Bootstrap prediction intervals for factor models

Silvia Gongalves and Benoit Perron*

Département de sciences économiques, CIREQ and CIRANO, Université de Montréal

April 10, 2013

Abstract

We propose bootstrap prediction intervals for an observation h periods into the future and its
conditional mean. We assume that these forecasts are made using a set of factors extracted from
a large panel of variables. Because we treat these factors as latent, our forecasts depend both on
estimated factors and estimated regression coeflicients.

Under regularity conditions, Bai and Ng (2006) proposed the construction of asymptotic inter-
vals under Gaussianity of the innovations. The bootstrap allows us to relax this assumption and to
construct valid prediction intervals under more general conditions. Moreover, even under Gaussian-
ity, the bootstrap leads to more accurate intervals in cases where the cross-sectional dimension is
relatively small as it reduces the bias of the OLS estimator as shown in a recent paper by Gongalves
and Perron (2013).
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1 Introduction

Forecasting using factor-augmented regression models has become increasingly popular since the semi-
nal paper of Stock and Watson (2002). The main idea underlying the so-called diffusion index forecasts
is that when forecasting a given variable of interest, a large number of predictors can be summarized
by a small number of indexes when the data follows an approximate factor model. The indexes are
the latent factors driving the panel factor model and can be estimated by principal components. Point
forecasts can be obtained by running a standard OLS regression augmented with the estimated factors.

In this paper, we consider the construction of prediction intervals in factor-augmented regression
models using the bootstrap. To be more specific, suppose that y;1; denotes the variable to be forecast
(where h is the forecast horizon) and let X; be a N-dimensional vector of candidate predictors. We
assume that y,p follows a factor-augmented regression model,

Yerh = Fr+ Wi+ epqn, t=1,...,T —h, (1)

where W is a vector of observed regressors (including for instance lags of y;) which jointly with F; help
forecast y;1p. The r-dimensional vector F; describes the common latent factors in the panel factor
model,

Xit:A;Ft'f‘eit, 1=1,...,N, t=1,...,T, (2)

where the r x 1 vector \; contains the factor loadings and e;; is an idiosyncratic error term.
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The goal is to forecast yrip or its conditional mean yp pr = o Fr + B'Wr using
{(yt, X, Wy) : t =1,...,T}, the available data at time 7. Since factors are not observed, the dif-
fusion index forecast approach typically involves a two-step procedure: in the first step we estimate F}
by principal components (yielding Ft) and in the second step we regress 3,15, on Wy and F} to obtain
the regression coefficients. The point forecast is then constructed as gy 7 = & Fr + B/WT.

The main goal of this paper is to propose bootstrap prediction intervals for yrp and yr 7. Be-
cause we treat factors as latent, forecasts for yr, 5 and its conditional mean depend both on estimated
factors and regression coefficients. These two sources of parameter uncertainty must be accounted for
when constructing prediction intervals, as recently shown by Bai and Ng (2006). Under regularity
conditions, Bai and Ng (2006) derived the asymptotic distribution of regression estimates and the
corresponding forecast errors and proposed the construction of asymptotic intervals.

Our motivation for using the bootstrap as an alternative method of inference is twofold. First,
the finite sample properties of the asymptotic approach of Bai and Ng (2006) can be poor, especially
if N is not sufficiently large relative to T'. This was recently shown by Gongalves and Perron (2013)
in the context of confidence intervals for the regression coefficients, and as we will show below, the
same is true in the context of prediction intervals. In particular, estimation of factors leads to an
asymptotic bias term in the OLS estimator if v/T/N — ¢ and ¢ # 0. Gongalves and Perron (2013)
proposed a bootstrap method that removes this bias and outperforms the asymptotic approach of Bai
and Ng (2006). Second, the bootstrap allows for the construction of prediction intervals for ypyp
that are consistent under more general assumptions than the asymptotic approach of Bai and Ng
(2006). In particular, the bootstrap does not require the Gaussianity assumption on the regression
errors that justifies the asymptotic prediction intervals of Bai and Ng (2006). As our simulations show,
prediction intervals based on the Gaussianity assumption perform poorly when the regression error
is asymmetrically distributed whereas the bootstrap prediction intervals do not suffer significant size
distortions.

The remainder of the paper is organized as follows. Section 2 introduces our forecasting model and
considers asymptotic prediction intervals. Section 3 describes two bootstrap prediction algorithms.
Section 4 presents a set of high level assumptions on the bootstrap idiosyncratic errors under which the
bootstrap distribution of the estimated factors at a given time period is consistent for the distribution
of the sample estimated factors. These results together with the results of Gongalves and Perron
(2013) are used in Section 5 to show the asymptotic validity of wild bootstrap prediction intervals.
Section 6 presents our simulation experiments, and Section 7 concludes. Mathematical proofs appear
in the Appendix.

2 Prediction intervals based on asymptotic theory

This section introduces our assumptions and reviews the asymptotic theory-based prediction intervals
proposed by Bai and Ng (2006).
2.1 Assumptions

Let 2 = ( FY W/ )/, where z; is p x 1, with p = r + ¢q. Following Bai and Ng (2006), we make the
following assumptions.

Assumption 1
(a) E|F||* < M and + ST F,F/ —F S > 0, where S is a non-random r x r matrix.

(b) The loadings \; are either deterministic such that ||A;|| < M, or stochastic such that E || X;[|* < M.
In either case, A'/A/N — ¥, > 0, where X, is a non-random matrix.



(c) The eigenvalues of the r x r matrix (XX ) are distinct.
Assumption 2
(a) E(ey) =0, Eley|* < M.
(b) E (eitejs) = Oijis, |0ijis| < 745 forall (¢, ), |0ijs| < 7es for all (4, j) . Furthermore, Zstl Tes < M,
for each ¢, and § Dot |oijesl < M.
4

(c) For every (t,s), E|N"Y23N (ejeis — E (eieis))| < M.

(d) w2 Yrerw 2oy [Cov (eireis, ejieju)| < A < oo
(e) For each t, \/% Zf\; Nieit —4 N (0,Ty), where I'y = limy o, Var (\/% Zf\il )\ieit) > 0.

Assumption 3 The variables {\;}, {F}} and {e;;} are three mutually independent groups. Depen-
dence within each group is allowed.

Assumption 4
(a) E (eren) =0 and E gy p|* < M.

(b) E (etxnlye, Fryy1—1, Fi—1,...) = 0 for any h > 0, and F; and ¢, are independent of the idiosyncratic
errors e;s for all (i, s,t).

(c) Ellz)* <M and 3], 2z =P 2., > 0.

2
(d) AsT — oo, % th:lh zigeen —¢ N (0,9), where E H\Lﬁ Z;‘F;Ih ZtEtJth < M, and
Q =plimy_ 7 Sk (227, p,) > 0.

Assumptions 1 and 2 are standard in the approximate factors literature, allowing in particular for
weak cross sectional and serial dependence in e;; of unknown form. Assumption 3 assumes indepen-
dence among the factors, the factor loadings and the idiosyncratic error terms. We could allow for
weak dependence among these three groups of variables at the cost of introducing restrictions on this
dependence. Assumption 4 imposes moment conditions on {e;yp}, on {2} and on the score vector
{zie44n}. Part ¢) requires {z:z;} to satisfy a law of large numbers. Part d) requires the score to satisfy
a central limit theorem, where €2 denotes the limiting variance of the scaled average of the scores. We
make the same assumption as in Bai and Ng (2006) regarding the form of this covariance matrix.

2.2 Normal-theory prediction intervals

As described in Section 1, the diffusion index forecasts are based on a two step estimation procedure.
The first step consists of extracting the common factors F; from the N-dimensional panel X;. In
particular, given X, we estimate F' and A with the method of principal components. F' is estimated
with the T' x r matrix F = ( F, ... Fr )/ composed of v/T times the eigenvectors corresponding to

the r largest eigenvalues of of X X’/T'N (arranged in decreasing order), where the normalization # =

~ - N VN |
I, is used. The matrix containing the estimated loadings is then A = (x\l, . AN) =X'F (F’F) =
X'F/T.



In the second step, we run an OLS regression of 4,15 on 2; = ( F w/ )/, i.e. we compute

) 4 T—h “Lrp
6= < 3 ) = < z«g;) > Byeen, (3)
t=1

Wheregispx 1 withp=r+gq.
Suppose the object of interest is yp 7, the conditional mean of yrj = o Fr + B'Wr at time T.

The point forecast is g7 pj7r = & Fr+ B,WT and the forecast error is given by

. 1. - 1 3 .

Yr+h|T — YT+h|T = ﬁz{pﬁ (5 - 5) + ﬁo/H WN <FT - HFT) : (4)
where 0 = ( oH1 g )/ is the probability limit of 8. The matrix H is defined as

- F'FAA
! T N (5)

H =

where V is the r x r diagonal matrix containing on the main diagonal the r largest eigenvalues of
XX'/NT, in decreasing order (cf. Bai (2003)). It arises because factor models are only identified
up to rotation, implying that the principal component estimator F; converges to HF}, and the OLS
estimator & converges to H Y. It must be noted that forecasts do not depend on this rotation since
the product is uniquely identified.

The above decomposition shows that the asymptotic distribution of the forecast error depends on
two sources of uncertainty: the first is the usual parameter estimation uncertainty associated with
estimation of o and 3, and the second is the factors estimation uncertainty. Under Assumptions 1-4,
and assuming that v7/N — 0 and vVN/T — 0 as N,T — oo, Bai and Ng (2006) show that the

studentized forecast error
yT+h|T - yT+h\T

=

Br

4N (0,1), (6)

where Br is a consistent estimator of the asymptotic variance of ypp 7 given by

1 .

BT =Var (yAT_A'_h‘T) TZTZ&ZT N EFT& (7)
Here, 3 consistently estimates Y; = Var( ( )) and 2 Py consistently estimates

ZFT =Var (\/N (FT — HFT>> In particular, under Assumptions 1-4,
T—h T—h -1
_ (Z zt,e;) (Z ztztgt+h) (Z 2tgg> , ®
t=1 t=1

Sp =V TV 9)

and

where fT is an estimator of 'y = limy_ o Var (\/% Zf\il )\ieiT) and depends on the cross sectional

dependence and heterogeneity properties of e;7. Bai and Ng (2006) provide three different estimators
of I'r. Section 5 below considers such an estimator.



The central limit theorem result in (6) justifies the construction of an asymptotic 100(1 — a))%
level prediction interval for yr 1 given by

<37T+h|T — Z1—as2\ Br Gt + 21202 @) ; (10)

where z1_,/7 is the 1 — « /2 quantile of a standard normal distribution.
When the object of interest is a prediction interval for yr, 5, Bai and Ng (2006) propose

<?§T+h|T — 21—ayo\ O, Irsnyr + 2’1a/2\/é>> ; (11)

C'T = B’T+&§,

where

with By as above and 62 = %23:1 2. The validity of (11) depends on the additional assumption
that & is .i.d.NV (0,02).

An important condition that justifies (10) and (11) is that /T /N — 0. This condition ensures
that the term reflecting the parameter estimation uncertainty in the forecast error decomposition (4),
VT (3 — 5) , is asymptotically normal with a mean of zero and a variance-covariance matrix that does
not depend on the factors estimation uncertainty. As was recently shown by Gongalves and Perron
(2013), when VT /N — ¢ # 0,

VT (8 _ 5) 4N (—eAg, s)

where Ag is a bias term that reflects the contribution of the factors estimation error to the asymptotic
distribution of the regression estimates é. In this case, the two terms in (4) will depend on the factors
estimation uncertainty and a natural question is whether this will have an effect on the prediction
intervals (10) and (11) derived by Bai and Ng (2006) under the assumption that ¢ = 0. As we argue
next, these intervals remain valid even when ¢ # 0. The main reason is that when VT /N — ¢ # 0,
the ratio N/T — 0, which implies that the parameter estimation uncertainty associated with ¢ is
dominated asymptotically by the uncertainty from having to estimate Fr.

More formally, when VT /N — ¢ # 0, N/T — 0 and the convergence rate of YT sn|T 18 VN,
implying that

VN (ranir — yronr) = VNIVT (5-6) 27+ o' BN (Fr - HEr)

= «HWN (FT - HFT) +op(1).

Thus, the forecast error is asymptotically N (O,a’H‘lEﬁTH_l’a>. Since NBp = (N/T) é'TEA](;z?T +

d’f}FTéz = a’H‘lEFTH_l’a + op (1), the studentized forecast error given in (6) is still N (0,1) as
N, T — oo. For the studentized forecast error associated with forecasting yr, the variance of g4y,
is asymptotically (as N,T — oo) dominated by the variance of the error term o2, implying that
neither the parameter estimation uncertainty nor the factors estimation uncertainty contribute to the
asymptotic variance.

3 Description of bootstrap prediction intervals
Following Gongalves and Perron (2013), we consider the following bootstrap DGP:
X = AF +¢f, (12)
N ~! *
Yirn = &F+ W + Etths (13)



where {e;‘ = (efp -, ej‘w)'} denotes a bootstrap sample from {ét =X; — Aﬁ't} and {5;‘+h} is a resam-

pled version of {éHh =ypn — & F, — B/Wt}. A specific method to generate e; and ¢}, is discussed
in Section 5.
We estimate the factors by the method of principal components using the bootstrap panel data

~ ~ ~ /
set {X/:t=1,...,T}. Welet F* = (Fl*, . Fj’i) denote the T x r matrix of bootstrap estimated
factors which equal the r eigenvectors of X*X* /NT (multiplied by \/T) corresponding to the r largest
~ -~ ~x \/
eigenvalues. The N x r matrix of estimated bootstrap loadings is given by A* = </\1, cey A N) =

X*F*/T. We then run a regression of Yip ON ﬁ't* and W, using observations ¢t = 1,...,7 —h. We let

6" denote the corresponding OLS estimator
T—h “Lr_p
Ak
P (Saw) S
t=1 t=1
~ /
where 2} = (Ft*’, W[) .
The steps for obtaining a bootstrap prediction interval for y7 1 are as follows.

Algorithm 1 (Bootstrap prediction interval for yT+h|T)

1. Fort=1,...,T, generate o
XZ:AFt—{—GI,

where {e},} is a resampled version of {éit = X; — 5\;}7}}
2. Estimate the bootstrap factors {Ft* t=1,... ,T} using X*.
3. Fort=1,...,T — h, generate
y;Jrh = 6«‘,Ft + BIWt + 52(+h7
where the error term €}, is a resampled version of &;yp,.

4. Regress y;,;, generated in step 3 on the bootstrap estimated factors Ft* obtained in step 2 and
on the fixed regressors W; and obtain the OLS estimator 5.

5. Obtain bootstrap forecasts
~ A~ = k! (SN
Ppypr =" Fp+ 3 Wp =464,
and bootstrap standard errors

. 1 . 1 .
Br = Té}'ﬁ;é} + N@*’E}T@*, (14)

where the choice of f);; and f)*ﬁT depends on the assumptions on €.y, and ej;.

6. Let yr5. thT = & Fr + B,WT and compute bootstrap prediction errors:



(a) For equal-tailed percentile-t bootstrap intervals, compute studentized bootstrap prediction
€rrors as . .

« _ Irenr T YrgnT

ST+h = :

~

Br
(b) For symmetric percentile-t bootstrap intervals, compute ‘si} +h‘ )

g ooy

7. Repeat this process B times, resulting in statistics {S}Jrh’l, ceey s*T+h’B} and { ‘sifmrh’l s}+h7B ’ } .
8. Compute the corresponding empirical quantiles:

(a) For equal-tailed percentile-t bootstrap intervals, ¢j_, is the empirical 1 — a quantile of

* *
{3T+h,17 e 78T+h,B} :

(b) For symmetric percentile-t bootstrap intervals, qrf‘ 1o s the empirical 1 — a quantile of

{

A 100(1 — @)% equal-tailed percentile-t bootstrap interval for yp +h|T 18 given by

EQZI,;_?MT = <?JT+hT — Qa2 By Irnr — 450\ BT> ; (15)

whereas a 100(1 — a)% symmetric percentile-t bootstrap interval for yp 1 is given by

* *
3T+h,1‘ EERE! )5T+h,B‘} .

N

1— _ ~ * ® ~ *
SYnyZ‘T = <yT+h|T (e \V Br, Y1+h|T + 4.1 1-a BT) > (16)

When prediction intervals for a new observation yr,, are the object of interest, the algorithm
reads as follows.

Algorithm 2 (Bootstrap prediction interval for y,4)
1. Identical to Algorithm 1.
2. Identical to Algorithm 1.
3. Generate {yi‘+h, S YT YTy ,yé‘mrh} using
= N
Yirn = & F + B Wi+ ety p,
where {EL_h, e B Epys ,€*T+h} is a bootstrap sample obtained from {&14p,...,é7}.
4. Not making use of the stretch {yi}H, e ,y%HL}, compute 5" asin Algorithm 1.
5. Obtain the bootstrap point forecast g7, +hjT 33 in Algorithm 1 but compute its standard error as
Ch = By +627,

2

where 72 is a consistent estimator of 62 = Var (e745,) and B is as in Algorithm 1.

6. Let y7,, = & Fr + B,WT + €7, and compute bootstrap prediction errors:



(a) For equal-tailed percentile-t bootstrap intervals, compute studentized bootstrap prediction
€rrors as . .
. Yr4nr — Y74n

ST+h = N
*
V Cr

(b) For symmetric percentile-t bootstrap intervals, compute ‘si} +h‘ )

7. Identical to Algorithm 1.

8. Identical to Algorithm 1.

A 100(1 — a) % equal-tailed percentile-t bootstrap interval for yp, is given by

EQ;;?,, = <Z)T+hT - q;—a/2 \V éT» §T+h|T - q;/z \V éT) ) (17)

whereas a 100(1 — ) % symmetric percentile-t bootstrap interval for ypr.j is given by

SY, & = <ZJT+hT — 411 oV Cr It + 41—V éT) : (18)

The main differences between the two algorithms is that in step 3 of Algorithm 2 we generate
observations for y;,, for t = 1,...,T instead of stopping at ¢ = T"— h. This allows us to obtain a
bootstrap observation for y7._ ;, the bootstrap analogue of yr.4p, which we will use in constructing the
studentized statistic s7.,, in step 6 of Algorithm 2. The point forecast is identical to Algorithm 1 and
relies only on observations for ¢t = 1,...,T — h, but the bootstrap variance C’:’; contains an extra term
&:2 that reflects the uncertainty associated with the error epy; associated with the new observation

YT+h-

4 Bootstrap distribution of estimated factors

The asymptotic validity of the bootstrap prediction intervals for yr,p and yp pr described in the
previous section depends on the ability of the bootstrap to capture two sources of estimation error: the
parameter estimation error and the factors estimation error. In particular, the bootstrap prediction
error for the conditional mean is given by

A~ 5 * 1 ok N * 1 *— [ *
YT4n — YT4hT = ﬁzT/ﬁ (5 —9 ) + \/—ﬁa’H VN (FT - H FT) ,

where §* = &1 and ®* = diag (H*,1,). Here, H* is the bootstrap analogue of the rotation matrix
H defined in (5), i.e.
et F*F NA

T N’
where V* is the r x r diagonal matrix containing on the main diagonal the r largest eigenvalues of
X*X*/NT, in decreasing order. Note that contrary to H, which depends on unknown population
parameters, H* is fully observed.

Adding and subtracting appropriately, we can write

sk * T, ®/ ¥ < L. *—1 7% [
P — Vosnr = ﬁz/T\/T (cI) 15— 5) + ﬁa’\/ﬁ (H Vs — FT> +op+ (1). (19)



As usual in the bootstrap literature, we use P* to denote the bootstrap probability measure, conditional
on a given sample; E* and Var* denote the corresponding bootstrap expected value and variance
operators. For any bootstrap statistic 1%, we write TxX, = op+ (1), in probability, or T3 —P"0,
in probability, when for any 6 > 0, P* (|TX| > 6) = op (1). We write T3, = Op+ (1), in probability,
when for all § > 0 there exists Ms < oo such that limy 7. P [P* (|Txp| > Ms) > 6] = 0. Finally, we
write Txp —4" D, in probability, if conditional on a sample with probability that converges to one,
Ty weakly converges to the distribution D under P*, i.e. E* (f (T%r)) = E (f (D)) for all bounded
and uniformly continuous functions f. See Chang and Park (2003) for similar notation and for several
useful bootstrap asymptotic properties.

The stochastic expansion (19) shows that the bootstrap prediction error captures the two forms of

estimation uncertainty in (4) provided: (1) the bootstrap distribution of v/T' <<I>*’ 5 — 3) is a consistent
estimator of the distribution of /T (3 — 5), and (2) the bootstrap distribution of VN (H*_lﬁ’j’i — FT>
is a consistent estimator of the distribution of v N <FT - H FT). Gongalves and Perron (2013) dis-

cussed conditions for the consistency of the bootstrap distribution of vT' (8 — 5). Here we propose
a set of conditions that justifies using the bootstrap to consistently estimate the distribution of the
estimated factors v N (Ft — HFt) at each point ¢.

Condition A.

AL (2) TPSL, Y7 1 = 0p (1), and (b) for each t, S0, yif> = Op (1), where 7, =
B (45N, eher,).

‘ 2

A2 (a) g5 X0y e B | e L (e — BX(ehel))| = Op(1), and (b) for each f,

2
PO B | A N e — B ()| = op ().

~ 2
A3, For each t, B*|| Ao Y1 SN Fu(eqel, — B (ehet,)| = 0p (1).

" 1 T N a3 ? _
A4 F ﬁ Zt:l Ei:l Ft)\,ieit = OP (1) .
- 2
A.5. % Zf:l E* \/% Zf\il )\iez(t - OP (1) .

A6, For each £, T} /% 2 Ajety, 4 N (0, 1), in probability, where T = Var* (A 2207, Aief;)

is uniformly definite positive.

Condition A is the bootstrap analogue of Bai’s (2003) assumptions used to derive the limiting
distribution of v N <Ft - H Ft> . Gongalves and Perron (2013) also relied on similar high level as-

sumptions to study the bootstrap distribution of /7T’ <5* — 5*). In particular, Conditions 4.4 and

A.5 correspond to their Conditions B*(c) and B*(d), respectively. Since our goal here is to characterize
the limiting distribution of the bootstrap estimated factors at each point ¢, we need to complement
some of their other conditions by requiring boundedness in probability of some bootstrap moments at
each point in time ¢ (in addition to boundedness in probability of the time average of these bootstrap
moments; e.g. Conditions A.1.(b) and A.2.(b) expand Conditions A*(b) and A*(c) in Gongalves and
Perron (2013) in this manner). We also require that a central limit theorem applies to the scaled cross
sectional average of S\ieft, at each time ¢ (Condition .A.6). This high level condition ensures asymptotic



normality for the bootstrap estimated factors. It was not required by Gongalves and Perron (2013)
because their goal was only to consistently estimate the distribution of the regression estimates, not
of the estimated factors.

Theorem 4.1 Suppose Assumptions 1 and 2 hold. Under Condition A, as N, T — oo such that
VN /T3/* — 0, we have that for each t,

VN (ﬁ; . H*Ft> — H'V- 1 et 4 ope (1)

||Mz

in probability, which implies that
- Y2VN (H**lﬁt* - 13}) ~4N(0,1,),
in probability, where 1T} = V1T V1.

Theorem 1.(i) of Bai (2003) shows that under regularity conditions weaker than Assumptions
1 and 2 and provided VN/T — 0, \/N(Ft —HFt> — N (0,II;), where II; = V1QT,Q'V~!,

@ = plim ( ) Theorem 4.1 is its bootstrap analogue. A stronger rate condition (\ﬁ/T3/4 — 0

instead of VN /T — 0) is used to show that the remainder terms in the stochastic expansion of
VN <Ft* - H *Ft> are asymptotically negligible. This rate condition is a function of the number of
finite moments for Fs we assume. In particular, if we replace Assumption 1(a) with E||F;||? < M for

all ¢, then the required rate restriction is v/ N/Tl_l/q — 0. See Remarks 1 and 2 below.
To prove the consistency of II} for II; we impose the following additional condition.

Condition B. For each ¢, plim I’y = QT'.Q’.

Condition B requires that I'}, the bootstrap variance of the scaled cross sectional average of the
scores \;efy, be consistent for QT';@Q’. This in turn requires that we resample €;; in a way that preserves
the cross sectional dependence and heterogeneity properties of e;;.

Corollary 4.1 Under Assumptions 1 and 2 and Conditions A and B, we have that for each t, as
N,T — oo such that VN /T%* — 0, VN (H**lﬁt* — F’t> —4" N (0,11;), in probability, where II; =

V-IQT,Q'V ! is the asymptotic covariance matriz of VN (Ft — HFt> .

Corollary 4.1 justifies using the bootstrap to construct confidence intervals for the rotated factors
HF, provided Conditions A and B hold. These conditions are high level conditions that can be
checked for any particular bootstrap scheme used to generate e},. We verify them for a wild bootstrap
in Section 5 when proving the consistency of bootstrap prediction intervals for the conditional mean.

The fact that factors and factor loadings are not separately identified implies the need to rotate
the bootstrap estimated factors in order to consistently estimate the distribution of the sample factor

estimates, i.e. we use VN (H*_lﬁt* — Ft) to approximate the distribution of VN (Ft — HFt) A

similar rotation was discussed in Gongalves and Perron (2013) in the context of bootstrapping the
regression coeflicients 4.

10



5 Validity of bootstrap prediction intervals

5.1 Intervals for y; 1

When prediction intervals for the conditional mean yr_ 17 are the object of interest, we use a two-step
wild bootstrap scheme, as in Gongalves and Perron (2013). Specifically, we rely on Algorithm 1 and
we let

5I+1:ét+1-vt+1, tzl,...,T—l, (20)

with ve4q 1.1.d.(0,1), and
e:t:ézt‘nzt7 tzl,...7T,i:1,...7N, (21)

where n;, is 1.1.d.(0, 1) across (i,t), independently of v .
To prove the asymptotic validity of this method we strengthen Assumptions 1-4 as follows.

Assumption 5. ); are either deterministic such that [|[)\;]] < M < oo, or stochastic such that
E|M|"? < M < oo for all i; E||F||** < M < oo; Eleg)” < M < oo, for all (i,t); and
for some g > 1, E |e;41]* < M < oo, for all t.

Assumption 6. E (eiejs) = 0if i # j.

With h = 1, our assumption 4(b) on &1, becomes a martingale difference sequence assumption,
and this motivates the use of the wild bootstrap in (20). This assumption rules out serial correlation
in 441 but allows for conditional heteroskedasticity. Devising a bootstrap scheme that will be valid
for h > 1 would require some blocking method and is the subject of ongoing research. Some simulation
results with a particular scheme will be provided below.

Assumption 6 assumes the absence of cross sectional correlation in the idiosyncratic errors and
motivates the use of the wild bootstrap in (21). As the results in the previous sections show, predic-
tion intervals for yryp or yrypr are a function of the factors estimation uncertainty even when this
source of uncertainty is asymptotically negligible for the estimation of the distribution of the regression
coefficients (i.e. even when VT /N — ¢ = 0). Since factors estimation uncertainty depends on the
cross sectional correlation of the idiosyncratic errors e;; (via I'p = limy o Var (1 / VN Zf\il )\ieiT) ),
bootstrap prediction intervals need to mimic this form of correlation to be asymptotically valid. Con-
trary to the pure time series context, a natural ordering does not exist in the cross sectional dimension,
which implies that proposing a nonparametric bootstrap method (e.g. a block bootstrap) that repli-
cates the cross sectional dependence is challenging if a parametric model is not assumed. Therefore,
we follow Gongalves and Perron (2013) and use a wild bootstrap to generate e}, under Assumption 6.

The bootstrap percentile-t method, as described in Algorithm 1 and equations (15) and (16),
requires the choice of two standard errors, By and its bootstrap analogue B* To compute By we use
(7), where X5 is given in (8). EFT is given in (9), where

is estimator 5(a) in Bai and Ng (2006), and it is a consistent estimator of (a rotated version of)
I'r =limy_ o Var (\/Lﬁ Zf\il )\ieiT) under Assumption 6. We compute B:*F using (14) and relying on
the bootstrap analogues of S5 and 3 Py
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Theorem 5.1 Suppose Assumptions 1-6 hold and we use Algorithm 1 with € | = &4y1 - v441 and
e, = €it - Ny, where vipq ~ 1.4.d.(0,1) forallt =1,...,T —1 and n; ~ 4.i.d.(0,1) for alli=1,...,N;
t=1,...,7, and vi41 and n; are mutually independent. Moreover, assume that E* ]nit\4 < C for
all (i,t) and E* |vep1|* < C for all t. If VT/N — ¢, where 0 < ¢ < 0o, and VN /T2 - 0, then
conditional on {yy, Xp, Wy : t =1,...,T},

Ak *
Yriyr = Yr1ur g
-

v Bi

N (0,1),

in probability.

Remark 1 The rate restriction /N /T2 — 0 is slightly stronger than the rate used by Bai (2003)
(cf. VN/T —0). It is weaker than the restriction VN /T3/* — 0 used in Theorem 4.1 and Corollary
4.1 because we have strengthened the number of factor moments that exist from 4 to 12 (compare
Assumption 5 with Assumption 1(a)). See Remark 2 in the Appendiz.

5.2 Intervals for y;.

In this section we provide a theoretical justification for bootstrap prediction intervals for yryq as
described in Algorithm 2. We add the following assumption.

Assumption 7. g4, is i.i.d.(0,02) with a continuous distribution function F (z) = P (441 < ).

Assumption 7 strengthens the m.d.s. Assumption 4.(b) by requiring the regression errors to be
ii.d. However, and contrary to Bai and Ng (2006), F. does not need to be Gaussian. The continuity
assumption on F; is used below to prove that the Kolmogorov distance between the bootstrap dis-
tribution of the studentized forecast error and the distribution of its sample analogue converges in
probability to zero.

Let the studentized forecast error be defined as

yT—i—l\T —Yr+1
ST+1 = T,
A/ BT + (3'5
2

where 67 is a consistent estimate of 02 = Var (er41) and Br = Var (§piq7) = L2 Ssir+ &S5 a.
Given Assumption 7, we use

= T-1 -1
== d &l and Xy =07 (Z m;) : (22)

t=1

Our goal is to show that the bootstrap can be used to estimate consistently Fr s (z) = P (s741 < z),
the distribution function of sr1.
Note that we can write

QT+1|T —Yr+1 = (QT+1\T - yT+1|T) + (yT+1\T - yT+1)
= —er41+O0p(1/dnT),
—) , where d y7 = min (\/N T ) (this follows under the as-

given that gy 17 — yryyr = Op (5 ~
[73 _P g and ET =Op (1/6?\,71) = op (1), it follows that

sumptions of Theorem 5.1). Since

€T+1

ST41 = — +op (1) (23)

£
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_ET41
o e

Thus, as N,T — o0, sp41 converges in distribution to the random variable

O¢

Frs(z)=P(sp41 <x)— P (—gTH < :B) =1—F.(—xo;) = Foo s (2),

for all z € R. If we assume that ;41 is ii.d. N (0,02), as in Bai and Ng (2006), then F. (—zo.) =
®(—z) =1 — ®(z), implying that Fr,(z) — ®(z), i.e. sy41 —<¢ N (0,1). Nevertheless, this is not
generally true unless we make the Gaussianity assumption. We note that although asymptotically the
variance of the prediction error §r, 17 —yr+1 does not depend on any parameter nor factors estimation
uncertainty (as it is dominated by o2 for large N and T'), we still suggest using Cr = Br+ &3 to
studentize Yp 17 — Y741 since &3 will underestimate the true forecast variance for finite 7' and V.

Next we show that the bootstrap yields a consistent estimate of the distribution of sy, with-
out assuming that ;41 is Gaussian. Our proposal is based on a two-step residual based bootstrap
scheme, as described in Algorithm 2 and equations (17) and (18), where in step 3 we generate
{53, e EPyEpyy 75*T+1} as a random sample obtained from the centered residuals {ég —&,..., 61— E},
Resampling in an i.i.d. fashion is justified under Assumption 7. We recenter the residuals because éis
not necessarily zero unless W; contains a constant regressor. Nevertheless, since & = o P (1), resampling
the uncentered residuals is also asymptotically valid in our context. We compute B and 6% 2 using
the bootstrap analogues of 35 and 62 introduced in (22). Note that 672 is a consistent estimator of

2 and BT = op~ (1), in probability.

As above, we can write

Irr — Y11 = (@;+1|T - y}+1|T> + (y;+1|T - y;+1>
= —ep41+Op-(1/dnT),
in probability, which in turn implies

Yrinr — Y741 €741
ST41 = == ; +op+ (1). (24)
B* A*2 e

Thus, Fr (x) = P* (s*TJr1 < x) the bootstrap distribution of s7.,; (conditional on the sample) is

asymptotically the same as the bootstrap distribution of — a—“
Let Ffi denote the bootstrap distribution function of €f. It is clear from the stochastic expansions
(23) and (24) that the crucial step is to show that €71 converges weakly in probability to 741, i.e.

d (Fjﬁ 6,F€> —P 0 for any metric that metrizes weak convergence. In the following we use Mallows

1/2
metric which is defined as ds (Fx, Fy) = (inf (E | X — Y]Q)) over all joint distributions for the
random variables X and Y having marginal distributions F'x and Fy, respectively.

Lemma 5.1 Under Assumptions 1-7, and as T,N — oo such that VT/N — ¢, 0 < ¢ < o0,
ds (F;Va,FE) )

Corollary 5.1 Under the same assumptions as Theorem 5.1 strengthened by Assumption 7, we have
that

sup ‘FTS (z) — Foops ()| — 0,
z€R

in probability.
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Corollary 5.1 implies the asymptotic validity of the bootstrap prediction intervals given in (17) and
(18). Specifically, we can show that P <yT+1 € EQl-« ) —1—aand P <yT+1 € SY1*Q> — 11—« as

YT+1 Yr+1

N,T — oco. See e.g. Beran (1987) and Wolf and Wunderli (2012, Proposition 3.1). For instance,

P <yT+1 € EQ;;ﬁ) = P <3T+1 < QT,Q/Q) - P (ST+1 < q3/2>
= P (Ff,(s741) <1—a/2) = P(Ff(s741) < @/2).

Given Corollary 5.1, we have that F7. | (s74+1) = Foo,s (S741)+0p (1), and we can show that Fio s (s741) —d
U [0,1]. Indeed, for any =z,

P (Fsos (s741) < @) = P (sp41 < Figh (2)) = Frs (FLL () = Feos (FGL (2)) = .

6 Simulations

We now report results from a simulation experiment to analyze the properties of the normal asymptotic
intervals as well as their bootstrap counterpart analyzed above.
The data-generating process (DGP) is similar to the one used in Gongalves and Perron (2013). We
consider the single factor model:
Y1 = alFy + e (25)

where F} is drawn from a standard normal distribution independently over time. Because we are
interested in constructing intervals for y741 (which depend on the distribution of 741 and require
homoskedasticity and independence over time), the regression error €41 will be homoskedastic and
independent over time with expectation 0 and variance 1. To analyze the effects of deviations from
normality, we have considered five distributions for €441 :

Normal: et ~N(0,1)
1
@ ¢ s~ i@ -2
1

Uniform : & ~ V12 (U (0,1) — 2)

Exponential: et ~ Exp(l) — 1

Mixture : & ~ \/1170 [pN (-1,1)+ (1 —p) N (9,1)], p~ B(.9),
but we will report results only for the normal and mixture distributions as they illustrate our conclu-
sions. Results for the other cases are available from the authors upon request. The particular mixture
distribution we are using was proposed by Pascual, Romo and Ruiz (2004). Most of the data is drawn
from a N (—1,1) but about 10% will come from a second normal with a much larger mean of 9.
The (T x N) matrix of panel variables is generated as:

Xit = NiFy + e

where \; is drawn from a U [0, 1] distribution (independent across i) and e;; is heteroskedastic but
independent over 7 and ¢t. The variance of e;; is drawn from U [.5, 1.5] for each 1.

As in Gongalves and Perron (2013), we consider two values for the coefficient, either & = 0 or 1.
When a = 0, the OLS estimator of a is unbiased. When o = 1, the OLS estimator of « is biased
unless g — 0.

We consider asymptotic and bootstrap confidence intervals at a nominal level of 95%. We use Al-

gorithms 1 and 2 described above to generate the bootstrap data with B = 499 bootstrap replications.
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We consider the same two types of intervals analyzed above (symmetric percentile-t and equal-tailed
percentile-t). We report experiments based on 5,000 replications and with two values for 7' (50 and
200) and 5 values for N (25, 50, 100, 150, and 200).

6.1 Results

We report graphically four sets of results: those for our quantities of interest yr41 and the conditional
mean Jrqj7, and those for their components, the rotated factor at the end of the sample H Fr and
the rotated coefficient H "« as these help understand some of the behavior. In the first two cases,
we report the frequency of times the true parameter is to the left or right of the corresponding 95%
confidence interval. For the rotated factor and coefficient, we only report the total rejection rate as
the side of rejection is not identified because of the sign indeterminacy associated with H. Each figure
has two rows corresponding to T' = 50 and T" = 200.

The distribution of er41 noticeably affects the results for yri1 only. As a consequence, we only
report results with Gaussian €41 for each of the other three quantities. On the other hand, the results
of yr4+1 are dominated by the behavior of er41. Given our single factor model, the asymptotic variance
of the conditional mean is:

Var (irgr) = g Var (VI (5-0)) + o*Var (VN (Fr — )

and in our setup, Var (\/N (FT — HFt>> = 3 and Var (\/T (3 — 5)) = 1. So even in the worst

scenario where N = 25 and T' = 50, this variance is only 0.14 (the unconditional expectation of F’%
is 1) compared to 1 in all setups for ep ;. This allows us to easily separate the contribution of the
conditional mean from the contribution of ¢ in the forecasts of y7.1.

Forecast of yri1

We report four figures for this quantity. The first two correspond to case 1 where o = 0 with ¢ either
normal or from the mixture, while the second two figures provide the same information when o = 1.
As mentioned above, the behavior of forecast intervals are dominated by the distribution of 7,1 so
the value of « is not very important. This means that Figures 1 and 3 are almost identical and so are
Figures 2 and 4.

Figures 1 and 3 show that under normality, inference for yr1 is quite accurate, and it is essentially
unaffected by the values of N and T as predicted as it is dominated by the behavior of €.

Figures 2 and 4 reveal that when the errors are drawn from a mixture of normals, we see overrejec-
tions with asymptotic theory, and these almost exclusively come from the right side. The equal-tailed
intervals improve the under rejection on the left side to a large extent and pretty much eliminate the
over-rejection on the right side.

In the results we do not report, the results are similar with the other non-normal distributions.
We get under rejection with uniform errors (symmetrically on both sides), while in the case of x2 (2)
and exponential errors, we get overall rejection rates that are essentially correct, but all rejections are
on the right side because of the asymmetry in the distributions. Again, the equal-tailed bootstrap
intervals perform best because they capture some of the asymmetry.

Conditional mean, g1

The results for the conditional mean are presented in Figures 5 and 6. Because the results are quite
insensitive to the distribution of e7y1, we only report results for the normal distribution. Figure 5
reports results for case 1 where a = 0 and Figure 6 does the same for o = 1.
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With a = 0, asymptotic intervals underreject the true conditional mean. This can be explained by
the fact that the true variance only depends on the variance of the coefficient, but when estimating it,
the second term in (7) contributes because & is obviously not 0 in finite samples. Thus, the variance
is over estimated, and the ¢ statistics are smaller than they should be. We see this underrejection
disappearing as the sample grows as expected.

In Figure 6, we see that with a = 1, there is some overrejection with asymptotic theory (a 95%
confidence interval would cover the true conditional mean roughly 91% of the time for N = T = 50),
but this disappears as N and T increase. This is due to a large bias in the estimation of the coefficient
documented by Gongalves and Perron (2013) and that we discuss below. This bias comes from the
estimation of the factors and is reduced with an increasing N. The bootstrap corrects some of these
over rejections, in particular the symmetric intervals.

Factor, HFr

Figure 7 presents results for inference on the (rotated) factor at the end of the sample. Obviously, this
is independent of both the value of the parameter « and of the distribution of € so we only report one
figure. As mentioned above, the side of rejection is not well-defined as it depends on the sign of H. A
left-side rejection with a positive H would be a right-side rejection with a negative H. Since the sign
of H is arbitrary, the side of rejection is also arbitrary. Thus, only total rejections are meaningful,
and this is the quantity we report.

The first thing to note is that there are notable size distortions, in particular when 7" = 50. The
true rotated factor is not in the confidence interval between 11 and 12% of the times instead of the
nominal 5% rate. For this smaller value of T’ rejection rates are not sensitive to the value of N. For
the larger value of T, size distortions are much smaller, and we do see a slight decrease as IV increases.

Again, the bootstrap succeeds in correcting these distortions to a large extent. Symmetric percentile-
t intervals are more accurate but still suffer from distortions for small values of N. The equal-tailed
intervals are less affected by the value of IV, and they also offer a notable improvement over asymptotic
theory.

Coefficient, H '«

Finally, we report the results for the coefficients in figures 8 (¢ = 0) and 9 (o = 1). These results are
in line with those of Gongalves and Perron (2013). Asymptotic theory works well in all cases when
a = 0 in figure 8. The bootstrap has some problems because using the estimated OLS coefficient in the
bootstrap DGP introduces a bias in the bootstrap world. The equal-tailed intervals are particularly
affected, and this effect diminishes as NV and T increase since the OLS estimator concentrates around
its true value of 0.

When a = 1, a bias appears in sample estimation, and this gets reflected in over-rejections (the
rejection rate is 33.6% instead of the nominal 5% with N = T = 50) which disappears as we increase N.
The bootstrap corrects most of this bias and reduces the rejection rate to about 12% with N =T = 50
for the symmetric intervals and 11% for the equal-tailed. The two types of intervals are remarkably
close.

One last interesting observation is that the behavior of the individual components does not translate
directly to the prediction intervals. For example, the asymptotic confidence intervals for both the factor
and coefficients tend to over reject with o = 1, but the interval for the conditional mean is reasonably
accurate. This is because, contrary to what the theory assumes, there is a negative correlation between
the two components of the forecast error in finite samples. This negative correlation arises from the

presence of FT in the first term and (FT - H FT> in the second term. This means that the variance
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of the sum of the two terms is less than the sum of the variances as is assumed in the asymptotic
approximation.

In summary, the bootstrap is particularly useful in two situations. The first one is in constructing
prediction intervals for yry1 when the distribution of the innovation is non-Gaussian and its variance
is large relative to the uncertainty around the conditional mean. The second one is in constructing
confidence intervals for the conditional mean. With a non-zero coefficient on the factors, the OLS
estimator is severely biased unless NV is large, and the bootstrap can correct this bias as documented
by Gongalves and Perron (2013).

6.2 Multi-horizon forecasting

In a second set of experiments, we look at cases where h > 1. We introduce dynamics by letting the
factor be an autoregressive process of order 1:

Fr=~F1+w

and y; as:
Yir1 = aFy + vigq.

Both error terms are itd N (0,1) and the autoregressive parameter v = .8. We look at the same
sample sizes as before.
We consider inference for yrp, and y7 7 based on direct forecasts for h = 1, ..., 4. In other words,

we regress Y on y; and Fyfort=1,...T —h:

Yern = OnFy + epan.

and generate yrn = Uripr = 6nFr where 6, is the OLS estimate of the projection coefficient which
equals ary? ! for any h. Note this coefficient converges to 0 with h, and as a consequence, the magnitude
of the bias of the OLS estimator also converges to 0 with the forecasting horizon. The error term ;5
is serially correlated to order h — 2 in his design.

Asymptotic theory is conducted in two ways, either with homoskedastic covariance matrix as before
or using a HAC estimator (quadratic spectral kernel with pre-whitening and Andrews bandwidth
selection) to account for serial correlation.

We use the wild bootstrap for drawing e}, as above. For generating v{, ;, we consider two schemes.
The first one is the i.i.d. bootstrap and is the same as above. It is obviously not valid for A > 1 as it does
not reproduce the serial correlation. The second scheme is what we call a wild block bootstrap. In this
case, we separate the sample residuals &1, into non-overlapping blocks of A consecutive observations
and multiply each observation within a block by the same draw of an external variable. In other
words, we generate the error term as:

g =&y
withny = ... =0, 0,01 = .. = NopseesI7_pr1 = ... = np. We report coverage rates based on symmetric
t intervals.

While we do not have a formal proof of validity, we expect that it will be valid in this context
as it preserves the serial dependence among the residuals. The simulation results in figures 10-13 are
supportive of this claim. Each figure is organized similarly. The results in the left column are for
T = 50, while those in the right column are for 7" = 200. Each row provides results for a given horizon.

Serial correlation affects mostly inference on the coefficients in figure 13. For the coefficient on
the factors, the large bias documented above adds to the distortions induced by serial correlation that
become apparent for h > 3. Autocorrelation-robust inference reduces the distortions due to serial
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correlation, but not those from the bias. The bootstrap reduces the bias and the wild block bootstrap
appears to be best.

Serial correlation does not seem to affect inference on yp.p. There are some effects when 7" = 50,
but this seems to be a finite-sample issue related to estimating the distribution of e7,y,.

For the conditional mean, serial correlation affects asymptotic inference to some extent. HAC
correction reduces the distortions, but again the bootstrap helps for small values of N. The wild block
bootstrap seems to be best, but the gain is not dramatic.

7 Conclusion

In this paper, we have proposed the bootstrap to construct valid prediction intervals for models
involving estimated factors. We considered two objects of interest: the conditional mean yp 7 and
the realization yrys.. The bootstrap improves considerably on asymptotic theory for the conditional
mean when the factors are relevant because of the bias in the estimation of the regression coefficients.
For the realization, the importance of the bootstrap is in providing intervals without having to make
strong distributional assumptions such as normality as was done in previous work by Bai and Ng
(2006) .

One key assumption that we had to make to establish our results is that the idiosyncratic errors
in the factor models are cross-sectionally independent. This is certainly restrictive, but it allows for
the use of the wild bootstrap on the idiosyncratic errors. Non-parametric bootstrapping under more
general conditions remains a challenge. The results in this paper could be used to prove the validity
of a scheme in that context by showing the conditions A and B are satisfied.
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A Appendix

The proof of Theorem 4.1 requires the following auxiliary result, which is the bootstrap analogue of
Lemma A.2 of Bai (2003). It is based on the following identity that hold for each ¢:

T T
1% * T 7k — * *, % 1 [1% %
Ff—HF=V"" TZ sVet t ZFCSt+ ZFnst—’_TZFsgst .
s=1 s=1
=AL =A3, —Agt =A4

where

||Mz

T 1
Vst = N

Mg = Z

€is€ zt) Cst N Z Cis zt ezsezt))
A er * 1 N *
: st — N Z AiFiers = 1
=1

N
Lemma A.1 Assume Assumptions 1 and 2 hold. Under Condition A, we have that for each t, in
probability, as N, T — oo,

’sz

*
’L

() T XL, Fivi = Op (7—) + Or (1)

(
(b) T, Fich = O (b= )
()

—1 T Tk ¢k 1
(d) T Zs:l Fs fst - OP* (N/NTNT) .

3

_ T %, %
(C) T 125:1Fs775t:0P*

Remark 2 The term Op+ (1/T3/4) that appears in (a) is of a larger order of magnitude than the corre-
sponding term in Bai (2003, Lemma A.2(i)), which is Op (1/T'). The reason why we obtain this larger
term is that we rely on Bonferroni’s inequality and Chebyshev’s inequality to bound maxi<s<r ||Fs|| =
Op (T1/4) using the fourth order moment assumption on Fy (cf. Assumption 1(a)). In general,

if E|Fs||Y < M for all s, then maxj<s<r ||Fs|]| = Op (Tl/q) and we will obtain a term of order
Op+ (1/T*1/9).

Proof of Lemma A.1. The proof follows closely that of Lemma A.2 of Bai (2003). The only

exception is (a), where an additional O (ﬁ) term appears. In particular, we write
T

T T
TN B =T 12( HE,) o+ HT™VS Frly = af + .
s=1

s=1

We use Cauchy-Schwartz and Condition A.1 to bound a} as follows

12 r 1/2
(T > ) (T1 > w:ﬁ)
- o (o) o i)
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- _ 2
where 71 Z;F:l ‘ s —H*Fg|| = Op= (5]_\,2T) by Lemma 3.1 of Gongalves and Perron (2013) (note

that this lemma only requires Conditions A*(b), A*(c), and B*(d), which correspond to our Condition
A.l(a), A.2(a) and A.5). For b}, we have that (ignoring H*, which is Op~ (1)),

T T T
Gp=T'Y Fofy=T1Y (F - HF) Vi + HT™VY  Fyly = by + by,
s=1 s=1 s=1

where b}, = Op (1/5NT\/T> using the fact that 7! ZZZI ’ e,

tions 1 and 2 and the fact that 7! ZST:1 175> = Op (1/T) for each ¢ by Condition A.1(b). For b5,
note that (ignoring H = Op (1)),

=0Op (5 NT) under Assump-

631 < (max | £:]))T 3 il - (T3/4)
%,_/a/_/
ot o)

where we have used the fact that E ||Fy||* < M for all s (Assumption 1) to bound max, ||Fs||. Indeed,
by Bonferroni’s inequality and Chebyshev’s inequality, we have that

14 d 14 LE|R 1
P(T m§X||Fs\>M>S;P<||FsH>T )< EIRL 1

s=

for M sufficiently large. For (b) we follow exactly the proof of Bai (2003) and use the second part of
Condition A.2 to bound 71 $°7 i (2 =Op~ (%) for each ¢; similarly, we use Condition .A.3 to bound

x ST E¢, for each t. For (c), we bound T-' ST Fupt, = N~1H* Zle Aiel, = Op- (1/\/N) by
using Condition A.6. This same condition is used to bound 7! Zs (M2 = Op+ (1/N) for each t.
Finally, for part (d), we use Condition .A.4 to bound T-' 7| F¢%, = Op- (
use Condition A.5 to bound 7} ZS &2 = Op+ (1/N) for each t.

Proof of Theorem 4.1.By Lemma A.1, it follows that the third term in VN (ﬁ’t* — H*ﬁ’t) is

the dominant one (it is Op~« (1)); the first term is Op- (f\/z;w) +Op (T‘3F/4> Op~ (%é;) =op~ (1)
if \/N/T?’/4 — 0 whereas the second and the fourth terms are Op- (1/dn7) = op+ (1) as N, T — oc.

Thus, we have that

INT for each ¢t and we

N
[ * T 7k — 1 [ 1 N %
\/N(Ft —H Ft> = Y FsﬁE N Fel, + op- (1)
i=1

N
= mVIT? TN el op (1), (26)
=1

<§‘H

—d* N(0,I,) by Condition .A.6

given the definition of H* and the fact that V = ﬂ. Since det (I'f) > € > 0 for all N and some e,
I}~ exists and we can define T}~ V2 (F:1/2> where F*1/2 :1/2 =T} Let 1T, V2 - 1/2V and
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note that H*_l/ is symmetric and it is such that (H* 1/2> (H:_lﬂ) = VI~ W =177, The result

follows by multiplying (26) by II; V2 =1 and using Condition A.6.

Proof of Corollary 4.1. Condltlon B and the fact that V —¥ V under our assumptions imply
that I} —F I, = V1QI;Q'V L. This suffices to show the result.
Proof of Theorem 5.1. Using the decomposition (19) and the fact that

o
2:?:¢>*2T+(FT fFT>

where ®* = diag (H*, I;), it follows that

1 - o
Trr — Ve = VT (978 = 8) + Soa VN (B = Fr) 40,

EH

where the remainder is

H*FT) VT (&* — H*"a) = Op <\/1117N> .

1

First, we argue that
ot 3 _ *
Yriyr = Yr+ur g
—

v Br

* s : : ~ % * : * * [~k % _
where Br is the asymptotic variance of Yryyr — Yy e B} = aVar <yT+1‘T yTH‘T) =

N (0,1), (27)

%éépEgéT + %&’HTd. To show (27), we follow the arguments of Bai and Ng (2006, proof of their Theo-
rem 3) and show that (1) Ziy. = /T (cb*’S* - 3) 4" N (—cAg, o) (2) Zsp = VN (H*—lﬁ; - FT) "
N (0,1I7); (3) Z7; and Z3 are asymptotically independent (conditional on the original sample). Con-
dition (1) follows from Gongalves and Perron (2013) under Assumptions 1-6; (2) follows from Corollary
4.1 provided v/ N/T™/12 — 0 and conditions A and B hold for the wild bootstrap (which we verify
next); (3) holds because we generate e; independently of £} ;.

Proof of Condition A for the wild bootstrap. Starting with A.1, note that A.1(a) was
verified in Gongalves and Perron (2013). We verify A.1(b) for ¢t = T. We have that E _1 |’75T’
<% >V, ZT) Thus, it suffices to show that % SN €%, = Op (1). This follows by using the decom-
position

~ ~ [
Eit = ey — NH™ (Ft _ HFt) _ ()\i _ H‘l’)\i) £,

which implies that

N

1

<> leal < 3—2@\ +35 ZHA Ll P e
=1

31 2F 2
By 7=
Ni:l

The first term is Op (1) given that E |e;|* = O (1); the second term is Op (1) since E ||\i]|* = O (1)
. 2
‘FT — HFTH = Op (1/N) = op (1); and the third term is Op (1) given Lemma C.1.(ii)

and given that

_ 2
of Gongalves and Perron (2013) and the fact that HFTH = Op (1). Next, we verify A.2. Part (a)
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was verified already by Gongalves and Perron (2013), so we only need to check part (b) for ¢t = T.
Following the proof of Theorem 4.1 in Gongalves and Perron (2013) (condition A*(c)), we have that

2

1 & 1 &
fZE* Nz zTezs_ ezTe:s))
s=1 i=1
1 T 1 N 1 N T
_ ~2
- T;N;ezTezsva’r nzT’r]zs)S NZ (TZ )
= = "77 = =
1 N 1/2 N T 1/2
<a(yxa) (wmuue) -oo. 29)
i=1 =1 s=1

where the first factor in (28) can be bounded by an argument similar to that used above to bound
+ sz\i L €%, and the second factor can be bounded by Lemma C.1 (iii) of Gongalves and Perron
(2013). .A.3 follows by an argument similar to that used by Gongalves and Perron (2013) to verify
Condition B*(b). In particular,

|1 -
<0 [N Z e?T]
under our assumptions. Conditions 4.4 and A.5 correspond to Gongalves and Perron’s (2013) Con-

ditions B*(c) and B*(d), respectively. Finally, we prove Condition A.6 for ¢ = T. Using the fact that
err = €irnp, where ;7 ~ ii.d. (0,1) across %, note that

N N
1 ~ 1 -~y
Tk = * 7§>\1* :7§:>\i)\.~. P or, o
T Var ( /*N i 61T) Ni:1 iCiT Q TQv

by Theorem 6 of Bai (2003), where I'r = limy o Var (ﬁ Zf\il /\ieiT> > 0 by assumption. Thus,
I'%, is uniformly positive definite. We now need to verify that

N

1 *—1/27 & !

WZETT / ieiT_\ﬁE:el /)‘elTnzT_) N (0,1),
i=1

_w’LT

in probability, for any ¢ such that ¢/ = 1. Since w}} is an heterogeneous array of independent random
variables (given that 7, is i.i.d.), we apply a CLT for heterogeneous independent arrays. Note that
E* (wfp) =0 and

N N
1 1 N
Var <¢N ;w:T> = /() Vart <NZAiéiTmT) ()12 ¢
1 N <1
= ((T3)7? ( > AM,-@%T> () V2 e=r0=1.
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Thus, it suffices to verify Lyapunov’s condition, i.e. for some r > 1, 3+ Z,fil E* |w§T\2T —P 0. We
have that

g 1
* * |2 2
7 L E i < sl
i=1

2r
Y

N
(F*)71/2H2TLZ |éT|2rE*|T] |27'
T N — 7 il
<M<oo

1/2 1/2
2r i 4r 1i’~‘ |4r e 1 _ (1)
A N 2 €T =0Up N1~ op .

Proof of Condition B for the wild bootstrap. [}, = % Zfil S\ij\;é?T —P QI'r+@Q’, by Theorem
6 of Bai (2003).

The result for the studentized statistic (where we replace B} with an estimate 3}) then follows
~ %

<

[

C1]\]7”—1

* 2%

by showing that *'Z5ZT — 2 Xskr —P" 0, and a*'Z*
be shown using the arguments in Bai and Ng (2006, Theorems 3. 1) and Bai (2003, Theorem 6).

Proof of Lemma 5.1. Recall that F. (z) = P (¢; < z) and define the following empirical distri-
bution functions,

— & Z a —P" 0, in probability. This can

T-1 T-1
1 . - 1
FT,g_E (v) = T_1 ; 1 {6t+1 —&< :U} and Frr. () = T—1 ; 1{er41 <z},
where & = =1~ Zz:ll Ei11. Note that Fr .« () = F._z(x). It follows that

d2< T 2% )<d2( T2 a,FTa>+d2(FTa,F),

where dy (Fre, F.) = 045 (1) by Lemma 8.4 of Bickel and Freedman (1981). Thus, it suffices to
show that dg( Te 5,FTE) = op(1). Let I be distributed uniformly on {1,...,7 — 1} and define

X1 =2¢&r41 — ¢ and Y7 = e741. We have that

T-1
2 = 1 _
2 R - 2 . - 2
(d2 (Frez.Fre)) < BGG-W)! = Br (ra—E—er)’ = roi 2y o)
1 T-1 1 T—1 - .,
= 71 tzl (Btr1 — et41)” — 27T — ;1 (Btp1—eq1)E+ (8)" = A1 + As + As.

We can write ,
ét+1 —E&t41 = — (Ft — HFt> & — (<I>zt)' (5 — 5) s
where ® = diag (H, I,;). This implies that

A1<2T72HFt uE Jaf? +272H<I>ztﬂ |64 =0 <51 )+0P G):opa).

Similarly,
= = 1

f=— ] = —— Eyaq — 1

f=77 2 €41 Tl;(EH-l €t41) Z€t+1 <5NT>+0P( ),
where the first term is bounded by an argument similar to that used to bound A; (via the Cauchy-
Schwartz inequality). This implies that Ay and As are also op (1).

Proof of Corollary 5.1. Lemma 5.1 implies that s, —4" 1 — F. (—z0.), in probability. Since

ST+1 —41_F, (—zo.) and F; is everywhere continuous under Assumption 7, Polya’s Theorem implies
the result.
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Figure 2. Left and right rejection rates for /> IS mixture, a =0
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Figure 3. Left and right rejection rates for />
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Figure 4. Left and right rejection rates for />
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Figure 5. Left and right rejection rates for E(yT+1) — & is normal, a =
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Figure 6. Left and right rejection rates for E(yT
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Figure 8. Total rejection rates for 6, a =0
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Figure 9. Total rejection rates for o, a =1
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Figure 10. Rejection rates for Yo ~ €
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Figure 12. Rejection rates for HFT - €
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Figure 13. Rejection rates for coefficient on FT - €
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