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ABSTRACT

How do reductions in barriers to international trade affect aggregate economic growth and wel-
fare? We develop a novel dynamic model of growth and trade, driven by technology adoption,
to better understand the interaction between technology diffusion, openness, and growth. In
the model, heterogeneous firms choose to produce and trade or pay a cost and search within the
economy to upgrade their technology. These upgrading and production choices determine the
productivity distribution from which firms can acquire new technologies and, hence, the rate of
technological diffusion and growth. In equilibrium, low productivity firms choose to upgrade
their technology to remain competitive and profitable. Lower trade barriers enhance compet-
itive forces that differentially affect firms of varying productivity levels. Lower barriers tend
to reduce profits for all domestic firms by creating added competition from foreign firms, but
improve profits for the highly productive firms by providing expanded opportunities through
exporting. This shift in the relative value of firms provides increased incentives to upgrade
technology, which are counterbalanced by an increasing cost of upgrading technology due to
general equilibrium effects. In our baseline calibration, an increased growth rate generates a
dynamic component of welfare that magnifies the traditional static component to increase the

welfare gains from openness.
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1. Introduction

This paper studies how reductions in barriers to international trade affect aggregate economic
growth and welfare. We develop a dynamic model of growth and trade and we use the model to
study the relationship between technology diffusion, openness, and growth. The novel feature
of our model is that technology diffusion occurs in equilibrium, as heterogeneous firms choose
to acquire productivity-increasing technology from other firms producing in the economy. Re-
ductions in barriers to trade increase the profitability of high productivity firms and decrease
the profitability of low productivity firms, providing incentives to upgrade technology. General
equilibrium effects counterbalance these incentives and act to lower growth rates by raising the
cost of upgrading technology. In our baseline calibration, we find that the dynamic gains from

trade roughly double the overall benefits of trade relative to the traditional static gains.

We model firms as monopolistic competitors who are heterogeneous in their productivity /tech-
nology. Our model of a firm’s production decision is standard, with each firm having the op-
portunity to export after paying a fixed cost.! Our model of technology adoption and diffusion
builds on Perla and Tonetti (2012), where firms choose to either upgrade their technology or
continue to produce in order to maximize expected discounted profits for the infinite horizon.
If a firm decides to upgrade its technology, it pays a fixed cost in return for a random produc-
tivity draw from the distribution of producing firms in equilibrium. Thus, the key aggregate
state variable for a firm is the distribution of firms producing at any instant. Economic growth
is a result, as firms are continually able upgrade their technology by learning from other, bet-
ter firms in the economy. Thus, this is a model of growth driven by endogenous technology

diffusion.?

We compute and analyze a balanced growth path equilibrium of this economy. There are es-
sentially two steps to establishing the existence of a balanced growth path equilibrium. First,
we characterize the evolution of the technology distribution over time, given the evolution of
the firms” dynamic policy rule (i.e. upgrade or not). We show that the technology distribution
evolves according to a repeated truncation of the time zero distribution. This result plus the
assumption that the initial distribution is Pareto implies that every subsequent distribution of
technology is Pareto itself. This allows us to completely characterize the path of the static-trade

equilibrium as in Chaney (2008) or Eaton, Kortum, and Kramarz (2011) at every point in time.?

IThis setup follows the heterogeneous productivity monopolistic-competition frameworks of Melitz (2003),

Chaney (2008), and Eaton, Kortum, and Kramarz (2011).
2This type of technology diffusion is closely related to the models of Lucas (2009), and Lucas and Moll (2012),

who study knowledge/idea diffusion amongst individuals in a closed-economy. Kortum (1997) is an antecedent

of these models where knowledge diffusion comes from an external source.
3These results are independent of the balanced growth requirement which will allow us to study off balanced

growth path dynamics in future versions.



Second, we solve the firm’s dynamic optimization problem to obtain the optimal policy rule of

when to upgrade technology, given a perceived law of motion for the distribution.

The key equilibrium requirement (amongst others) is that the actual evolution of the technology
distribution conforms with firms” perceived law of motion for the distribution of technology.
On the balanced growth path we require that the distribution of technologies is stationary when
appropriately scaled and that real GDP grows at a constant rate.

We calibrate the model and perform several comparative dynamics, showing how changes in
parameters affect growth rates on the balanced growth path. The main comparison focuses
on how changes in iceberg trade costs affect growth rates. Changes in iceberg trade costs are
interesting because they control how much each country trades with other countries and hence
the degree of openness. We find that decreases in the iceberg trade costs can optimally increase

or decrease the growth rate of the economy.

When technology adoption costs must be paid in output, growth rates increase. As the econ-
omy becomes more open, the value of a low productivity firm changes relative to the value of
a high productivity firm. Low productivity firms lose value in response to reduced trade barri-
ers, as increased competition from foreign firms reduces their profits. High productivity firms
are able to expand and export, increasing their profits and the value of the firm. Additionally,
wages increase, especially decreasing the profits of domestic producers. The net effect of these
forces is to push more low productivity firms to upgrade their technology sooner, as the costs
of searching in terms of forgone production are smaller and the potential benefits (i.e., becom-
ing an exporter) are now larger. Because the amount and frequency of firms upgrading their
technology is intimately tied to aggregate growth, the growth rate increases as the economy

becomes more open.

When technology adoption costs must be paid by hiring labor, a general equilibrium affect
dominates and growth rates decrease in response to a reduction in barriers to trade. Since the
wage increases due to increased demand for labor to produce for international sale, the cost
of technology adoption also rises. The increase in the cost of upgrading technology dominates
the increased convexity of the value function and growth declines as firms wait longer before
upgrading their technology.

Compared to many static models of trade, the potential welfare gains from reduced trade barri-
ers are large and depend crucially on the interest rate, the shape of the productivity distribution,
and the cost of technological adoption. Welfare can even improve modestly if growth rates de-
cline, as the initial increase in consumption from imports can offset lower growth. The model
features strong externalities, since firms do not internalize how their search decisions influence
the evolution of the productivity distribution, and thus the future opportunities of other firms.

These strong externalities and general equilibrium effects can lead to reduced welfare in equi-



librium, as the large rise in the cost of technology adoption and the socially suboptimal rate of

technology adoption lead to low growth rates in response to lower trade barriers.

A second comparative static changes the “thickness” of the right tail of the initial productivity
distribution, which is governed by the shape parameter in the Pareto distribution. We show that
as the right tail of the initial productivity distribution becomes thicker, the elasticity of growth
with respect to the degree of openness increases; the cost of autarky and benefit of frictionless
trade (in terms of growth rates) both become larger. This result is distinct from, but related to,
the findings in other models of knowledge diffusion that growth increases with the thickness of
the right tail of the productivity distribution (see, e.g., Alvarez, Buera, and Lucas (2008), Lucas
(2009), Perla and Tonetti (2012), Lucas and Moll (2012)). Moreover, this result suggests ways to
use cross-country evidence on the relationship between trade and growth to discipline this all

important parameter.

The third comparative static focuses on scale effects. We keep the parameterization of the model
the same, but double the number of countries to understand how the scale or size of the econ-
omy matters. We show that the relationship between growth and openness is unchanged when
we increase the scale of the economy. Substantively, this result suggests that the key force be-
hind the relationship between growth and openness in our model does not operate through
scale effects per-se (i.e. firms upgrade faster because markets and profits are larger). Because
scale seems to be absent, this result reinforces the idea that the driving force is how openness
changes the relative value of firms across different productivity levels. Given the emphasis
on scale effects in previous endogenous growth models (see, e.g., Jones (2005a) and the discus-
sion in Ramondo, Rodriguez-Clare, and Saborio-Rodriguez (2012)) this result seems surprising.
However, scale effects in newer models of knowledge diffusion are not well understood and we

hope to explore them further in the future.

Our main contribution is to develop a new framework where opening up to trade affects the
dynamic incentives of firms to adopt technology and, hence, aggregate productivity growth.
Broadly speaking, the core mechanism—firm level technology adoption—is distinct from oth-
ers emphasized in the literature that studies the effects of opening to trade. First, this is not a
model of how technology evolves at the frontier and how openness affects the pace of inno-
vation as in Romer (1990), Grossman and Helpman (1991), and Aghion and Howitt (1992) and
the open economy studies of Rivera-Batiz and Romer (1991) and Baldwin and Robert-Nicoud
(2008). Our model is one of firms at the bottom of the distribution who make small, incremental

improvements in their productivity.

A second distinction is that our mechanism focuses on within-firm productivity gains and how
they translate to aggregate productivity gains from trade. In contrast, Melitz (2003) studies

how opening to trade reallocates production across firms as the least productive firms exit and



high productivity exporters expand their scale. Eaton and Kortum (2002) and Bernard, Eaton,
Jensen, and Kortum (2003) are other examples that emphasize allocative productivity gains
rather than within-firm productivity gains. Empirically, the distinction between within-firm
effects and allocative effects is relevant, as there is much evidence that trade liberalization leads
to significant within-firm productivity gains (see, e.g., Pavcnik (2002), Holmes and Schmitz
(2010), and Syverson (2011)).

Alvarez, Buera, and Lucas (2012) is perhaps the most closely related paper to ours. They de-
velop an open economy model to study the diffusion of ideas across countries. Moreover, in
Alvarez, Buera, and Lucas (2012) idea arrivals are exogenous and hence not a choice by the firm
in response to changes in the degree of openness.* We focus only on intra-country technology
adoption and study how openness affects firms” dynamic incentives to adopt technology and,

in turn, aggregate productivity growth.

2. Model

2.1. Countries, Time, Consumers

There are N countries with subscripts ¢ denoting the identity of each country. Time is con-
tinuous and evolves for the infinite horizon. The representative consumer in country i is risk

neutral with period utility function

Uit) = /t 0 C () 1)

The utility function U;(t) is the discounted value of future consumption for the infinite future,
where r is the exogenously given discount rate. Consumers supply labor to firms for the pro-
duction of varieties, the fixed costs of production, and possibly for technology acquisition. La-
bor is supplied inelastically and the total units of labor in a country are L,. Consumers also
own the firms (described below) operating within their country, thus, their income is the sum
of total payments to labor and profits.

Consumption is defined over a final good that is an aggregate bundle of varieties aggregated
by a constant elasticity of substitution (CES) function, where P;(t) is the CES aggregate price in-
dex. We abstract from borrowing or lending decisions, so consumers face the following budget

constraint

w;(t)L; + Bi(O)IL(E) = Pi(t)Ci(1), (2)

4This distinction is the key advancement of Perla and Tonetti (2012) and Lucas and Moll (2012) in the idea diffu-
sion literature. Modeling when agents choose to upgrade their productivity permits analysis of how the economic
environment affects incentives and how policy can be implemented to change behaviors and improve welfare.



where 1I,(¢) is aggregate profits (net of investment costs) in consumption units. These relation-

ships are elaborated in detail below.

2.2. Firms

In each country there is a final good producer that produces and supplies the aggregate con-
sumption good competitively. This final good producer aggregates individual varieties v. In
each country there is a unit mass of infinitely lived, monopolistically competitive firms. Each

firm alone can supply variety v.

Final Good Producer. The final good producer in each country is the purchaser of these vari-

eties and solves the problem:

N

max  P;(t)Q;(t) — Z/ ¢ij (v, t)pi; (v, t)dv

dij (v,t) Qij ()

ks
st Qi(t) (;/Qij(t)qj(u 9 u>

J=1

o—1

The measure 2;;(¢) defines the set of varieties consumed in country i from country j. The
parameter o controls the elasticity of substitution across varieties. The solution to this problem

yields the demand function for a firms variety in each market:

Gi (v, 1) = Qi(t) <pi;52(j£)t>>_a

Individual Variety Producers. Firms producing individual varieties are heterogeneous over
their productivity z and each firm alone can supply a unique variety v. We will drop the no-
tation carrying around the variety identifier, as it is sufficient to identify each firm with its

productivity level, z.

Firms producing individual varieties hire labor, ¢, to produce quantity ¢ with a linear produc-

tion technology,
q=z/.
The cumulative distribution function F;(z,t) describes how productivity varies across firms,

within a country.

Each instant, all firms can pay a fixed cost z;(t) to draw a new productivity. If the firm decides
to pay this cost, they stop producing and receive a random draw from the distribution of only

active producers in the economy, as in Perla and Tonetti (2012). Thus the random productivity



draw will be from a transformation of the equilibrium productivity distribution Fj(z,t). This
transformed distribution will be a function of the optimal policy of all firms, i.e. produce or
draw a new productivity. Recursively, the optimal policy of firms will depend on the expected
evolution of this distribution.

There are several interpretations of this technology choice. Mathematically, it is similar to the
models of Lucas (2009) and Lucas and Moll (2012) where agents randomly meet and acquire
each others technology. In this model, however, there is a sense in which “meetings” are di-
rected. In equilibrium, there is a threshold productivity, h;(t), such that all firms below it
will randomly meet a non-searching, producing firm above the threshold. Hence, this meet-
ing structure represents limited directed search towards more productive firms. Empirically,
this technology choice can be thought of as intangible investments that manifest themselves as
improvements in productivity like improved production practices, work practices, advertising,
supply-chain and inventory management, etc. See, for example, the discussion of changes in

productivity within a plant or firm in Holmes and Schmitz (2010) and Syverson (2011).

Firms also have the ability to export at some cost. To export, a firm must pay a fixed flow cost
in units of labor, w;x;, to export to foreign market j. Exporting firms also face iceberg trade
costs, dj; > 1, to ship goods abroad from i to destination j.

Given this environment, firms must make choices regarding how much to produce, how to
price their product, whether to export, and whether to change their technology. These choices
can be separated into problems that are static and dynamic. Below we first describe the dy-
namic problem of a firm in country i, taking the profit functions and evolution of the produc-
tivity distribution as given. We then describe the static problem of the firm to derive the profit

functions.

2.3. Firms Dynamic Problem

Given the static profit functions and a perceived law of motion for the productivity distribution
which are described below, each firm has the choice to acquire a new technology, 2, and also
whether to export to market j or not. If a firm chooses to search and upgrade its technology, it
will not produce any output in that instant, it will pay a search cost, and it will meet another
firm that has chosen to produce and copy their productivity level. In other words, a firm is able
to replicate (at a cost) the technology of another producer that is currently operating. Thus, the
new productivity level is a random variable that’s distribution is the equilibrium distribution
of technology, conditional on the productivity being above the search threshold. The essential
trade-off that a firm faces is between the benefits of operating its existing technology versus the
expected net benefit of operating with a new technology. The firm’s objective is to maximize

the present discounted expected value of real profits, since it is owned by the consumers. With



all profits 7;;(2, 7) and costs z;(7) in units of the final consumption good, the firm problem is

Jr
T;>t

Vi(z,1) = max { / (2, )T + Y / Tz, m)dr 4 e WA(T) - xi<Ti>]}
t

T.. >t
J#i

)

where
Wi(t) :== /V;(é,t)dFi(E,t\é > hy(t)) 4)

A firm chooses an absolute time, 7;, at which it will search for a new technology. For the waiting
time before searching, T; — t, the firm produces and earns profits from operating domestically.
The firm also chooses an absolute time at which it will stop exporting to country j, Tj;. While
Tj; —t > 0 the firm is an exporter to destination j and receives profits from this activity. Given
the fixed cost of exporting, every exporter will also operate domestically, i.e.,, Tj;; < T and
search occurs at time 7; when a firm is only operating domestically. When a firm chooses to
search, it gets a new productivity draw with expected benefit IW;(7;) and it pays the fixed cost
of searching ;(7;).° By standard arguments, the solution to this problem can be shown to be
reservation productivity functions, h;(t) and ¢;;(¢). All firms with productivity less than or
equal to h;(t) will search and all other firms will produce. All firms with productivity greater
than or equal to ¢;;(t) will export to destination j and all firms with lower productivity will not
export to j. Define the search and exporter thresholds as these indifference points:

hi(t) := max{ z | T;(z,t) =t } )
i(t) := max{ z | Tji(z, 1) =t } (6)

The function h;(t) maps time into the largest productivity level such that the firm with that pro-
ductivity level is upgrading its technology. Given this definition, the function h; ' (z) defines the
time at which a firm with productivity level z will draw a new technology. Then, since a draw
comes from the equilibrium distribution of producers, the expected value of the new technology
level, W;(T;), is defined in (4). Notice that the value of the new technology is integrated with re-
spect to the conditional productivity distribution F;(z, t|z > h;(t)) and hence is a function of the
choices of the individual firms. We detail the evolution of this distribution—in equilibrium—in
more detail below. This problem takes the profit functions as given, but they are the result of a

5The effects of particular specifications of the search cost are detailed in Section 3.5.A. In particular, we examine
the importance of the degree to which costs require hiring labor versus spending goods.



static optimization problem.

2.4. Firms Static Problem

Below we describe a firm’s static problem and suppress any explicit dependence upon time
to ease notation. Given a firm’s location, productivity level, aggregate prices, and final good
producers’ demand, the firm’s static decision is to chose the amount of labor to hire, the price
to set, and exporting decisions to each destination to maximize profits each instant. Formally,

the optimization problem is

PﬂTu‘(Z) = max p;izly — wils;.

Piiytis

where 7;;(2) is defined in units of the final consumption good. Using the demand function from
the final goods producer, the profit function satisfying this problem is

Pimii(z) = (l) (mwi>10 Yl where m = — 7)

o z

where m is the standard markup over marginal cost, w; is the wage rate in country ¢, and

Y, = P,Q); is total expenditures on final goods in country .

The decision to export to market j is similar, but differs in that the firm faces variable iceberg

trade costs and a fixed cost to sell in the foreign market, or

-1
.Piﬂ'ji(z) = ;II%X { pjidji iji - wlgj’t — WjRK; ,0} .
jistgi

Conditional on exporting, the profits from exporting to market j are

1 /md;; w; =y
Piji(2) = p ( ; ) P;J_g — WjK; (8)
J

The productivity level ¢;;, which determines the cutoff productivity level above which firms

from market i will export to market j, is

_1

o—1 1
) , where ]{?1 =m djiO'ﬁ. (9)

w; W;K;

bji = kl? < v

J J

All firms in market 7 with productivity level greater than or equal to ¢;; will export to market j,
earning positive profits. Note that the exporter threshold, ¢;;, is directly related to time 7};, as
defined in (6).



3. Equilibrium

An equilibrium of the model economy consists of a set of initial productivity distributions and
sequences of productivity distributions, firms’ search and exporter thresholds, prices, and allo-
cations, that solve firms’ static and dynamic problems and satisfy market clearing and rational
expectation conditions. Below, we describe key equilibrium relationships, which can be sep-
arated into dynamic and static equilibrium relationships. We then formally define a balanced
growth path equilibrium and state Proposition 2 which says that one exists and is proved by

construction.

3.1. Dynamic Equilibrium Relationships

Describing and deriving the dynamic equilibrium relationships is done two steps. First, we de-
rive the law of motion of the productivity distribution given a time path for the threshold %;(t)
defined in (5). Second, we derive a system of equations thats solution is the optimal dynamic
firm policy, i.e., the search threshold h;(t), given a perceived law of motion of the productivity

distribution.

Deriving the Law of Motion of the Productivity Distribution. Here we derive the law of
motion for the distribution. This law of motion is a function of individual firms” optimal times
to draw a new productivity and, hence, the threshold #,(¢) below which firms upgrade their
productivity. This first step in describing the equilibrium takes the threshold as given and then
derives how the productivity distribution evolves.

Some formalities: As a tie-breaking rule, it is assumed that agents at the threshold search, and
hence the function is right-continuous. The description in this section holds for regions of con-
tinuity in h;(¢). There are instances when h;(¢) may not be continuous, particularly at “special
times” that reset the economy like time 0 or potentially when a closed economy unexpectedly
opens to foreign trade. Technical details surrounding discontinuities in /,(¢) and more detailed
derivations are provided in the appendix.

In the economic environment described in Section 2.2, we specified that firms who decide to
draw a new productivity only draw from the set of firms that are producing. Therefore, firms
drawing at time ¢ only receive a draw from the productivity distribution strictly above h;(t).
This implies that h;(t) is an absorbing barrier sweeping through the distribution from below

and, thus, the infinimum of support of the productivity density is
inf support{ F;(-,t)} = h;(¢). (10)

Given this observation, the distribution from which firms upgrading their technology receive a



draw is then the existing productivity distribution

Law of Motion: Kolmogorov Forward Equation. A key determinant of the growth rate of
the economy and of the evolution of the productivity distribution is the flow of searchers up-
grading their technology, S;(¢). There exists a flow of searchers during each infinitesimal time
period, where the flow of searchers is the net flow of the probability current through the search
threshold, h;(t). As is derived in the appendix,

Si(t) = hi(t) fi(hi(t), 1). (12)

While h(t) is an absorbing barrier removing mass from the system, the flow of searchers are
a source that are redistributed back into the system.® These agents who search have an equal
probability to draw any z in f(z,t), as stated in equation 11. Hence, since the only time a firm’s
productivity changes is when it searches, the Kolmogorov forward equation (KFE) for z >
h;(t) is simply the flow of searchers (source) times the density they draw from (redistribution

density):

8fi(zat) — Q. .

—S T = S0 (=) o
Using equation 12

PN _ 1 ) o0, "

In words, this says that the search threshold is sweeping across the density at rate £}(¢) and as
the search boundary sweeps across the density from below it collects f;(h;(t),?) amount firms.
Then f;(hi(t),t)h.(t) is the flow of searchers to be returned back into the distribution. Since
the economic environment is such that searchers only meet existing producers above h;(t), but
hi(t) is the infinimum of support of f;(z,t), then the searchers are redistributed across the en-
tire support of f;(z,t). Since agents draw directly from the productivity density, they are redis-
tributed throughout the distribution in proportion to the density and thus, the flow of searchers
fi(hi(t), t)h(t) multiplies the density fi(z,1).

®This system is related to the “return process” featured in Luttmer (2007). Luttmer (2007) focuses on how entry
and exit driven by exogenous stochastics shape the productivity distribution, while in this paper existing firms’
productivities improve as they choose to upgrade their technology because they internalize the value of increased
future profits.

10



Solving the KFE.

Proposition 1. f;(z,t) evolves according to repeated left truncations at h;(t) for any h;(t) and F;(0).

A solution to the Kolmogorov forward equation 14 is

1— E(hz(t)vo)

fi(z,t) = (15)

That is, the distribution at date ¢ is a truncation of the initial distribution at the minimum of

support at time ¢, h;(t).

Solving the Firm Dynamic Problem. Solving (3) consists of jointly finding the optimal search
policy function, h;(t), and the expected value of search, W;(¢), given profit functions, a pro-
ductivity distribution, Fi(z,t), and it’s law of motion. Below, we describe the general steps to
finding this solution.

Recall that the equilibrium search threshold h;(t) is the minimum of the productivity distribu-
tion. Given parameter constraints (particularly a positive fixed cost of exporting) the exporter
productivity threshold is greater than the technology adoption search threshold. Thus, only
non-exporters optimally choose to search, and the first order condition that determines the
optimal search time is the derivative of the value function with respect to the search timing
decision, where the discounted stream of export profits earned before searching is 0 with cer-
tainty:

T;
Vi(2,1)|(n,=0) = max { / e T (2, m)dr 4+ e "D [W(T) — :cim)]} :
t

T; >t

Taking the derivative of the value function of a non-exporting firm with respect to 7; yields

OVi(2, ) (m,1—0) - 8ftTi e "Dz, 7)dT . e "L OW,(T)) B ATz, (T) (16)
oT; N oT; oT, oT,
— (T [7%'(2, Tz) — TWz(Tz) + Wi, (TZ) + TxZ(TZ) — :E;(TZ)} (17)

Setting T; = t, i.e., where the firm is just indifferent between switching technologies and pro-

ducing, and recognizing that the productivity level of the indifferent firm is » = h;(¢) by defini-

11



tion, we have the first order condition

0= mis(hi(t), t) — rW;(t) + Wi (t) + raq(t) — z;(t)
r(Wi(t) — z:(t)) = ma(hi(t), ) + W, (t) — ;(t) (18)

To provide intuition this FOC is analogous to the standard bellman equation in asset pricing,

rV(t) = m(t) + ¢ dt ), where the flow (net) value of an asset must equal its dividend plus capital
gains. Since in our problem, this is the equity value of a firm, there is a natural arbitrage free
pricing interpretation. If the LHS was larger than the RHS, then the current value of the firm
would be larger than its dividend and resale value warrants, and an agent could make money

by shorting the firm this instant and buying it an instant later.

Equation 18 is one equation in h;(t) and W;(¢). We now want to find another equation in h;(t)

and W;(t), providing two equations in two unknowns.
The second equation we focus on is the expected value of acquiring a new technology.

Since h;(t) is the minimum of support of F;(z,t) as stated in equation 10, we can rewrite equa-

tion 4 as

Wit) = [ Vil 0dF (et
00 h;l(z) Jz
:/ {/ e’”TthszT%—Z/ (2, T)dr
ni(t) UJe

J#i
+ e T @0 (W (kY (2)) — @by (2))] }dFi(z,t) (19)

The first integral in the inside bracket is the discounted value of domestic profits until the next
change of technology, where the search time 7; has been replaced with the function ;' (z). The
second integral in the inside bracket is the discounted value of profits from exporting. Similarly,
the final exporting time, T};, has been replaced with the function ¢! (z), which is defined in (6).
The function ¢;;(2) is the largest = such that a firm stops exporting to market j. Thus the inverse
of this function defines the time when the firm stops exporting to market j. The final term in
the inside bracket is the discounted value of the new technology net of search costs evaluated
at the date h; '(2).

Outside the brackets, we then integrate over productivity levels with the existing (equilibrium)
productivity distribution of producers, Fj(z,t), since that is the distribution from which firms

draw. This defines the expected value of acquiring a new technology.

Equations (18) and (19) give us two equations from which we can solve for the policy function,

12



h;(t), and the expected value of a new productivity draw, W;(t), for a given a law of motion for

the productivity distribution, F;(z,1).

3.2. The Pareto Distribution

The shape of the productivity distribution plays an important role, affecting both the dynamic
technology acquisition decision of the firm and the firm’s static production and export deci-
sions. The parametric form of the initial productivity distributions across countries is an es-
sential initial condition specified by the researcher. The Pareto distribution has a history in the
growth (Kortum (1997); Jones (2005b); Perla and Tonetti (2012)), trade (Melitz (2003); Chaney
(2008)), and industrial organization (Gabaix (2009)) literature as being both empirically moti-
vated and particularly tractable. To maintain analytical tractability in the static firm problem
and to allow for a balanced growth path, we will solve for the equilibrium of our baseline model
under the assumption that the initial distributions are all Pareto with the same tail index.

hi(0) .
Assumption 1. The initial distributions of productivity are Pareto, F;(z,0) = 1— (L) Vi, with
z
densities, f;(z,0) = 0h;(0)?2717°.
Lemma 1. Assumption 1 together with Proposition 1 implies
fi(Z, t) = Hh,-(t)ez_l_e (20)

That s, if Fj(z, 0) is Pareto with tail index # and minimum of support /;(0), then F;(z, t) remains
Pareto with the same tail index # and new minimum of support h;(¢). This greatly simplifies
the derivation of static equilibrium relationships and solving for the model along a balanced

growth path.

3.3. Static Equilibrium Relationships

At every date ¢, there are essentially three aggregate equilibrium objects that determine the
static allocation problem of production and trade across countries. These are the aggregate
price index, trade shares, and aggregate sales. Below we describe each of these objects as an

explicit function of time, with detailed derivations provided in the appendix.

Price Index. From standard CES arguments, the price index in market i is

O IR CURSICULED O O I

i(t) i
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Given the assumption that initial productivity distributions are Pareto, the CES price index is

PO = kel (07 4 3 g (0) e PO (508) T @
J#i ’

o—1-6

where ko := 9+1L—a and k3 := keyo o1 .

Note that this expression is similar—but not the same—as standard results for the CES price
index in monopolistic competition models (e.g. Chaney (2008) or Eaton, Kortum, and Kramarz
(2011)). The key differences regard the term for the home country effect on the left-hand side
of (21). This term is not multiplied by the price index P/™~“ as the foreign country terms are.
The power term is 1 — ¢ not 6 as in the foreign country terms. Finally, the constant multiplying
each of these terms are different as well (k; vs. k3). The reason for this difference is that there is
not a fixed cost of operating domestically as models such as Chaney (2008) or Eaton, Kortum,
and Kramarz (2011) have.

Trade shares. Trade shares, \;;, equal the expenditure country j spends on goods from country

i relative to total expenditure in country j. Mathematically, the trade share is given by

7 e )iz t)
Asi(h) = /qb e s

Given the distributional assumptions, the optimal price and quantity rules for firms of produc-
tivity level z, and the price index in equation 21, the trade share is

o—1-0
kg(mdijwi(t»—ehi(t)epj(t)é)—i-l—a (%/52?) -

il = ()
ka(mao; (£))1 =0 ()71 + 3, s ks(mdpjwn (£)) =0 hn (8)0 Py (£)0+1-0 (w;izf()t?L) 71

Note again, that this expression is similar—but not the same—as standard results for trade
shares in monopolistic competition models. The key differences are the same issues arising in
the price index discussed above.

From equation 22 we can derive a simple expression for the home trade share, \;(t), in terms

of the real wage and technology parameters

Nall) = ko (;‘;Eg) bt (23)

By inverting this expression, one can relate the wage to the home trade share in a way that is
similar to the expression for the welfare gains from trade as discussed in Arkolakis, Costinot,
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and Rodriguez-Clare (2011), with a difference. The key difference is that the elasticity of the
real wage with respect to the home trade share is not dictated by the shape parameter in the
productivity distribution, ¢, but by the preference parameter, .

Given the trade share formula, we want to express the profit functions in equations 7 and 8 in
a more convenient format. Noting that domestic profits are a function of the real wage and the
real wage’s relationship to trade shares in (23), we have

z

Pz(t)ﬂ'“(z,t) = k4)\”(t) (W)U_ Y;(t), Where ]{34 = k’Q_O' (24)

A similar formula for profits from a firm in market ¢ exporting to market j is

Pt =kt (55) (29 v - wto @)

Aggregate Sales. Total sales to country i, Y;(¢), can be expressed as

Yi(t) = wi(t)L; + /hoo P(t)mii(z,t) fi(z, t)dz + Z/ t)mii(z,t) fi(2,t)dz (26)

i®) J#

This simply says that total sales must equal all income earned from labor plus profits earned by
firms and rebated to consumers. Substituting 23 into the profit functions and then integrating

over productivity we have

Y;(t) =w;(t)L; + ksksXi(1)Y;(t) -
-0 wi(t) e ¢ji (t) o—1-0 ¢ji(t) —0
: ; {k3k4 0 (wj(t)) ) ( ha(t) ) —wi () ( i) ) } (28)

3.4. Market Clearing

Before constructing the market clearing conditions, we must specify a functional form for
the search cost of upgrading technology, z;(¢). The cost to draw a new productivity level is
a convex combination of hiring domestic labor and spending final goods, given by z(t) =
¢l(1- n)% + nE, [zz]] n € [0, 1] controls the degree to which the cost of search requires la-

bor as opposed to goods, while ¢ affects the overall cost of upgrading technology. % is the
real cost of hiring a unit of labor, while E,[z;] is the amount of goods required to search. As

is standard, the search cost in goods must grow with the economy or become irrelevant over
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time.”

Goods Market Clearing. Final goods are spent on either consumption or paying technology
adoption costs. Since (nE[z] final goods are spent per search and there is a flow of S;(t)
searchers each instant, the goods market clearing condition is

=

(t)
(t)

= Qi(t) = Ci(t) + (nE[2]S(t) (29)

v

Labor Market Clearing. Wages, w;(¢), are determined by the labor market clearing conditions.
Aggregating the labor in market i used for domestic production, L; 4, and for export production,

L; ¢y, yields

= pi(z,1)7Yi(t) /OO djipsi(z,t)"7Y;(t)
Li, = / fz 2, t dz and Li,ew = fz 2, t dz. (30)
! hi(t) ZPi(t)lia ( ) ; i (t) ZPj(t)lia ( )

Since the fixed cost of exporting from j to i requires units of ¢ labor, the total amount of labor

from i used in the production of fixed costs equals

e = h ki fi(z Z = K, hj(t)>9
=3 [ ettt =3 (G25) o

#i 0 j#i

Since the technology upgrade search cost is partially paid to hire labor, the search component

of labor demand is

Liw = C(1 = n)S;(t) (32)

Equating aggregate labor supply, L;, with aggregate labor demand yields the labor market
clearing condition L; = L; g + Lj ey + L; . + Li 4,

< pilz,t)77Yi(t © diupii(z, )Y (t
Lz:/ p (Z ) <)fz(27t)dz+2/ jiDj (Z )1_UJ( >fi(2,t)d2’
hi(t) i #5i(t)

Pl B0

, hy(t) ' G
+m;(%(t)) +C(1—n)Si(b). (33)

’This could alternatively be achieved by indexing the cost to the minimum productivity in the economy instead
of the average or by making the cost a fixed fraction of output. Average productivity was chosen as the goods cost
since it more closely corresponds with the benefit of searching, the expected value of a new productivity.
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3.5. A Balanced Growth Path Equilibrium

Definition 1. A balanced growth path (BGP) equilibrium is a set of initial distributions F;(0) with
support [zmin;, 00), search and exporter thresholds {h;(t), ¢;i(t)},=,, firm price and labor policies
{pji(z,1),4;i(2, 1)} .2, wages {w;(t)},°,, aggregate trade shares and price indexes {\;(t), P;(t)},2,, and
a growth rate g > 0 such that for all countries i:

Given aggregate prices and distributions

— hy(t) is the optimal search threshold,
— ¢;i(t) is the optimal export threshold to market j,

- pji(z,t) and £;;(z,t) solve the static optimization problem,

Markets clear at each date t.

Sales grow at a constant rate Y (t) = Ype¥',

The distribution of productivities is stationary when re-scaled:

fi(z,t) = e 9 fi(ze 9, 0) VL, 2 > zmin;e

The initial distribution must have infinite right tailed support or the economy would not be able
to grow indefinitely. Requiring sales to grow at a constant rate, the productivity distributions
to be constant after rescaling, and trade shares and prices to be constant ensures that the BGP
equilibrium features balanced growth. Restricting g > 0 ensures that the BGP equilibrium has
growth.

3.5.A. Solving for a BGP

We will now prove existence of a BGP equilibrium by construction in a particular environment.
Assumption 2. There are N symmetric countries.

Assumption 3. Preferences are such that o = 2.

Assumption4. L =1

We will guess that along the BGD, the search threshold, wages, and the value of search also
grow at constant rate g. These guesses will be verified as part of the solution methodology.

Guess 1. The optimal search threshold grows at the same rate g as total sales: h(t) = hoe¥".

Guess 2. Wages grow at the same constant rate g as total sales: w(t) = woe?".
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Guess 3. The optimal value of search grows at the same rate g as total sales: W (t) = Wye9".

Here we solve for the special case of N symmetric countries with CES substitution parameter
o = 2. Imposing the balanced growth path guess that i evolves according to h(t) = e%h,
w evolves according to w(t) = e%w,, the BGP restriction that total sales evolves with Y (t) =
e9Yy, and dropping the notation identifying the country, simplifies the profit functions from

equations 24 and 25 to

P(t)malz,t) = k() (hio) Yy (34)
P(t)Tew(2,t) = ma(2,t)d™ " — e wyk. (35)

with the explicit dependence on time now noted. Here the country identifier notation is changed
such that m,(z, t) denotes the domestic profits of a firm and .,(z, t) denotes the exporting prof-

its to a single country.

Before proceeding we should note that the trade share, \(t), and price index, P(t), potentially
vary with time. We proceed to verify that they do not.

A(t) and P(t) are constant if h(t) and w(t) grow at the same rate as sales, as stated in guess 1

and guess 2. Imposing symmetry, the trade share and associated price index are

P(t)'™7 = ky(mw()) " h(t)" " 4+ (N — 1)ks(mdw(t)) " h(t)? P(t)"T1~° (M) . (36)

ks(mdw(t))~°h(t)? P(t)?T1=° (u;(_zz;) =
e o=1=6 (37)
ko(mw(t))'=h(t)e=t + (N — 1)ks(mdw(t))=%h(t)? P(t)0+1— (111}/(_8;> o1

(38)

Careful examination of equation (36) shows that only the ratio of wages, w(t), to the search
threshold, h(t), affects the evolution of P(t). Thus, if h(t) and w(t) both grow at constant rate g

as stated in guess 1 and guess 2, the aggregate price index must be constant.

Next, careful examination of equation (37) shows that only the ratio of wages, w(t), to either the
minimum of support of the distribution, (), or sales, Y (t), affects the evolution of A(t). Thus,

the trade share must be constant on a balanced growth path.
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From equation 35, the cutoff value for exporting is

drwy
t) = xh(t =
O(t) = xh(t) where x:= "3 (39)
Sales are then
Y(t) = w(t)ks where ks — L (40)
B ° * 1 [hakah (1 + (N — 1)d=1x10)]
Thus, guess 2, that wages are growing at the same rate as sales, is verified.
Summarizing, we have shown that given assumptions and guesses,
A(t) =A0)Vt, P(t)=P0O)Vt, and Y(t)= kswee. (41)

We have characterized completely how the profit functions are growing over time. The next
step is to use this information in the firms dynamic problem and verify that the balanced growth

path guesses solve the firm problem and satisfy the BGP equilibrium requirements.

The broad outline for the proof is to verify the economy is on a balanced growth path. A key
aspect of this is to verify guess 3 that 1 (¢), the expected value of search, is growing at a constant
rate, i.e., W(t) = e9'W,. To accomplish this, we will plug in our guesses above into the formula
for the value of search (equation 19) and verification comes if we can solve for a growth rate g

and initial value of search W that are independent of time.

Proposition 2. Given assumptions 1-4, there exists a balanced growth path.

Note, since P is constant, we can normalize the numeraire such that P(t) = 1V ¢.

Proof
Given the balanced growth path guess, h~'(z) equals

lo (i>
hl(z) = k) . (42)
9
Using equation 39, ¢~'(z) equals
log e
95 (2) = —(gx ) (43)
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Recall from Lemma 1 that

fi(z,t) = Ohy(t)? 27177, (44)

Starting from equation 19, substituting the profit functions from equations 34 and 35 and using

the guess W (t) = Wye?* we have

00 h~ (z
Woedt = / / Tk N ( > Yy dr dF(z,t) (45)
n(t) Je ho
o g (2) P
N —1) / / e Tk, d A (—) Yodr dF(z,t)
ji(t) t hO
— -1) / / a "0 wged™ dr dF(z,t)

+ / e—r(hfl(z)—t) [egh (WO — C ((]_ — ’r])wo + T] 9 ho)):| dF<Z7 t)
h) 0—1

Computing the integrals and dividing by e gives the initial value of search,

(N = Dworx ™+ 0 (g (Wo — ¢ [(1 = n)wo — nzZ5ho]) (0 — 1) + kaYo))
(r+g(0 1)) 1) '

Wo = (46)

Note that W} is not explicitly a function of time, a key step in verifying the guess that g is
constant and W (t) = Wye?".

Given that the initial wage, w,, and initial sales, Y}, are solved from the sales and labor market
clearing equations, equation 46 is one equation in two unknowns, g and ;. We now turn to
the FOC of the dynamic firm problem to derive a second equation in g and Wy.

Given the assumptions, the value function is

T T
V(z,t) = max { / e " Dz, T)dr + (N — 1)/ e (2, 7)dT (47)
t t

T>t

#er 0 wm) — ¢ (- s nm)| f )

Following the solution to the firm problem in Section 3.1, the first order condition is
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av(’Z’ t) | (ﬂ'eac:O)
aoT

=(g—r) {Wo - ((1 —n)wo +1n ho)} +kYoA=0.  (49)

(T=t,z=h(t)) 0—1
Now we have two equations (46) and (49) in W, and ¢ for which we can solve for the value of
search and the growth rate on the BGP. As ¢ has dropped out of equations 46 and 49, W, and
g are not functions of time, confirming the guess that the value of search grows geometrically

along the balanced growth path at constant rate g (W (t) = Wye?"). Finally,

(N — Dworx™? + kykswo r

9= 012 (- nywo + mytohy) 01 (0)

where wy satisfies the labor market clearing condition.l

In the following section, we demonstrate the mechanisms at work in the model by using a
calibrated model to explore the link between openness to trade, growth, and welfare.

4. Comparative Statics

In this section, we calibrate the model and solve for the balanced growth path. We then perform

several comparative statics to illustrate the workings of the model.

Table 1: Parameterization

Parameter Source or Target

o=2 Assumption 3 (consistent with Broad and Weinstein (2006))
0=4 Simonovska and Waugh (2012)

r=0.10 —

N =10 —

n=1 search cost all in goods

Search cost, ¢ match 2 percent growth rate

Fixed export cost, x  match 10 percent of firms exporting

Iceberg trade cost, d match 80 percent home trade share
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Table 1 outlines the parameterization of the model. One set of parameters we calibrate based on
previous work or introspection. These are described in the top panel. The curvature parameter
o is pinned down by Assumption 3. However, we should note that this assumption is not
inconsistent with the best available evidence. Estimates of this CES parameter from Broda and
Weinstein (2006) find a median estimate of o near two. Inferences from high-frequency changes
in trade flows and relative prices support a value of two as well, see, e.g., the discussion in Ruhl
(2008).

The 6 parameter is set equal to four as a baseline. There are various ways to get at this param-
eter, i.e. by looking at the distribution of sales or sizes across firms or from how trade flows
respond to various shocks. The specific value of four is from Simonovska and Waugh (2012),
who use price and trade flow data to estimate the heterogeneity parameter in the Eaton and
Kortum (2002) trade model. In our comparative statics, we illustrate how 6 affects the response
of growth to changes in trade flows.

We picked the interest rate to equal ten percent and set the number of countries equal to ten.
There is nothing deep about these choices, though we do explore scale effects and how the
number of countries in the economy affects the growth rate.

The bottom panel of Table 1 outlines the remaining parameters are the cost to search for a
new technology, ¢, the fixed cost to export, s, and the iceberg trade cost, d. We jointly pick
these parameters to match a two percent growth rate, ten percent of all firms exporting, and an
80 percent home trade share. These targets are roughly consistent with properties of the U.S.

economy.

To illustrate how growth depends on openness, we started from the baseline calibration and
varied the iceberg trade costs to trace out how growth responds on the balanced growth path.
Figure 1 plots the results. The vertical axis reports the growth rate in percent. The horizontal
axis reports the import share for a country, i.e., 1 — \;;, which grows as trade costs decrease. As
an orientation device, note that when the import share equals 20 percent, the growth rate is 2

percent as calibrated.

Figure 1 shows that the growth rate of the economy increases as countries trade more and
become open. For example, when trade costs are lowered such that the trade share increases
from 20 percent to 40 percent, the growth rate increases from 2 percent to 3 percent. At the other
extreme, when the economy is closed and countries do not trade with each other, the growth

rate is about 1.6 percent.

What drives this result is that reductions in trade costs change the relative value of being a
firm with productivity level z. This in turn changes the incentives for a firm to draw a new
productivity, which in turn changes the growth rate of the economy. While these forces are
complex, there are essentially two forces at work changing the relative value of a firm. First, all
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Figure 1: Openness Increases Growth: Growth Rate vs. Imports

domestic firms face more competition from foreign firms which reduces the market share for
domestic firms and reduces their profits. Second, high = firms are able to expand and export
increasing profits for high z firms. The net effect of these two forces is to change the relative
value of a high z firm versus a low z firm. This provides an incentive for a low z firm to draw
a new technology term soon than later. Since growth is generated by search, as can be seen in

the BGP relationship S(t) = 0y, greater incentives to search generates higher growth.

Figure 2 illustrates this by plotting the value function of a firm (normalized by the average
value) versus the log of its productivity level under different levels of openness. The blue
line plots the value functions when the economy is closed. The red and black line plot the
value function when the economy is open. Notice that as the economy opens up, the value
functions as a function of z begin to rotate counterclockwise, becoming increasingly convex.
The value of having a low z firm is becoming worse relative to a closed economy. As trade
barriers decrease, foreign competition increases. Additionally, increased labor demand by high
productivity firms to increase exports causes domestic wages to rise. Ultimately, lower trade

costs increase the value of having a high z relative to having a low z.

This change in the relative profitability of firms is best illustrated in Figure 3, which plots the
static profits of a firm on the vertical axis and the log of firm productivity on the horizontal
axis, for different values of the iceberg trade costs. The profits from exporting are more than

offsetting any loss in domestic profits from foreign competition and increased labor costs. This
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Figure 4: Higher ¢, More Elastic Growth

then provides an incentive for the low z firm to draw a new technology level sooner.

The positive relationship between growth and openness—in the absence of cross-country idea
diffusion—is a unique feature of the model. Alvarez, Buera, and Lucas (2012) generate an
increase in output from openness in a model with equilibrium technology diffusion because
opening to trade changes the number of ideas/productivity that (exogenously) an agent has an
opportunity to meet in a given instant. In our model, the number of ideas sampled per instant is
fixed. Independent of whether the country is open or closed, a firm has the opportunity to draw
one new productivity from the distribution of domestic firms, once the cost is paid. The critical
force is the dynamic, forward looking nature of firms in our model. Firms choose to draw a
new productivity more frequently in response to opening to trade as higher productivity levels

associated with exporting have become relatively more valuable.

A critical parameter in this model is . Figure 4 plots the relationship between growth and
openness under several parameterizations of 6. In all the parameterizations of ¢, we recalibrate
the other parameters to match the same targets discussed above. As Figure 4 illustrates, the
relationship between growth and openness becomes steeper. For example, when 6 is three, a
move to a 40 percent trade share increases growth to about 3.5 percent (compared to 3 when 6
is two). Similarly, a move to autarky decreases growth to about 1.25 percent versus 1.6 percent
when 6 equals four.

This observation is related to the standard role 6 plays in idea flow models (i.e. Alvarez, Buera,
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Figure 5: More Countries, No Change in Growth Rates

and Lucas (2008), Lucas (2009), Perla and Tonetti (2012), Lucas and Moll (2012), Alvarez, Buera,
and Lucas (2012). A lower § is associated with a thicker right tail of the idea distribution, mean-
ing draws from the idea distribution lead to larger jumps in productivity and, in equilibrium,
faster growth rates. The same force is present here. Holding everything else constant, a smaller
¢ will lead to a faster growth rate. However, Figure 4 is saying something more. The response
of growth to a change in trade costs is more sensitive the thicker the tail of the underlying idea
distribution.

Figure 5 plots how the results depend upon the number of countries. Here we did not recali-
brate or change the parameters. We kept all parameters from the baseline parameterization the
same and doubled the number of countries from ten to 20. As Figure 5 shows, doubling the
number of countries does not change the relationship between the scale of the economy and
the growth rate.

This result is suggestive about the workings of the model. First, this result suggests that the key
mechanism behind the relationship between growth and openness in our model is not coming
through a scale effect per-se. What we mean by the previous sentence is the intuition that firms
simply upgrade faster because markets and profits are larger. If this were true, then we would
expect to see a relationship between the scale of the economy and growth. Because scale seems
to be absent, this result reinforces the idea that the driving force is how openness changes the

relative value of firms across different productivity levels.
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Figure 6: Lower 7, Slower Growth

This result differs substantially from Alvarez, Buera, and Lucas (2012). Scale effects play a
prominent role with the number of ideas a country has access to depending upon the number
of countries. The growth rate on a balanced growth path with symmetric countries is linear in
the number of countries in the economy. The critical difference is that our economy does not

have cross-country idea diffusion as the Alvarez, Buera, and Lucas (2012) economy does.

Even without cross-country idea diffusion, the absence of growth scale effects does seem sur-
prising. In fact, endogenous growth models have previously emphasized scale effects and
openness as a way to increase scale and hence growth (see, e.g., the discussion of scale effects in
Jones (2005a) and Ramondo, Rodriguez-Clare, and Saborio-Rodriguez (2012)). We should note
that scale effects in newer models of knowledge diffusion are not well understood and we hope

to explore more in the future.

One of the most important determinants of the effect of openness on growth is whether the
process of technology adoption requires more labor or more goods. Figure 6 repeats the exercise
of reducing iceberg trade costs as featured in Figure 1, but now varies the composition of labor

and goods in the search cost.

As 1 decreases, labor becomes a larger component of the cost of technology adoption. For small
n, the growth rate actually decreases as iceberg trade costs fall. Thus, opening to trade does not
always increase growth rates. This is the result of strong general equilibrium effects on the

wage rate. Decreased trade costs lead to increased demand for labor, as exporting firms want

27



to produce more to sell abroad and more firms become exporters. Wages increase in response
to the increased labor demand, and thus the larger the labor component in the search cost the
larger the increase in the cost of upgrading technology. The economy continues to grow as
trade costs fall, but the economy grows more slowly for low 7, as the cost of search increases
more rapidly. Given that the empirical literature on the relationship between growth and trade
has found mixed evidence, this theory suggests future research into the costs of technology
adoption and technological progress across countries may prove insightful.

Table 2: Welfare Cost of Autarky, = 1 (cost of search in goods)

Open Autarky Ratio
Welfare 13.45 11.86 1.13
Dynamic Component | 12.50 11.86 1.05
Static Component 1.07 1.00 1.07
Imports/GDP 0.20 0 —
Real GDP 1.09 1.00 1.09
Growth rate 2.00 1.57 1.27

Table 3: Welfare Cost of Autarky, n = 0 (cost of search in labor)

Open Autarky Ratio
Welfare 14.05 13.51 1.04
Dynamic Component | 12.50 13.51 0.93
Static Component 1.12 1.00 1.12
Imports/GDP 0.20 0 —
Real GDP 1.12 1.00 1.12
Growth rate 2.00 2.60 0.77

Using the representative consumer’s utility function, we can analyze the welfare implications
of these growth patterns. Although growth rates can increase or decrease in response to re-
duced trade costs, there exist welfare gains from trade even if growth rates decline. Table
2 presents the welfare costs of autarky for an economy where the cost of search is in goods
(n = 1). In the open economy, welfare is 1.13 times higher than under autarky. Moreover, the
change in welfare can be decomposed into two components, static and dynamic. The static
component captures the time zero change in the level of consumption while the dynamic com-
ponent accounts for the change in the growth rate. The static gain of 1.07 results from the more
standard increase in varieties exported and increase in quantities produced for a given variety
as in Chaney (2008). Real GDP is 9 percent higher with international trade, with most of the
increased production going to increase consumption, and some going to lay for higher technol-

ogy adoption costs as firms upgrade more frequently. The dynamic gains of 1.05 come from the
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increased growth rate under openness and multiplies the static gains of 1.07 to generate total

welfare improvements of 1.13.

Table 3 documents the welfare gains from openness when the cost of search is in labor (n =
0). Even though growth rates increase in autarky from 2 percent to 2.6 percent, there are still
welfare gains of 1.04 percent from openness. Initially, real GDP is 12 percent larger in the open
economy due to increased production and exports, which more than offsets the drag small

growth rates to increase overall welfare.

5. Conclusion

This paper contributes a novel dynamic model of growth and international trade, driven by
technology diffusion based on Perla and Tonetti (2012). Firms choose to upgrade their produc-
tivity through technology adoption to remain competitive and profitable, with the incentives
to upgrade dependent on the shape of the endogenously determined productivity distribution.
Highly productive firms benefit from a decline in trade costs, as they are the exporters who can
take advantage of increased sales abroad. Low productivity firms only sell domestically and are
hurt by the increased competition from foreign firms and by increased wages. Under most cal-
ibrations, in equilibrium this leads lower productivity firms to upgrade their technology more
frequently, which increases aggregate growth. The increased pace of technology adoption has
aggregate benefits beyond those to the individual firm, since in the future upgrading firms
may adopt its improved technology. However, aggregate growth rates do not always increase
in response to reduced trade costs, since the growth response to increased openness depends
on the cost of technological improvement and the strength of general equilibrium wage effects.
Nonetheless, while the gains and losses from reduced trade barriers are not distributed evenly

across firms, the representative consumer who owns all firms benefits from openness.
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A. Appendix

1.1. Dynamic Problem

Let the aggregate price index, F;, be the numeraire. Then the firm solves the following dynamic
programming problem, that’s solution is a sequence of search thresholds, &;(t), and export
thresholds for each destination, ¢;;(t) Vj # i.

Vi(z, 1) = max{ / e+ 3 / T (2, 7)dr + T [Wm-a:xm}
t

J#i

(51)
where
Wi(t) = /Vi(z,t)dFi(z,t\z > hy(t)) (52)
Define the search and exporter thresholds as these indifference points:
hi(t) := max{ z [ Ty(z,t) = t } (53)
¢;i(t) == max{ z [ Tji(2,1) =t } (54)

The function h;(t) maps time into the largest productivity level such that the firm with that pro-
ductivity level is upgrading its technology. Given this definition, the function h; *(z) defines the
time at which a firm with productivity level z will draw a new technology. Then, since a draw
comes from the equilibrium distribution of producers, the expected value of the new technology
level, W;(T), is defined in (4). Notice that the value of the new technology is integrated with
respect to the conditional productivity distribution F;(z, ¢|z > h;(t)) and hence is a function of
the choices of the individual firms.

1.1.A. Derivation of Law of Motion and Searchers

Now we will derive the law of motion for the distribution, which is a function of the mass
of searchers and the evolution of the firms dynamic control 4;(t). One key issue, that may be
particularly relevant at the beginning of time, is whether £,(¢) is continuous. The law of motion
for F;(z,t) is written for continuous and discontinuous regions. Recall that h;(¢) is defined as
the reservation value below which agents search. As a tie-breaking rule, it is assumed that
agents at the threshold search, and hence the function is right-continuous. Define S;(¢) as the
mass of searchers at time t. At points of continuity in h,(¢) it should be equal to 0. Define
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Si(t) as the flow of searchers at time ¢, which is not defined at points of discontinuity of h;(t).
It is important to recognize that h;(t) may not be continuous, particularly at “special times,”
that reset the economy like time 0 or potentially when a closed economy unexpectedly opens
to foreign trade. A discontinuity can be introduced by unexpectedly discretely changing the

value of search or cost of search, i.e., a sudden change in iceberg trade costs.

The search technology of the environment is that agents only match other agents in the produc-
ing region, as in Perla and Tonetti (2012). Therefore, agents searching at time ¢ only meet agents
strictly above h;(t), when thinking of the evolution of the distribution h;(¢) is an absorbing

barrier, and the minimum of support of the productivity density is

i{n)o inf support{ F;(-,t + A)} = h;(t) (55)

inf support{ F;(-,t)} = h;(t), at points of continuity (56)

Thus f;(z,t + A) equals f;(z,t) at points of continuity in h;(?).

1.1.B. Mass of Searchers

The mass of agents searching at time ¢ are agents below the h;(t) threshold
Si(t) := Fy(ha(t), t) (57)
Note from equation 56, at points of continuity,

Si(t) = F;(inf support(-,t),t) =0

1.1.C. Flow of Searchers

A key determinant of the growth rate of the economy and of the evolution of the productivity
distribution is the flow of searchers upgrading their technology. At points of continuity of h;(t),
there exists a flow of searchers during each infinitesimal time period. The flow of searchers is
net flow of the probability current through the search threshold, h;i(t).8 To derive this, at time ¢
fix the reference frame of the probability distribution of z with respect to the search threshold
hi(t). That is, consider the change of variables Z := z — h;(t). Let the transformed probability
distribution function be f;(Z,¢). Note that the only time a firms productivity changes is when
they search, i.e., z does not change in the continuation region, and hence the process is dZ = 0-dt
while the firm is producing. Using a special case of Ito’s lemma with no diffusion (or more basic
methods with a Taylor series), the process for Z is dZ = —h/(t)dt. Equation 5.1.3 in Gardiner

8Equivalently, this is the flux of a vector field through the barrier (of 1 dimension, z in this case).
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(2009) gives the more general case of the probability current with diffusion at 2, ¢:

We are interested in the flow of searchers at the search threshold h;(t), and thus the flow at
Z = 0. This flow of searchers is given in equation 5.1.13 of Gardiner (2009). Since this is a simple
1 dimensional problem, the surface integral is trivial and the normal is n = —1. Note that since

this is just a translation of z, the probability current at Z = 0 and z = h;,(t) are identical

Sz(t) =—-1x JZ(O, t) (58)
= (1) f:(0. 1) (59)
= h;(t)fi(hi(t)a t) (60)

1.1.D. Law of Motion at Points of Discontinuity

At points of discontinuity in h;(t), a mass S;(¢) “exit” and draw from lima_,o Fi(-,t + A). The

law of motion at ¢+ := lima_,o ¢t + A is therefore

—— ~—~—~ —_————
Was below z  Searched  Searched and drew < z

1.1.E. Law of Motion at Points of Continuity

The flow of “exiting” firms is defined by equation 60. These agents have an equal probability
to draw any z in f;(2,t + A), which equals f;(z,t) at points of continuity in %;(¢). Hence, since
dZ = 0 - dt, the Kolmogorov forward equation for z > h;(t) is simply the flow of searchers who

draw z:
O AER) (63)
Using equation 60
D) _ fet) (o) 010 69

In words, this says that the absorbing barrier (i.e., the search threshold) is sweeping across the
density at rate h/(¢) and as the barrier sweeps across the density from below, it collects f;(h;(t), t)
amount firms. Then f;(h;(t),t)h;(t) is the flow of searchers to be distributed back into the dis-
tribution. Since the economic environment is such that searchers only meet existing producers
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above h;(t), but h;(t) is the minimum of support of f;(z,t), then the searchers are redistributed
across the entire support of f;(z,t). Since agents draw directly from the productivity density,
they are redistributed throughout the distribution in proportion to the density and thus, the
flow of searchers f;(h;(t),t)h;(t) multiplies the density f;(z,?).

1.1.F. Solving the KFE

A solution to equation (64) is a truncation for any %,(¢) and F;(0)

filz.t) = 1= F;(hi(t),0)

(65)

That is the distribution at date ¢ is a truncation of the initial distribution.

Note by properties of the Pareto distribution, given that the distribution evolves by repeated
truncations, if F;(z,0) is Pareto with tail index # and minimum of support %;(0), then F;(z,t)

remains Pareto with tail index # and minimum of support h;(t).

1.1.G. Solving the Firm Dynamic Problem

The steps to solving (3) consists of jointly finding an optimal waiting policy function, /,(¢), and
the expected value of search, W;(t), given a productivity distribution F;(z,¢) and it’s law of
motion. Below, we describe the general steps to finding this solution.

Recall that the equilibrium search threshold h;(t) is the minimum of the productivity distri-
bution. Given parameter constraints (particularly the fixed cost of exporting) such that not
all firms export, the exporter threshold is greater than the search threshold. Thus, only non-
exporters would want to search, and the FOC that determines the optimal search time is the
derivative of the value function with respect to the search timing decision, where the dis-
counted stream of export profits earned before searching is 0 with certainty:

T;
Vi(2,)|(x;;—0) = max { / e (2, )dr 4+ e T [WH(T) — m(ﬂ)}} :
t

T;>t

Taking the derivative of the value function of a non-exporting firm with respect to 7" yields

Wiz )=o) 0, eIz, 7)dr L ITOWT)  de T Vay(T))
oT; N oT; oT; oT;
= e "B [m(2, Th) — rWi(T) + WH(T) + rai(T;) — 2(T;)] (67)
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Setting T; = t, i.e., where the firm is just indifferent between switching technologies and pro-
ducing, and recognizing that the productivity level of the indifferent firm is » = h;(¢) by defini-

tion, we have the first order condition

0 =mi(hi(t),t) — rWi(t) + W/ (t) + ra;(t) — z(t) (68)

Now equation (68) gives us one equation in h,(t) and W;(¢). We now want to find another

equation in h;(t) and W;(t) essentially giving us two equations in two unknowns.
The second equation we focus on is the expected value of acquiring a new technology:

Since h;(t) is the minimum of support of F;(z,t) as stated in equation 56, we can rewrite equa-

tion 52 as

Wilt) = /Vi(z,t)dFi(z,t)

1

o0 hi'(2) %5 (2)
_/ {/ e‘T(T_t))mi(z,T)dT—FZ/ e " (2, T)dT
hi(t) t t

i(t i
+ e OO0 W (BN (2)) — (k7 (2))] }dFi(z, t) (69)

(2

The first integral in the inside bracket is the discounted value of domestic profits until the
next change of technology. Here we substituted for the time 7; with the function h; '(z). The
second integral in the inside bracket is the discounted value of profits from exporting. Again,
we substituted for the final exporting time, 7};, for the function ¢;;(z), which is defined in (54).
The function ¢;;(2) is the largest z such that a firm stops exporting to market j. Thus the inverse
of this function defines the time when the firm stops exporting to market j. The final term in
the inside bracket is the discounted value of the new technology net of search costs evaluated
at the date h; '(2).

Outside the brackets, we then integrate over productivity levels with the existing (equilibrium)
productivity distribution F;(z,t). This defines the expected value of acquiring a new technol-
ogy.

Equations (68) and (69) give us two equations from which we can solve for the policy function

hi(t) and the value of search W;(t) for a given a law of motion for the productivity distribution
Fi(z,1).
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1.2. Static Problem

This derivation is for the specification where the fixed cost of exporting is w;x;.

We suppress dependence on time for clarity of notation.

1.2.A. Prices, Quantities, and Profits

pii(z) = . 4 (70)
py(z) = T )
gii(2) pii(P%I)::Y; = 2l;(2) (72)
qji(2) = % = é@'i(z) (73)
Pimi(2) = % (mzwi>1_o le/;—" (74)
Prji(z) = max{% <m d: w")l_a le/i(, — w;ky, 0} (75)

1.2.B. Exporter Threshold

¢j; solves m;;(z) = 0.

¢ji Y}
m d]z W; _ (O_UJJ'/{J)l‘7 P]
Gji Y;
bii = m dj; w; (awjﬁaj) 1
7t
P; Y;
Define k; :=m djigﬁ
1
wi WK o—1
Vi :k1_< J J) (76)
’ P\ Y
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1.2.C. Aggregate Price Index

P77 = /h pii(2)' 7 filz dz+2/ pij(2) 7 fi(z) dz (77)

J#i

Let f;(2) = 0h¢2~17%. Recall, p;i(2) = ™2 and p;;(z) = 24,

z

B - 00 —1-6 . 002—1—0
P = (mw;)'~70h! /h P dZJF;(mdﬁwj)l oh; /] e v
Define k; := 9+1L—a'
_Pil_g :kg(mwi>1_a—hfh?_l 9+Zk2 mdjle)l o‘h9 o—1-0
JF#i
oc—1-6 o—1-6
14 Ww; Wik; ot
PS—”:@(mwi)l—“h?‘l*;’“Q<mdﬁ>l‘”w}‘”h?<m Ao (F) ( Y, )
JFi
Define k5 := kgaaallg-
1-o 1-0p0-1 ~07,0 pt+1—0 [ Wik -
P77 = ky(mw;)' RS +§k3(mdjiwj) h; P, Y, (78)
JF#
1.2.D. Aggregate Trade Shares
< pji(2)gji(#
A ::/ %fi(z)dz (79)
i J

Recall ¢;;(2) = pii(2) 7Y,

Ajz:/ piile) 7 ) fz( )dz

W/ pji(2)7 fi(2)dz

J Ji

Mji =
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Recall from the derivation of the Aggregate Price Index,

o—1—0

o) B n
/ Pij ()7 f(2)dz = k(i)' h) P (‘W)
o]

Y;

ij

SO,

1
P!

J

)\ji -

]{3 (mdijwl)igh?PjGJrliU (

substituting the aggregate price index from equation 78,

N =

Wik

Y.

kﬁg (mdz‘jwi)iehfpf—i_l_a <

o—1—-6

Jt

ka(maw) o R+ 30, ks(mdygw,) RS Py TT <_wnnn> T

Deriving \;;.
Note >, Aj; = 1. Thatis, >, Aji + A = 1.

sy ka(mdijw;) ORI Py (

Yn

D Ni=

i#] ko (maw; ) =ohg ! + D nt k:g(mdnjwn)—ahfLPjeH_” (
U_IIG
Define T'y; i= Y., ks(md,jw,) ~h! PP+ (W;ji) "' Then,

Nji = Lit
Z I (mw;)'oh? T + T,
i Ay gt

Since Zz;é] )\ji + )\” =1

kQ(mwj)l"’h;’_l

/\z‘z‘ =
kg (mUﬁ)lfUh?_l + Fji

By definition of P; and I'j;,

ko (mawy)
Pl

J

l—ahﬂfl
J

Aii =

Deriving 7;; and 7j; in terms of trade shares.
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n

o—1-0

B

(80)

(81)

(82)

(83)



Using 7;;(z) derived in equation 74,

o—1
1
71'“(2) = k’4/\u i Y; where k?4 = — (84)
hi koo
Similarly, using 7;;(2) derived in equation 75,
p o—1 ws l1—0o
Wji(z) — k4>\jjd@'1j_a (}TJ) (w_j) Y; — wj/{j (85)

1.2.E. Aggregate Sales

The cost to draw a new productivity level is a convex combination of hiring domestic labor and
spending final goods, given by

o) = ¢ (1= g + L] 0
Y, = w;L; + /°° Pryi(2) fi(2)dz + Z /°° Prji(2) fi(2)d= (87)
ha i#i o

Sfi = wle + k'4)\“hleY;/ Zoilfi<2)d2
h;

l-0o %) 00
+ Z {k4)\jjdi1j"h}” (%) Y; /qs 27 fi(2)dz — wik; fi(z)dz}
j

J#i i ®ji

l1—0o o—1-60 —0
Ys = wiLi + kskidiYs + > {k3k4Ajjd}].U (;”—> Y (%) — wjh; (92—”) } (88)
J i i

J#i

1.2.F. Goods Market Clearing

= Qi = C; + (nEq[z] (89)

] B
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1.2.G. Wages: Labor Market Clearing

For each producer, the quality of labor demanded to produce a good in country 7 for destination

(B
pii(2)~7Y;
Ui(2) = —F—— 90
(Z) ZPil—o' ( )
Aggregating the labor in market i used for domestic production
pii(z)”°
Liqg= i 91
a= [P e 1)
For each producer, the quality of labor demanded to produce a good in country ¢ for destination
jis
ii(2)7°Y;
lii(z) = M (92)

ZP;’”
Aggregating the labor in market 7 used for export production
Zp 1 B
2/ 4 fPl Gibile) 7Y . 2)a (©3)
JF

Since the fixed cost of exporting from j to i requires units of 7 labor, the total amount of labor

from i used in the production of fixed costs equals

L, Z/ Kifj(z

J#

hi\’
Fi = Z<¢;> -

J#i

Since the technology upgrade search decision is partially paid to hire labor, the search compo-

nent of labor demand is

Li, = C(1—n)Si(t) (95)
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Equating aggregate labor supply, L;, with aggregate labor demand yields the labor market

clearing condition:

Li=Lig+ Ljey + L g+ L »

“ iji - h; 0
Li:/hi Di (P)l e fz dz+2/ Jpjpl _ sz( )dz+/<12(¢_jj) +C(1=n)Si(t)

J#i J#i
(96)
1.3. BGP with Symmetry
Solving for a BGP given Assumptions 2, 3, 4 and Guesses 1, 2, and 3.
P(t)ma(z,t) = ka\(2) (%} Y (t)
= kiA(t) (i Yo 97)
ho
_ o
P(t)Tex(2,t) = kyA(t)d (h(t)> (1) —w(t)k
= 7a(z,)d — e%wyk. (98)
Imposing symmetry, the price index and trade share are
o—1-6
l-0o 1-0o o—1 —0 6 0+1—0o w(t>"§' ot
P(t)7 = ka(muw(t)) " h(t)”" + (N = Dks(mdw(t))"h(t)" P(t) Y (99)
—0p (40 bi1-o (wE) T T
ks (mau ()~ h(1)? P(t) 1= (460
A(t) = ——.  (100)
ko (mw(£))'=h(£)7=1 + (N = 1) kg(mduw (1)) 0h(t)? P(t)+1=7 (48%)
(101)

Given Guesses 1 and 2, the price index and trade share must be constant on a balanced growth
path.

BGP total sales is

Y (t) = w(t) + kska\Y (£) + (N — 1) [k3k4)\d1Y(t) (?) o Kw(t) (Z—) : ] (102)
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From equation 98, the cutoff value for exporting is

_drwy
o(t) = xh(t) where x:= ) (103)
Thus,
Y(t) = w(t) + kskyAY (t) + (N — 1) [kahaAd 'Y ()X — kw(t)x ) (104)
Then rearranging and collecting terms we have
Y (t) = w(t)ks, where ks = S (105)
B > P 1= [kskaA (1+ (N — 1)d-x0)]°
Thus, Guess 2 is verified that wages are growing at the same rate as sales.
Summarizing,
At)=X0)Vt, P@t)=P0O)Vt, and Y(t)= kswee”. (106)
1.3.A. Proof of Proposition 2
Normalize the numeraire such that P(t) = 1V t.
Proof
First, note that given the balanced growth path guess, h~!(z) equals
log (hi)
hl(z) = —24 (107)
9
Second, using equation 103, ¢! (z) equals
log e
b (2) = ¥ (108)

Finally, recall Assumption 1 that the initial distribution is Pareto and hence, by the solution to
the Kolmogorov forward equation from equation 15, the pdf at time ¢ is

fi(z,t) = Ohy(t)? 27170, (109)

Starting from equation 69, substituting the profit functions from equations 97 and 98, using the
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search cost in equation 86, and using the guess W (t) = Wye* we have

0o ph7l(2)
Woyedt = / / e "m0k (i> Yy dr dF(z,t) (110)
h(t) Jt ho

o0 651 (2)
+ (N —1) / / e T ke d A (hi) Yodr dF(z,t)
ji(t) Jt

0

o0 651 (2)
- (V- 1)/ / 7 e "D gweed”™ dr dF(z,t)
ji(t) Jt

[e's) B B 0 B
. / or(h () 1) {Woegh @) (1= n)wo + " 1h0)69h 1(3)} dF(z,t).
h(t) B

Computing integrals yields

-0
Wy = £ Y0 + LV Lol Qdfy) (111)
Y rtg0-1)0-1)  (r+g(0—1)(0-1)
rdw -0
B (N = Dwor (Iml%) gWet 9¢((1 = n)wo + ngzt5ho)0
r+g(@—1) r+g(0—1) r+g(@—1)
Combining terms and dividing by e finally gives the initial value of search,

N -1 1+ 9(g(Wo — C((1 — —1n7%ho)) (0 — 1) + ks Yo

= 7 = Do £ 0gWo — C(( =y ko) 0= 1) + KDY

(r+g(0—-1))(0-1)

Note that W} is not explicitly a function of time, a key step in verifying the guess that g is
constant and W (t) = Wye?".

Given that the initial wage, w,, and initial sales, Y}, are solved from the sales and labor market

clearing equations we now have one equation in two unknowns, g and W,.
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The relevant value function for a marginal searcher is

Vienamsy = { [ e Omtemytr 0 o) - [ - mur) +ngLna] ]}
(113)

Taking the derivative of the value function of a non-exporting firm with respect to 7" yields

aV(Z, t) |(7Tea::0)
oT

—r(T—t)k Yoz
ho| + = 4707

= 9T (g — YWy — 97T (g — )¢ (1 = n)wy + U .
- 0

Setting 1" = ¢, i.e., where the firm is just indifferent between switching technologies and pro-

ducing, we have

9 FaYoz\
h
g1t

0=e"(g—1r)(Wo—C|(1—=n)w+n

Finally recall that the productivity level of the indifferent firm, where 7' = ¢, is = = h(t) by
definition. Substituting z = h(t) = hoe?" gives

0=(9—r)(Wo—¢ (1—77)w0+776_1h0 ) + kaYoA. (114)

Now we have two equations (46) and (49) in W, and g for which we can solve for the value of
search and the growth rate on the BGP. As ¢ has dropped out of equations 46 and 49, W, and
g are not functions of time, confirming the guess that the value of search grows geometrically
along the balanced growth path at constant rate g (W (t) = Wye?'). R
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