5.20 in White (2001) and
Pélya’s theorem under the transition probability P() and deduce that, along Na, the F-conditional
distribution function of R3, converges uniformly to the F-conditional distribution function of
MN(0,T) for almost every path in . As mentioned in the previous paragraph, we can use a
subsequence argument to further deduce that R3, L'i MN(0,T). As discussed in step 1, the

proof of Theorem 2(b) is now complete. Q.E.D.
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A.3 Proof of Theorem 3

PROOF OF THEOREM 3: (a) As is typical in this type of problem, by a polarization argument,
we can consider a one-dimensional setting without loss of generality. We henceforth suppose that
g(+) is scalar-valued. By localization, we also suppose that Assumption SH holds.

To simplify notation, we set §' (0) = g(Yia,., Zin,., Via,:60) and g’ (0) = gYia,, Zin,,, Via,; 0)
for i > 0 and 6 € ©. We can rewrite (3.8) as

Nnp
:Anzgf( +22w Jymp) Ap Z (0n) 3 =i 0,,).
i=0

~

We consider a progressive list of approximations to I, (én) given by

Ny, My, Ny
IO = A" gl O +2> w(iyma) An Y gl (07) g, (6%)
i=0 Jj=1 =7
N,
£ EA“ZEI[ (6*) }+2Zw (4, mn) Ap ZE}' [g7 (07) gi*; (6],
i=0 j=1 =]
Ny, Np Np
DO = A0 Y Er (g7 (0] + 280> S Exr [g7 (07) gy (67)]
i=0 Jj=li=j

We note that g!'(6*) is identical to &;(2]') defined in step 3 of the proof of Theorem 2, because

9(Bin,,, Zin,, Via,;0%) = 0 as a result of (2.8). Therefore, F,(l) has the same form as I',, defined in
(A.18) after replacing &;(2]') and &—;(2 ;) in the latter with &(2]) and &—;(27;), respectively.
From here, we can use an argument that is similar to that in step 3 of the proof of Theorem 2
to show that ﬂ?) LN I'; this is actually simpler to prove because @An is replaced with the true
value V;a, . To prove fn(én) N T, it remains to verify fn(én) — ﬂ}), f,(ql) - f,(f) and ﬂf) - ﬂ?)
are op(1).

First consider fn(én) — f&l). Observe that

Tul) T
<K§’fA Z\gl WG (0n) — g7 (6%) gl (6) |

mn, . A.23
<K, z(; G 6n) — g2y 07+ 1326) - 02 @) gy 0y )

< Kmi, <A Z(gl )2+ g7 (67) ))1 (A > )1/2,

i (0n) — gi'(67)
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where the first inequality is from the triangle inequality and the boundedness of the kernel function
w (+,-); the second inequality is from the triangle inequality; the third inequality follows from the

Cauchy—Schwarz inequality. We further observe that, for ¢ > 0,

9*)

<KA Z| )P+ KA, Z\ (") (A.24)

< KA, ZBO Yinn: Zinn: Vin,)?l|0n —0*1\2+KA Zl ) — g7 (097,

7

where the first inequality is from the triangle inequality and the second inequality follows from As-
sumption LIP(i) (recall Definition 1). Under Assumption LIP(i), we see E[By(Yia,,, Zia,,, @An)Q] =
E[Bo(Bia,; Zin,, @Anﬂ < K, where the first inequality is obtained by repeated conditioning, and
the second inequality is from By € P (p) and (A.11). Since 6,, — 6* = Op(A,l/ %) by assumption,

An ZBO Yinn, Zing, Vin, )20, — 071> = Op(A,). (A.25)

Moreover, by Assumption D(ii), for each i > 0,

~ 2
Ex g (0%) — g (09 < px ((@'AMZZA”,V%A”),(&An,ZiAn,‘/iAn))

2K
< K1+ [Via, P72 [Via, — Via, (A.26)
~ 2K ~ P
< K<V¢An—an + [Via, — Via, )
By (A.2) and Jensen’s inequality,
uzl = EVia, = Via, " S KA 070704 B2 4 (A2,
0<u<l =E[Via, — Via, [ < K (AR 4 /2 4 (| AL )92, '

Note that (2p—r)@w +1—p > 1/2, (2—r)w > 1/4 and AY? < Kk;1. Then, by (A.26) and
(A.27), we derive

E[g} (6%) — gi' (6%)]° < Kk, ™. (A.28)
From (A.24), (A.25) and (A.28), we derive

n(6,) — g (0] = 0, (k7). (A.29)
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It is easy to see that E |g/"(8*)|* < K. By (A.29), we further have
A (18262 + g2 (07) ) = 0,0 (A.30)
Combining (A.23), (A.29) and (A.30), as well as Assumption HAC(ii), we have

n n

Bu(Bn) — TS| = Opmaks™?) = 0,(1).

Next, we consider T'v) — I'?). We denote (7, = 97 (0%)gi ;(0") — Ex[g;(07) g7 ;(0%)] and (=

gt = J
Nn +n .
ApD imj G- We can then rewrite

W _T@ =¢n 4o Zw (4, mn) G- (A.31)
j=1

Note that, conditional on F, the sequence (g;'(0%)),~ is a-mixing with size —k/(k — 2). By the

mixing inequality, for ¢,5 > 0 and [ > i,
‘E]: [ ;z Zl” < Kamix ((l —i- j)+)1_2/k HCJRZH}',]C Hgle}‘,k’
where (-)* denotes the positive part. By the Cauchy-Schwarz inequality,
16 ill 7k < Kook (Binns Zinn: Vin,; 07)G0,2k(Bli—j)Ans Zii—j)Ans Vii—j)an: 07)-

Since go2x(-) is bounded on bounded set (Assumption HAC(iii)), we further have |Ex| i J”l]| <
Kamix (I —1i — j)+)1_2/k. From here, it follows that

N, Np
E[()?] < 2A2) Y E[Ex [
i=j l=i
N, Npn
< KA2SS i ((0—i—5)7) 7"
i=j l=i

< KA, (j+1).

Then, by the triangle inequality and Jensen’s inequality, as well as the boundedness of the kernel

function w (-, ), we derive from (A.31) that

B[P - TO| < KAV (+ )2 = o(ay?m/?).
=0
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Since m,, = o(kg/ 2) by Assumption HAC(ii) and k, < KA, 12 by Assumption LW, we have
my, = O(A;1/4). Hence, Iy —T@ = op(1).
Finally, we show that A O op(1). Note that

Ny Np,
IO T = 2 5 A Ex[gh (6% g1, (67)]
j=mn+1 =7

mMn Nn
+2 (1= w(j,mn)) A Y Ex [g7 (6%) g ; (67)].
j=1 =7

Observe

Nn Ny N,
Ell2 > A Ex[gr 00,0 <k > ame () >0,

j=mn+1 i=j j=mn+1

where the inequality is by the triangle inequality and the mixing inequality and the convergence

is due to 2]21 amix(j)l_Q/k < oo and m, — oco. Similarly,

Mn Ny, o,
E|2) " (1—w(fima) Ay Ex [g (07) g (69)]| < K D11 = w(j,ma)] amix(5) /%
j=1 i=j =1

Note that for each j, 1 —w (j,mn) — 0 as n — oo. Since >~ |1 —w(j, )| amix(§)1"2F <

K 2]21 ozmix(j)l_Q/l’C < 00, the majorant side of the above inequality converges to zero as n — oo
by the dominated convergence theorem. From here, it follows that f,(f) — ﬂ?) = 0p(1) as claimed.
The proof of part (a) is now complete.

(b) By a polarization argument, we consider the one-dimensional setting without loss of gen-

erality. We set
n __ _ T L% _ n\2172
nl - ’Ug(ﬂzAn’ ZzAn’ %An’ 9 )7 an - 2An Z(Tll ) ‘/;An :
%

Note that g(-) € C?3(p) implies that the function (3,v,2) ~ 20,3(8, z,v;0*)*v? is in C(2p).
Moreover, the condition w > (2p — 1)/2(2p — r) implies that @w > (2p — 1)/(4p — r). Hence, by
applying Lemma A.2 to the function (3, v, z) — 20,3(8, z, v; 0%)?v?, we derive S, £, 5. Tt remains
to show that §1n(én) — S, —= 0. Below, we complete the proof by showing §1n(én) — §1’n(0*)
and §17n(9*) — Sy, are op(1).

By the triangle inequality, we see that |§1n(én) - §1n(0*)\ < K (SRin+ SRy,), where

n/H NN 2/\2
Mi (On) — 0;'(0%) Via,

SRl,n = An Z
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SR — A7 (O°)| [ (07)| Vi

Recall the notations in Definition 1. By Assumption LIP(i), SRy, < Dl,nHén — 0*||%, where

k-1 2

1
Din = An Z T Y BiYVisjan Zainan Vin) | Via,-
n ] O

Note that Ex[D1,] < KA, Y (1 + ‘//\;QA(:_I))‘A/Z-ZAn. By (A.11), Dy, = O,(1). Since 6, — 6* =
op(1), SR1, = 0p(1). By the Cauchy-Schwarz inequality, SRa, < SR%{SD;,/S, where ng =
A, A”(H*)QV . Note that Assumption AVAR1(i) implies that gy 2(+;0*) € P (p —1). Hence,
Ex[Ar(0*)?) < ( + [Via, |2®=D). By repeated conditioning and (A.11), we further deduce that
Dy, = Op(1). Hence, SRy, is also 0,(1). We have §1n(én) - §17n(0*) = 0p(1) as wanted.
Finally, we show 3’\17"(0*) —Sn 2, 0. Observe that, by the triangle inequality,

Er ‘§1,n(9*) —

(In?| Bx 17 (6) = 'l + B i (0%) — i P) VA, (A32)
We set for each 4,7 > 0,

Gy = Oug (Y(z’+j)Ana Zi)ans Vit 9*> — Ovg (B(z‘—}—j)Ana Ziiy ) ans Vinn; 9*) ;
k-1
77’7 = k;l Z avg < 7,+j (Z+j)A ‘/’LATHQ*) .

By Assumption S(iii), Ex[(}';] = 0. We can write 7;'(6") — 7;' = (1/k3,) Z] 01 +;- Hence,

k;,—1

Er |i/(0") - < 1 Z Ex [¢7¢]|
n 7,l=0
k' —1
17 ok o, (A.33)
< Ko S = ) (14 V4
™ j1=0
< K(1+VL2)/K,

where the first inequality is by the triangle inequality; the second inequality is obtained by first
using the mixing inequality and then the assumption that g; x(-;6*) € P ((p —2)/2); the third
inequality is by Assumption MIX.

We set, for each i > 0, D = (1/k}) Zj " (||ﬁ i+, = Bina | F 1245 A, — Zia, ). Note that,
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by a mean-value expansion and the assumption that 9g0,g(+; 0*) and 0,0,g(-; 0*) arein P (p/2 — 1),
7 = < KL+ VDY (A.34)

Since 7' and 7' are F-measurable, we combine (A.33) and (A.34) to derive
By [ (6°) =} [* < K (1+ V(D)) +1/k7). (A.35)

Next, note that under Assumptions S(iii) and AVARI1(i), 0,9 (-;0*) € P (p/2 —1). By (A.32) and
(A.35),
E]—' §1,n(9 )

(1/\/17+ Dy + (D)) (14 VA, ). (A.36)

Further note that E |D?|* + E|D?|* < Kk, A,. Hence, by the Cauchy-Schwarz inequality, (A.36)
and (A.11), we derive E|S) ,,(8*) — Sy| < K(\/E, A, +1/+/E,) — 0. Hence, S1,,(6*) — S, = 0,(1).
The proof of part (b) is now complete.

(c) Denote f(z,v; 0) = 2¢(2,v;0%)p(z,v;0")Tv%. Since ¢ (;0*) € C(p — 1), f € C(2p). By
Lemma A.2, ng(e*) — S. Since @ (;0*) € C(p—1) and ¢ () € LIP(p — 1,0), it is easy to
see that supycg, [|¢(-;0)|| € P (p—1) for any compact subset ©¢ that contains . Hence, with
probability approaching one,

‘S\Q,n(én) - §2,n(9*)
< KA (14+ TR D [0 Zia Viai0) = 6(Zia,. Via, 169 | VA

<ra, ) (1472)

By (A.11) and 6, — 6* = op(1), we see §2n(én) - §27n(9*) = 0p(1). From here, the assertion in
part (c) readily follows. Q.E.D.

PROOF OF COROLLARY 2: Part (a) follows from Theorems 2, 3 and the continuous mapping
theorem. To show part (b), we first show that cvy, 1—/(0%) N cv1_o. Fix an arbitrary subsequence
N; € N. By Theorem 3, i\]g,n(Q*) £, ¥4 and, hence, there exists a further subsequence Ny C Ny,
along which ig,n(e*) =% %, Consider a path w € Q on which L(-,-) is continuous at ¥, and
flg,n(Q*) — 24 holds along Np; such paths form a P-full event. By the continuous mapping theorem,
on path w, the F®G-conditional distribution function of L(igyn (012U, ig,n (0*)) converges weakly
to the F-conditional distribution of L(¢,¥,). By assumption, 1 — «v is a continuity point of the F-
conditional quantile function of L(§, ¥,). Hence, on path w, we have cvy, 1—o — cv1—, along Na. By
a subsequence characterization of convergence in probability, we deduce that cv,, - (6%) N CU1_q-
This result, combined with that in part (a), implies P (L, (60*) < cvp1-0(0*)) =1 —a.  Q.E.D.
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A.4 Proof of Propositions 1 and 2

PROOF OF PROPOSITION 1: (a) Let Q(0) = G(0)TZG (0). By Theorem 2(a), Gy, (+) N G(+) and,
hence, Qn(+) N Q(-) uniformly over ©. It is easy to see from Assumption LIP(i) that G (-) is
continuous and so is Q(:). Under Assumption GMIM, Q(-) is uniquely minimized at #*. Since
© is compact, 6, £, 0" follows from a standard argument (see, e.g., Theorem 2.1 in Newey and
McFadden (1994)).

(b) Under Assumptions S and D, for each § € O, the functions (3, z,v) — pg(B,z,v;6)
and (B, 2,v) — 0p02g (B, z,v;0) v? satisfy condition (ii) of Theorem 1. Moreover, by Assumption
LIP(ii), the functions 9yg (y, z,v; ) and 9y02g(y, z, v; 0)v? belong to LIP(p,0). By Theorem 1, we

have,

T
9pGn(0) - / 990G (Bs, Zs, Vy; 0) ds, uniformly in 0 € ©. (A.37)
0

In particular, for any sequence 6, that satisfies 6, N 0*, we have 89Gn(6~n) = H + 0,(1). Then,

under Assumption GMIM, a routine manipulation yields,
AZY? (én - 0*) = — (HTZH) ' HTZA;Y2G, (07) + 0,(1). (A.38)

The assertion then follows from Theorem 2(b).
(c) By (A.37), H, 2, H. Since A;lﬂ(én — 6*) = Op(1) from part (b), the assertion of part
(c) readily follows from Theorem 3. Q.E.D.

PROOF OF PROPOSITION 2: Denote A = (I, — H (HTZH) " HTE)Z;ﬁ. Observe that

ATPGBy) = ATVPGu(0%) + HATY2 (8, —0%) + 0p(1)
= AR PAEG(O") + 0p(1),

where the first equality is by a mean-value expansion, 0, P, 0 and the uniform convergence given
by (A.37); the second equality is obtained by using the asymptotic linear representation (A.38).
Note that Z;l/ZAﬁl/QGn(H*) 5N (0,1;) by Theorem 2. It is also straightforward to show that
AT=ZA is idempotent with rank ¢—dim (0). The assertion of the proposition readily follows.Q.E.D.

58



