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— PRELIMINARY -

Abstract

When a large number of moment restrictions is available there may be restrictions that are
more important or credible than others. In these situations it might be desirable to weight each
restriction based on our beliefs. This is automatically implemented by a Bayesian procedure.
We develop, in this paper, a Bayesian approach to moment estimation and study how to im-
pose moment restrictions on the data distribution through a semiparametric prior distribution
for the data generating process F' and the structural parameter . We show that a Gaussian
process prior for the density function associated with F' is particularly convenient in order to
impose over-identifying restrictions and allows to have a posterior distribution in closed-form.
The posterior distribution resulting from our prior specification is shown to be consistent and

asymptotically normal.
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1 Introduction

In many practical applications and empirical economic studies a large set of moment re-
strictions characterizing the parameter of interest is available. Examples are provided for
instance in Cazals et al. (2004) and Féve et al. (2006). Such a situation is complicated
to manage since it requires cumbersome computations due to the high number of moment

restrictions. It is often the case that the researcher does not equally believe in all the
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restrictions. Therefore, it is desirable to have a procedure that assigns a specific weight to
each moment restriction based on the researcher’s beliefs and that updates it (and even-
tually decides whether to include or not a restriction) based on the information contained
in the data. This may be easily performed by a Bayesian procedure where each moment
restriction can have a different weight based on the prior and posterior distribution.

The purpose of this paper is to develop a Bayesian approach to the generalized method
of moments (GMM). In a Bayesian framework, the computation of a posterior distribu-
tion requires the specification of a likelihood function — or sampling distribution — and a
prior distribution. In many cases of econometric practice, however, the researcher has only
limited information on the data generating process (DGP). This is typical in the GMM
framework where the structural information on the DGP is limited to a set of moment
conditions. Any parametric specification of the likelihood function is, therefore, completely
arbitrary. In this paper we study how to formulate a sampling distribution based only on
such a set of moment restrictions.

Let x be a random element in R with distribution F" and z1,...,x, be an i.i.d. sample
of z. We are interested in a vectorial parameter § € © C R* which is linked to F through

the relation (moment restrictions)

A0, F) =E" (h(8,2)) =0

where h is a known function with values in R”. This model is semiparametric since it
includes a finite dimensional structural parameter # and a functional parameter F' which,
apart from the moment restrictions, is not at all constraint.

We impose the moment restrictions in the prior for (6, F) so that the random param-
eter generated from the prior satisfies the moment restrictions by construction. Imposing
moment restrictions in semiparametric priors may encounter difficulties depending on the
relationship existing between 6 and F. More precisely, when the model is just-identified,
that is k = r, the relation A(6, F') = 0 characterizes 6 as an explicit function of F: § = B(F'),
where B is a function defined on the space of probability distributions. For particular func-
tional forms of B, the prior of # may be recovered from the prior of F' and automatically
satisfies the constraints.

On the contrary, in an overidentified model where k < r, a solution to A(f,F) = 0
exists only for some particular F' so that the distribution F' must be constraint to guarantee
the existence of a solution to the moment equation. In a Bayesian approach this entails
that if we endow F with a prior distribution then this one can not be determined indepen-
dently of # and vice-versa. In an overidentified model, the restrictions on F' are in general
complicated to incorporate in its prior distribution. The approach proposed in Florens and
Rolin (1994), for instance, which is based on a Dirichlet process prior distribution, presents

several difficulties to deal with overidentified models. Our proposal improves the treatment



of overidentified models and allows to deal with just-identified as well as over-identified
models.

The purpose of developing Bayesian estimation under moment restrictions has already
been undertaken by several papers. Kitamura and Otsu (2011) use a Dirichlet process prior
(see Ferguson (1973, 1974)) and then construct the restricted prior on F' by minimizing the
Kullback-Leibler divergence with respect to the Dirichlet process prior under the moment
constraint. A Dirichlet process prior has nice properties due to the fact that it is a natural
conjugate of the i.i.d. model, however the treatment of the overidentified case is much
more complicated. Kim (2002) proposes a limited information likelihood approach which
allows to derive a posterior distribution for  even when the true likelihood is not available.
Schennach (2005) proposes a maximum entropy nonparametric Bayesian procedure which,
instead of employing the Dirichlet process prior, rely on a non-informative prior on the

space of distributions.

This paper proposes a new Bayesian approach to GMM based on Gaussian process
(GP) priors. At the best of our knowledge this prior has not been used yet in the GMM
framework. We do not restrict the DGP F' except for the fact that we assume it admits
a density function f with respect to some positive measure Il and satisfies the moment
restrictions. Then, we specify a GP prior for f conditional on #. The essential reason for
the appropriateness of a GP prior in a GMM framework is due to the fact that A(6, F) =0
is a linear constraint in f. The linearity of the model matches extremely well with a GP
prior since it allows to incorporate the (over-identifying) moment conditions in an easy way
by constraining the prior mean and prior covariance of f.

An advantage of our method is that, in both the just-identified and overidentified cases,
the moment restrictions are imposed directly through the (conditional) prior of f (given
0) without requiring a second step projection as in Kitamura and Otsu (2011). In the
overidentified case we first specify a prior on 6 and then we specify a GP prior on f condi-
tional on 6. In the just-identified case we may either proceed as in the overidentified case
or specify an unrestricted GP prior on f and deduce from it the prior for 6 through the
(linear) transformation # = B(f). After observing the data we compute the posteriors —
both marginal and conditional — for # and f. For estimation purposes we are interested in
the marginal posterior distribution of #. This is usually not available in closed-form but it
is possible to simulate easily from it by using MCMC methods.

The second main novelty of our approach is the way in which we construct the sam-
pling distribution. Instead of using directly F', we construct a functional transformation of
the data set that weakly converges towards a GP. In this way our analysis benefits of the
advantages of a conjugate model without assuming any functional form for the sampling

distribution. The motivation for this choice is that if we used F' as the sampling distri-



bution, then we would have neither a conjugate model nor a closed form for the posterior
distribution of f given 6. On the contrary our approach allows for conjugacy and makes

computations quite easy.

In the next section we present our approach. In section 3 we analyze asymptotic
properties of the posterior distribution of 8 and of f. In section 4 we detail how to implement

our method for both the just identified case and the overidentified case.

2 The General Semiparametric Model

Throughout the paper we denote the true data generating process by Fy and its density with
respect to some positive measure Il by f.. Therefore, z1,...,z, are i.i.d. observations each
one distributed according to F,. The data generating process for x could be more general
than an 4.4.d. sampling process but we focus on this case for simplicity. We denote by 6,
the true value of § which satisfies E** (h(6.,z)) = 0.

The general model is based on the relation EF'(h(#, 7)) = 0 where h : © x R™ — R is
a known function and F' is absolutely continuous with respect to some positive measure I1
with density function f. The parameters of the model are (6, f). While 6 is the parameter
of interest and has finite dimension, f is a functional nuisance parameter. Let © C R* and
Eym C© M where M denotes the set of probability density functions on R™. The parameter

space is

A= {(G,f) €0 x & /h(@,x)f(x)dﬂ = o}

so that a prior distribution on (6, f) must incorporate the moment restriction. The model
is made up of three elements that we detail in the following: a prior on €, a conditional

prior on f, given 0, and the sampling model.

2.1 Prior distribution

We put a prior probability measure p on the pair (6, f) of the form p = pp ® ,u?c, where pg
denotes a marginal distribution on # and ufc denotes a conditional probability distribution

on f given 6.

Prior on 0

The parameter of interest § € © C R” is endowed with a prior distribution, denoted by ug.
If it admits a density with respect to the Lebesgue measure we denote this density by 14(6)
as well, by abuse of notation. We can specify any prior distribution which incorporates any

information available to the econometrician about the parameter 8 of interest.



Conditional prior on f given 6

Let S be a subset of R™ endowed with the trace of the Borelian o-field B¢ and 1I be
a measure on this subset. We denote by & = L?(S,%Bg,II) the Hilbert space of square
integrable functions on S and by B¢ the Borel o-field generated by the open sets of £. We
assume that the true probability density function (pdf) f. belongs to the space &y := ENM.
The function f is the functional parameter of our model and since it is the density of £’ with
respect to II it must satisfy the restriction [ fdII = 1. Further, we make the assumption of
square integrability of f with respect to IL, that is, [ f2dII < oo. This restriction reduces
the parameter space to a subset of M and is verified for instance if f is bounded and II is
a bounded measure.

The conditional prior distribution of f, conditional on 6, is specified as a Gaussian
distribution on the Borel o-field generated by the open sets of £ with mean function fyy €
Enm and covariance operator gy : € — £. We denote this prior distribution by u?t. The
covariance operator 2yg is one-to-one, linear, positive semidefinite, self-adjoint and trace-
class. A trace-class operator is a compact operator with eigenvalues that are summable.
Remark that this guarantee that the trajectories f generated by pfc satisfy [ f2dII < oc.

This prior distribution has to be “compatible” with the moment conditions. This means
that, for any given 0, ,ufc must generate pdfs f that satisfy the moment conditions with
probability 1. We implement this by imposing the following restrictions on fpy and Qgg.

Restriction 1 (Restrictions on fyg). The prior mean function fyg has to be a pdf on S

with respect to 1l and has to verify the condition

/ 1(8, ) foo (2)T1(dax) = 0. (2.1)

Restriction 2 (Restrictions on Q). The operator g9 must be specified such that

1/2 .
{ QOG h(e,x) - (2‘2)

1/2
Qoé 1 =

The conditions in (2.2) imply that the operator Qg is not injective. In fact, the null space
of Qgg, denoted by N(Qqg), contains effectively the constant 1 — which implies that the
trajectory f generated by the prior integrates to 1 almost surely — and the function h(0, z)
— which implies that the trajectory f satisfies almost surely the moment condition. In
practice, this means that (g is degenerate in the directions along which we want that the

corresponding projections of f and fyg are equal. This is the meaning of the next lemma

Lemma 2.1. The conditional Gaussian prior distribution ,u?c, with mean function fog and
covariance operator oy satisfying the restrictions 1 and 2, generates trajectories f which

satisfy ,u?—a.s. the conditions



/ F@)(dz) =1 and / 00, ) f(2)T1(dz)

Proof. Let H(Qpp) denote the reproducing kernel Hilbert space associated with Qgy and
embedded in £ and H(Qgg) denote its closure. If |8 ~ N (fos, Qo) then (f — fos) € H(Qos),
p9-almost surely. Moreover, H(Q0p) = D(Qgel/ 2) = R(Qéf) where D and R denote the
domain and the range of an operator respectively. This means that Vo € H(Qgg) there
exists 1/) € & such that ¢ = Q 9111 Moreover, for any ¢ € H(Qop) we have < p, h(0,-) >=
Jo(x) )JI(dx) <Qg(9¢, (0,) >=< 1, Q2h(0,-) >=0and < ¢,1 >= 0 by a similar

argument. Hence,

H(Qg) C {gp €& / TI(dz) = 0 and /(p(:c)l'[(da:) - 0} . (2.3)

Since the set on the right of this inclusion is closed we have

H(Qg) C {go €&, / II(dz) = 0 and /gp(w)ﬂ(dw) = 0} .

We deduce that p F—almost surely

J (= fwamitan) =0 and [ (7~ foo) 0)h(6,2)11(ds) ~
Condition (2.1) and the fact that fog is a pdf imply the results of the lemma.

O

Remark 2.1. Our assumption implies that | fdIl =1 but it does not ensure that f > 0.
This condition is incompatible with the choice of a Gaussian prior. The alternative would
be to write f = g2, g € £, and to specify a conditional prior distribution, given 6, for g
instead of for f. We do not pursue this approach here since it would lead to a non-linear

inverse problem that is beyond the scope of this paper.

From a practical implementation point of view, the construction of a covariance op-
erator oy which satisfies (2.2) may appear complicated. In reality, such a construction
may be realized quite easily by using the following procedure based on the eigensystem
(Xojs poj)jen of Qog, where Ng; and ¢g; denote the eigenvalues and eigenfunctions of €,
respectively. Let us consider the null space N(£09) C € which is generated by 1 and the
elements of h(6,-). Suppose that this subspace has dimension r + 1. We can always con-
struct an orthonormal basis {¢g;};>0 of £ where the r 4 1 first elements (©go, @o1,- - -, Por)
are the elements that generate N (Qqg), that is, pgo = 1 and (@1, - - -, @gr) = h. Thus, we

can construct gy as



oo
Qoog = > Xoj < 9,00 > Poj g EE.
=0

If we assume \g; =0, Vj =0,1,...,r, then condition (2.2) is fulfilled since < @y;, pgjy >=
d;j, where d;;; denotes the Kronecker delta. In order to completely specify (299 we have
to choose the remaining components {@g;};>, such that {¢g;};>0 forms a basis of £ and
{Agj}j>r such that Zj>r Ap; < 00. In section 4 we provide some examples that explain in

a detailed way the construction of gg.

Remark 2.2. In the just-identified case where r = k and 6 is a linear transformation of f
we may adopt an alternative scheme for constructing the prior on (6, f). Since the moment
restrictions EX'(h(6,2)) = 0 rewrite in an explicit form as § = B(f), where B is a linear
functional, then we may recover the prior of § through a transformation of the prior for f.
In this case we specify a Gaussian process prior uy for f with a mean function fq restricted
to be a pdf and a covariance operator )y restricted to satisfy Q(l)/ 1 =0. If, for instance,
0 = Ef(z) then B(f) =< f,1 > where ¢+ € £ denotes the identity function ¢(x) = 2. The
prior for 6 recovered from p ¢ would be N(< fo, ¢ >, < Qot, 0 >).

For clarity reasons, we summarize in the table 1 below the notation used for the prior

distributions in the overidentified and in the just-identified case.

Table 1: Prior distribution

Case: over-identified just-identified: ist possibiiey  just-identified: 2nd possibitity
Marginal of ¢ 1o (6) 1o (6) ug(0) through 6 = B(J)
Conditional of f|0 ,u?(f\@) M?(f|9) -
Marginal of f - - wr(f)

2.2 The sampling model

Conditional on f, the sample likelihood is [])"_; f(z;). While this is the natural choice for
the sampling distribution it has the disadvantage to make the posterior distribution of f
given 6 not available in closed-form. Indeed, a Gaussian prior distribution is usually used
in Bayesian modeling with the purpose of making the analysis of the posterior distribution
mathematical tractable. For these reasons and in order to exploit the advantage of a
conjugate model we propose a different and new way for the construction of the sampling
model.

We construct the sampling distribution by considering a functional transformation 7
of the sample x1,...,x,. This transformation 7 is chosen by the researcher such that the

following characteristics are satisfied. I. 7 converges weakly towards a Gaussian process; I1.



it is an observable element of an infinite-dimensional Hilbert space, for instance a L?-space;

111 it is linked to the nuisance parameter f according to the following linear scheme

P=Kf+U (2.4)

where K : £ — F is a linear operator, F is an infinite-dimensional separable Hilbert space
and U is a Hilbert space-valued random variable (H-r.v.). We recall that, for a complete
probability space (Z, Z,P), U is a H-r.v. if it defines a measurable map U : (Z, Z,P) —
(F,Br), where B r denotes the Borel o-fields generated by the open sets of F.

More precisely, let 7' C RP, we first select a function k(t,z) : T x S — Ry that is a
measurable function of one observation V¢ € T. We then represent the data through the

expectation of k(¢,-) under the empirical measure:

n

= %Z k‘(t,(Ei).

i=1

>

Thus, by denoting with K f := [ k(t, z) f(2)II(dz) the expectation of k(¢, ) under F', model

(2.4) rewrites:

F= Y Kt = [ bt @)l + U ). (2.5)

Moreover, the function k& must be such that r := K f and 7 are elements of F = L2(T, B, p)
with p a measure on T. Here 67 denotes the Borel o-field generated by the open sets of
T. Conditionally on f, the expectation of 7 is equal to K f and the error term U has zero

mean and covariance kernel

of'(t,s) = BFU)U(s) = [EF (k(t,z)k(s,x)) — EF(k(t,ﬁ))EF(k(s,x))] .

S|+

We denote by B{** the true distribution function of # satisfying 7 = K f. + U, where U,
is an H —r.v. with zero mean and covariance kernel o (¢, s) by construction. Similarly, we
denote by Pr{,* the conditional distribution of 7 given f satisfying # = K f 4+ U and based on
the true P,{f*. In general, Pg’* is either unknown or not suitable in order to construct the
posterior distribution. For this reason we consider as the sampling distribution an approx-
imation of PT{* that we denote by P,{ and that is the weak limit of R{,* as n — oo. There-
fore, the sampling model that we consider is misspecified in finite samples. In practice, it is
sufficient to choose k(t, -) to be Donsker so that the weak limit of PT{,* is a Gaussian distribu-
tion with mean K f and covariance kernel L [EF (k(t,z)k(s,z)) — EF (k(t,z))EF (k(s, z))].

Therefore, the sampling distribution R{ that we use in the following is



Pl = N(Kf,%,), ¥ _lviror (2.6)

Yo = / [EF (k(t,z)k(s,z)) — EF(k(t,x))EF(k(s,z))] p(s)ds, ¢ € F.

Due to the Gaussianity of the prior ,u?c of f, a Gaussian distribution is a convenient choice
for B{ . Under Pﬂ: , U is a zero-mean Gaussian H-r.v. with covariance operator ¥, which
is one-to-one, linear, positive definite, self-adjoint and trace-class. In several examples the
covariance operator Y, is unknown and therefore estimated. We estimate it in a frequentist
way by replacing F' with the empirical edf. We have shown in Florens and Simoni (2012a)
that this does not affect any asymptotic properties of our procedure. We clarify our con-

struction of the sampling model (2.4) in the next example.

Example 2.1. Let us suppose that we dispose of an i.i.d. sample of z: (x1,...,z,), where
z; € R, ¢ =1,...,n. By using this sample we can construct a functional transformation
. For example, # may be the empirical cumulative distribution function (cdf) F(t) =
LS~ 1{x; <t} or the empirical characteristic function d(t) = LS el fort € R. In

these two cases we can write:
Bt = [ s <)1) + U,

() = /wV@mu@+wm

respectively. In the first case # = F and Vo € &, K¢ = J1{s < thp(s)li(ds) = F(t),
while # = ® and Yy € &, Ko = [€p(s)II(ds) = ®(t) in the second case. In these

two cases, by the Donsker’s theorem, U is asymptotically Gaussian with zero mean and

)

covariance operator characterized by the kernel (F(s At) — F(s)F(t)) in the first case
and 1(®(s+t) — ®(s)®(t)) in the second case. These variances are clearly unknown when
f is unknown but we can estimate them consistently by replacing F' and ® by F and &,

respectively.

The following lemma gives an useful characterization of the operator ¥, in terms of K
and its adjoint K*. We recall that the adjoint K* is such that < K¢, ¢ >=< ¢, K*¢ >,
Vo € £ and ¢ € F. In our case Ko = [ k(t, z)p(x)II(dzx) and F = L*(T,Br, p), then an
elementary computation shows that K*¢ = [ k(t,z)i(t)p(dt).

Lemma 2.2. Let K : £ — F be the operator: Yo € £, Ko = [¢k(t,z)p(z)I(dx) and
K*: F — & be its adjoint, that is, Vi) € F, K*i = [ k(t,x)(t)p(dt). Moreover, denote
with fs the true value of f that characterizes the DGP. Thus, the operator ¥, = %Z takes
the form



Vi€ F, Sip= KMpK*p — (KMyl) < My, K" > (2.7)
where ¥ : F — F and My : £ — &£ is the multiplication operator Vo € €, Myp = fi(x)p(x).

Proof. The result follows trivially from the definition of the covariance operator ¥, : F —
F: Yy e F,

St = & [// (t, 2)k(s,2)) fu (@) T (da)(8) p(dt) //kzt (t,2) fu ()T (/ k(s ) fu )H(dx)) b(t)p (dt)}

_1 [/; k(s,a:)f*(x)/Tk(t,a:)w(t)p(dt)ﬂ(dac)*/;k(s,x)f*(x)l'[(dx) (/S/;Fk(t,m)w(t)p(dt)f*(x)n(dm))}

n

1
= — [KMpK*y — (KMys1) < My, K*1 >]
n

where the second equality has been obtained by using the Fubini’s theorem.

O

The following lemma states the relationship between the range of K and the range of
1

>2. We denote by © the subset of £ whose elements integrate to 0 with respect to 1I:

D= {g €& /g(x)l_[(dx) - 0}.

We remark that © contains the subset of functions in £ that are the difference of pdf of
1 1

F with respect to II. Moreover, R(£25,) C © where R(£2j,) = H(Q09) has been defined in

(2.3).

Lemma 2.3. Let K : £ — F be the operator: Yo € £, Ko = [¢k(t,z)p(x)II(dx) and
denote by K|o the operator K restricted to ® C €. Then, if K|g is injective we have
1
R(K|p) =D(X2).
Proof. We can rewrite 3 as

Ve F, = / Do(z, 5)) (1) pldt)
// ()0 (z, 8)) fu () TI(d)p(t) pldt)

where v(z,t) = [k(z,t) — E(k(x,t))]. Then, Vi) € F we can write X¢) = RM;R*y where
R:&—F My:&— & and R*: F — £ are the operators defined as

e F, Rv= [ o uomd
Voe &, Mpp= fi(z)p(z)

Vo € &, Rgpz/s v(z, t)p(z)II(dx).

10



Moreover, we have D(Zfé) = R(Z%) = R((RMfR*)%) = R(RMl/z)
Let h € R(K), that is, there exists a g € £ such that h(t) = [¢ k( )II(dz). Then

h € D(E_%) if there exists an element v € € such that h(t) = [ U( ,75)f>,52 (x)v(z)II(dx).
By developing this equality, the element v has to satisfy

Sore)

1

/ () g () TT(dx) = / o, 1) £ (@)v(x)T1(dz)
S S

o /S k(t, 2)g(2)T1(de) — /S [k:(m,t) < /S Kz, ) f*(x)n(dx)>] 2 (2)(2)T1(dx)
o [kt = [ ke | £ @we - 0 ([ e )| ),

If K is injective it follows that such an element v must satisfy

g(@) = fiv (/f ))

which in turn implies that [y g(2)II(dz) = 0, i.e. that h € R(K|p). Therefore, one
1

solution is v(z) = f. 2g(x) which proves that the range of the truncated operator K|p in
contained in D(Z_%B. On the other side, let h € D(Z_%), then there exists a v € £ such
that b = [gv(z,t)f?(x)v(x)II(dx). By the previous argument and under the assumption
that Klp is injective, this implies that h € R(K|p) since there exists g € © such that

1 1
g(x) = fev(z) — fu(x) (fs 5 (x)u(:v)H(d:v)) This shows the inclusion of D(E_%) in
R(K|p) and concludes the proof.

2.3 Posterior distribution

The posterior distribution is constructed by using the approximated (or misspecified) sam-

pling distribution P,{ . The Bayesian model can be summarized in the following way:

0 ~ o
£10 ~ ph~ N(foo.Qp). [ h(0,2) fop(x)II(dz) =0 and Q2 (1,h(6,-)) =0
PO ~ Ff ~ P ~N(Kf, %)

which defines a joint distribution on A x F. This joint probability distribution may be
examined under different aspects. First, let us consider the joint conditional distribution of

(f,7) conditional on 6. Following Theorem 1 in Florens and Simoni (2012a) we can show

that
<f> 0 ~ N(( Joo )( o Qo9 K~ )) (2.8)
7 K fog KQop S+ KQupK*

11




where the operator (X,, + KQgpK™) is an operator from F to F, while Qo K* : F — £ and
KQ: € — F.

From (2.8) we deduce the sampling distribution of 7 conditional on € by integrating
out f:

We denote by P? this distribution. The marginal posterior for # € © depends on the nui-

sance parameter f only through the integrated sampling distribution P?.

2.3.1 Conditional posterior distribution of f, given 6

The conditional distribution of f given (7,6), that is, the posterior distribution of f, is a
Gaussian distribution. This has been proven for instance in Florens and Simoni (2012a).
This distribution is fully characterized by its mean and variance and, in general, the compu-
tation of these moments rises problems of regularization when the dimension of the problem
is infinite. While this point has been broadly discussed in (Florens and Simoni , 2012a,b)
and references therein, in this section we analyze it in the particular case considered in the
paper where the operators take a specific form.
We recall briefly the problem encountered in the computation of the moments of the Gaus-
sian posterior distribution of f given 6 is the following. It is well known that in finite
dimensional problems the conditional moments of joint Gaussian distributions require the
inversion of the covariance matrix of the conditioning variable. So that in our case we
should inverse (X, + KQupK™) in order to construct the posterior mean and covariance of
f given (#,6). The problem arises because the inverse operator (X, + KQopK*)~! is in
general defined only on a subset of F of ng*—measure 0. Therefore, in general there is no
closed-form available for the posterior mean and variance of ,u?e.

However, in the framework under consideration we determine mild conditions that
allows to solve this problem so that the inversion of (X, + KQupK™), necessary for con-
structing the posterior mean and variance of f, does not rise any continuity problem. Now,

we are going to illustrate these conditions in the lemmas below.

Lemma 2.4. Consider the Gaussian distribution (2.8) on Bg X Br and assume that
f;l/Q € R(K™*). Then, the conditional distribution on B¢ conditional on Bx x B, denoted

by u}’e, exists, is reqular and almost surely unique. It is Gaussian with mean

E[f|?] = foo + A(F — K fo) (2.10)

and trace class covariance operator

12



Var[f|f] = Qog — AKQug : € = € (2.11)
where

—12 (1 1172 1/2 —1/2 )t vl r—1/21 %
A= QopM; <n1—an/ <M > M QM /> (K"~ M; %)

is a continuous and linear operator from F to &.

Proof. The first part of the theorem follows from theorem 1 (ii) in Florens and Simoni
(2012b). From this result, since %, = %E, where ¥ : F — F is defined in lemma 2.2,
we know that E[f|f] = fop + Qoo K*(1Z + KQopK*) 7' (7 — K fop) and Var[f|F] = Qog —
QO(;K*(%E—FKQOQK*)_lKQO(;. Hence, we have to show that QOQK*(%Z—kKQOgK*)_l =A

-1
- 1 1 _1 _1
and that A is continuous and linear. Denote M = <711 — %M]? < M]? o> +Mf 2Qong 2>

and

v

1 1 !
M = (KMfK* — Z(KMy1) < My, K*- > +K909K*> .
n n
By using the result of lemma 2.2, we can rewrite the operator QOQK*(%E + KQgpK*)!

1 _1 o 1 _1
ooy 2 31((167) 017 ) S [ K01 = 2 230y

m\»—t

. _1 v
This is equal to Qo9 M 2M((K*)’ll\ff 2)* since [K*M - M

to

- _1
M((K*)*le 2)*] is equal

which is zero.

We now show that the operator A is continuous and linear on F. First, remark that
the assumption f, : € R(K™) ensures that (K*)~ 1M : exists and is bounded. Since Qg
is the covariance ogerator of a Gaussian measure on a Hilbert space then, it is trace class.

This means that Qge is Hilbert-Schmidt, which is a compact operator. Therefore, since the
1

product of two bounded and compact operators is compact, it follows that g, Qg(,;Mf_E
_1 _1
and M, 2(209M 2 are compact.

It is also easy to show that the operator fM 2 < M 2 ->: & — £ is compact since its
Hilbert-Schmidt norm is equal to 1. In particular thls operator has rank equal to 1 since it
has only one eignevalue different from 0 and which is equal to 1. This eigenvalue corresponds
to the eigenfunction f*% Therefore, the operator (%Mf% < Mf%,' > —M;%QOQM;%) is

13



compact.

By the Cauchy-Schwartz inequality we have

~ 1 1 1 1 _1 1 _1
VoEE, <M7g0>= |0l = — < f2,0>" + <QG L 20,0, e 26>

v

1 2 1 % 2 2 % 7% 2
91 = A2 IPII01 + 196, - 29l

i 1
196.f 211> > 0

\Y]

1 -
since ||fZ]|? = 1. Therefore, we conclude that M is injective. Then, from the Riesz Theo-
rem 3.4 in Kress (1999) it follows that the operator M : & — £ is bounded.

Finally, the operator A is bounded and linear since it is the product of bounded linear

operators. We conclude that A is a continuous operator from F to &.

O

Remark 2.3. If f7! € R(K*) then the operator A : F — & of the theorem may be written

in an equivalent way as: Yo € F

-1
Ap =0 (T4 < o> 417 000) ()Y (212

Remark 2.4. If f, is assumed to be bounded away from 0 and oo on its support, then
the condition f;! € R(K*), as well as the condition f*_l/2 € R(K™), can not be satisfied if
k(t,x) is such that Vi € F, K* = [ k(t,z)(t)p(dt) vanishes at some z in the support
of fr. This excludes the kernel k(t,z) = 1{x < ¢t} when T is equal to a compact set, say
T = [a,b]. This remark suggests that some care must be taken by the researcher when

he/she chooses the operator K according to its prior information about fi.

The next lemma provides a condition alternative to the one given in lemma 2.4 which

also guarantees continuity of the inverse of (X, + KQupK™).

Lemma 2.5. Consider the Gaussian distribution (2.8) on Bg x Br and assume that
i

Ky, 8 injective and that Qog is such that R(KQg,) € R(X). Then, the result of

lemma 2.4 holds with A equal to

—1
PSSV A! 1/2 11 1o 1/2 1 r1/2x
A=l <n1+909 K*S'KQY > (S KO
1 1
Proof. Since KQj, = K|y(0y9)259 and K |2(q,,) is injective by assumption then 27%K|H(Qoe)

is well defined by lemma 2.3. By applying theorem 1 (i) in Florens and Simoni (2012b)

we conclude.
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The trajectories of f generated by the conditional posterior distribution ,u?e verify
almost surely the moment conditions and integrate to 1. This can be proved by an argument
similar to the one used to prove Lemma 2.1. First, remark that the posterior covariance

operator satisfies the moment restrictions:

Q05 — AK Qog]'2(1, 1 (0, )) = [T = AK]Q42(1, 1 (0,)) =0
1
where we have factorized 3, on the left and used assumption (2.2). Moreover, a trajectory
f drawn from the posterior u?f is such that (f — fop) € H(Qog — AKQqp), ufc’f—a.s. Now,

1 1
for any ¢ € H(Qpg — AKQgg) we have < ¢, h(0,-) >=< [Q5) — AKQogl1p, Q5yh(0,-) >= 0,
for some ¢ € £, and < ¢, 1 >= 0 by a similar argument. This shows that

H(Qop — AKQqg) C {go €& /ap(w)h(@,x)ﬂ(dx) =0 and /cp(a:)H(da:) = 0}

and since the set on the right of this inclusion is closed we have

H(Qog — AKQqp) C {(p €& /(p(x)h(ﬁ,x)ﬂ(dx) =0 and /cp(x)H(dm) = O} .

Therefore, ufc’f—a.s. a trajectory f drawn from ,ufc’f is such [(f — foo)(z)II(dx) = 0 and
f(f*fog)(l‘)h(e,l')ﬂ(dﬂj) = 0 which implies: ff(x)H(d:v) =1 and f f(z)h(8,2)II(dx) = 0.

Remark 2.5. The posterior distribution of f conditional on 8 gives the revision of the
prior on f except in the direction of the constant and of the moment conditions that
remain unchanged. A possible strategy would be to estimate also 8 by maximum likelihood
by using the density given by E(f|#, 0) as the probability density of the data. We could also
take an Empirical Bayes approach which consists in obtaining the posterior on 6 by starting
from the marginal likelihood. We do not develop this approach but we use a completely

Bayesian approach by trying to recover a conditional distribution of § conditional on 7.

Remark 2.6. When neither the conditions of lemma 2.4 nor the conditions of lemma
2.5 are satisfied then we can not use the exact posterior distribution ,u?c’f. Instead, we
use the reqularized posterior distribution denoted by ufc’;, where 7 > 0 is a regularization
parameter that must be suitable chosen and that converges to 0 with n. This distribution
has been proposed by Florens and Simoni (2012a) and we refer to this paper for a complete
description of it. Here, we only give its expression: ,ufc: is a Gaussian distribution with

mean function

E[f|fa T] = fOG + 147'(7§ - Kf()ﬁ) (213)
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and covariance operator

Var[f|f, 7] = Qop — Ar KQop : € = € (2.14)

where
1 -1
A= QoK™ <7‘I—|-nI+KQ()9K*> &= €. (215)

2.3.2 Posterior distribution of ¢

We have stressed that the marginal posterior for 6, denoted by ug, can be obtained by
using the marginal sampling distribution P? given in (2.9). In order to obtain a closed-
form expression for the marginal posterior M; or at least to simulate through an MCMC
procedure it is suitable to find a dominating measure, say P2, for Pg and to characterize the
likelihood of Pg with respect to PY. The following theorem, which is a slight modification
of Theorem 3.4 in Kuo (1975, page 125), characterizes a probability measure PO which is
equivalent to P? and the corresponding likelihood of P? with respect to P2,

Theorem 2.1. Let f € & denote a probability density function (with respect to II )and P° be
a Gaussian measure with mean K f and covariance operator n™'%, i.e. PY = N(Kf, n=iy).
If K|p is injective then PO and P? are equivalent. Moreover, assume that one of the

following conditions is satisfied

(i) RIKQZ,) € D(S);

(ii) the operators ¥ and L~ Y2KQK*Y =12 have the same eigenfunctions.
Then the Radon-Nikodym derivative is given by

[e.e]

1 2,2 2 A
dpP! H 1 672(l§+n,1>(nljzj —A242z;A;)

APy 55 a2 +1 ’

with zj =< F—Kf, 2_1/2g0j >, ljz and @; the eigenvalues and eigenfunctions of STV2K Qe K*x1/2

and A; the expectation of zj under PY.

(2.16)

The random variable y/nz; has a standard Gaussian distribution under PC. If condi-

tion (i) holds then z; is well defined since l?gpj = NT2K Qg K*% 720, and ©712p; =
1

lj_lE_lKQOQK*E_l/ngj which is well-defined under the assumption R(KQ2,) C D(T71).

If condition (i) holds then z; is well defined since ¢; is an eigenfunction of ¥ as well as

of ¥71/2 50 that Vj € N, there exists Ajx such that 2*1/2%‘ = )\]-_21/2%- and, in this case,

_ <i—Kfp;>

T Ve

tion f as long as it does not depend on . For instance, it could be f = f, even if it is

. We also remark that we can use any density function for the mean func-

unknown in practice.
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Proof of Theorem 2.1 In this proof we denote B = Z_I/QKQéé2. To prove that P? and

PY are equivalent we first rewrite the covariance operator of P? as

(mlz n KQOQK*> — Vnlxnz [I+ NS 3K QoK 7| $3Vn-L,
Then according to theorem 3.3 p.125 in Kuo (1975) we have to verify that K(f — fog) €
R(21/2) and that {I + nE_%KQO(;K*Z_%} is positive definite, bounded, invertible with
nY "2 KQuK*Y > Hilbert Schmidt.

e Since (f — fo9) € © and since K|gp is injective then, by lemma 2.3, K(f — fog) €
R(D/2).

e Positive definiteness. It is trivial to show that the operator (I +nBB*) is self-adjoint,
i.e. (I +nBB*)* = (I+ nBB*). Moreover, Yo € F, ¢ # 0

< (I+nBB*)p, ¢ >=< ¢, > +n < B*p, B*p >= ||¢||* + n||B*¢|| > 0.

e Boundedness. By lemma 2.3, if K|p is injective, the operators B and B* are bounded ;
the operator I is bounded by definition and a linear combination of bounded operators
is bounded, see Remark 2.7 in Kress (1999).

e Continuously invertible. The operator (I + nBB*) is continuously invertible if its
inverse is bounded, i.e. there exists a positive number C such that |[(I+nBB*) 1yp|| <
o\ -1
Cllgll, Vo € F. We have ||(I +nBB*)"!¢|| < (sup; wre)llell =llell, Yo € F.

e Hilbert-Schmidt. We consider the Hilbert-Schmidt norm |[nBB*||gzs = 1\/tr((BB*)?).
Now, tr((BB*)?) = tr(QoB*BQoB*B) < tr(Qu)||B*BQuyB*B|| < co since B :=
EiéK‘H(QOQ) has a bounded norm by lemma 2.3.

This shows that P/ and PY are equivalent.

Next we derive (2.16). Let z; =< 7 — Kf, 2_1/2%- >. This variable is defined for every
j € N if either (i) or (ii) is satisfied. By theorem 2.1 in Kuo (1975, page 116):

dP! {7 dv
g~ a,
where v; denotes the distribution of y/nz; under P? and p; denotes the distribution of
v/nz; under PY. By writing down the likelihoods of v; and p; with respect to the Lebesgue

measure we obtain

5 \ /2 1 7 y—1/2 2 2, \
ap? = (1+ljn> exp{—5(zj— < K(fop — f), X7 %p; >) n(l—i—ljn) }
dpy

e exp{—%zﬂgn}

which, after simplifications, gives the result.
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0

Theorem 2.1 is stated for a fixed n. In section 3, where the asymptotic behavior of
the posterior distribution is analyzed, we need to replace the fixed prior for f with a scaled

one. This will be made by replacing, when necessary, {299 by ﬁgog where @ > 0 and o — 0.
The marginal posterior distribution of 6 can be used to compute a point estimator of 6.

The maximum a posterior (MAP) estimator is particularly suitable and plays an important

role in the study of the asymptotic properties of ,ug. The MAP 6,, is defined as

0, = duy 2.17
n arg max dug (2.17)

apr? . .
= argmax dpg(f)/w(de) — arg max dpg(r),ug(dﬁ) .
090 Jo EMaldf) 706 o Gl P ot

Since the denominator of the posterior distribution does not depend on # it plays no role
in the optimization.

In general, when the conditional prior distribution on f, given 6, is very precise the
MAP will essentially be equivalent to the maximum likelihood estimator (MLE) that we
would obtain if we use the prior mean function fyg as the likelihood. On the contrary, with
a prior ,u? almost uninformative the MAP will be close to the GMM estimator (up to a

prior on €). The next example shows this argument in a rigorous way.

Example 2.2. Consider a function h(6, z) that after normalization is of the form: h(0,z) =
a(x) — b(0) with a,b € R” and 6 € R¥, k < r so that the model is in general over-identified
and Var(h(0,z)) = I, where I, denotes the r-dimensional identity matrix. This implies

that the classical GMM estimator is solution of
T 1 n 2
o3 (130 1,0
j=1 i=1

with a(z) = (a1(z),. .., ar(z))'and b(0) = (b1(0),...,b.(0))".

Assume in this example that II is the true distribution F} which implies that f, = 1.
Denote ¢;(z) = pj(x;0) = (aj(x) —b;(0)) for j =1,...,r and pg = 1. Under these assump-
tions the functions (1, p1(x),. .., ¢r(x)) form an orthonormal system in £ and we can com-
plete this system to form an orthonormal basis {¢;};>0. Since the span{l, ¢i(z),...,¢r(x)}
does not depend on € then the same holds for its orthogonal and {¢;};>, are independent
of 8. As described in section 2.1, the prior distribution ,ufc on f is N(foe, Q) where fog
verifies [ a(z) fog(z)I(z)dz = b(#) and § verifies

T o0
Qou:)\1<u,1>+2)\j<u,<pj><pj+Z)\j<u,<pj><pj, Yu e &
j=1 j=r+1
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where Zj Aj <ooand A\; =0,Vj =0,...,r. Therefore, {)g is independent of 6.
In order to construct the sampling model we choose an operator K (that is, a function
k(x,t)) with range in F, singular functions {¢;};>0 and singular values {\;x };>0, where

{\jK }j>0 must be a non-increasing sequence of positive elements. Therefore, we have
K*Kpj = Ak,
and if we define ¢; € F as Kp; = \jg;, A\jk # 0, for every j > 0, we also have
K*; = Njxp;  and KK ; = A pab;.

In practice, the operator K takes the form: Vo € £, K¢ = Z?io ANk < ¢,p; > 1, where
{1j};>0 is an orthonormal basis in F. The first » + 1 basis functions {wj}§:0 might also
depend on 6. This construction of K will allow us to have a suitable spectrum of 3. In
fact, under our assumptions we can verify that Y, = )\?Kgbj for j > 1 and X9 = 0. To
see this we write X in the form given in lemma 2.2: ¥ = KM;K* — KMy < My, K*- >

and if f, =1 we have

Zl/)j = KK*wj—Kl<1,)\ng0j >, forj+#0
Sthg = Ajxto — (Moxto)dox < 1,00 > .

Since < 1,¢; >=0for j > 1 and < 1,99 >= 1 we get the result.

From the result of theorem 2.1 the marginal likelihood is proportional to

L. 2
exp {—2 |7 — KfOGHEn-i-KQOK*}

where || - ||22n L kaok+ denotes the square of the norm in the reproducing kernel Hilbert
space associated with the operator (¥, + KQoK*). The eigenvalues of this operator are

the functions {1;};>0 previously constructed and the eigenvalues are denoted { u%j }i>0 and

given by
/%210 =0
1
,u%j = —/\?K, forj=1,...,r

1
Hnj = Nk <n +)‘j> -
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Therefore, we can rewrite:

Z <7 — K fos,j >

17 — K fooll%, + ko =

Js bnj 70 ’uz‘j
2

= > un ( Z / (t,2:)0; (£)p(t)dt — / / k(t,:cwj<t>foe<x>ﬂ<dx>p<t>dt)

J5 nj 70
e (18 [ 2

= D Nk anm 5(x) foo () T1(de)

J5 bng#0 i=1

T n 2
:Z”GZ%‘(%‘)— i( ) D = —1+>\ ( Z‘Pﬂ zi) — Eoo %))

j=1 i=1 j>r

for every fog which satisfies [ h(0,z)foo(x)II(dz) = 0. We have used Epy to denote the
expectation taken with respect to fpg. Hence, the MAP verifies

T n 2 _ 2
. 1 (n ' 20 @i (i) — Eogly;))
0, = arg min EZI n (n ;:1 aj(z;) — bj(9)> + E T

j>r

_argmln < ZO’J z;) — bj )) _1_%2 (n 121':1(@( i) — Eop(9;)) . (2.18)

- n 1+)\j
j>r

These formulas clearly show that the prior distribution ufc completes the moment condi-
tions and extends them to a continuum of moment conditions. In the case of an almost
noninformative prior we have: A\; — oo, Vj > r so that (2.18) is exactly the expression of
the GMM. In the case of a perfectly informative prior (that is, f = fog a.s. and A; = 0 for

every j) the expression (2.18) becomes
0, = argmin ||7* — Kf09\|2zn-

In this case the MAP is equivalent to the MLE obtained by using fyg as the likelihood in
the sense that it possesses the same asymptotic distribution under very general conditions
on K, see Carrasco and Florens (2012). A sufficient condition for this is that the closure
of the vector space generated by the family {k(¢,z)} in € be equal to £. Remark that this
is the case for k(t,x) = 1(x < t) and k(t,r) = €@ with ¢,z € R.

Remark 2.7. We have already discussed (see Remark 2.2) the possibility of using a dif-
ferent prior scheme when we are in the just-identified case and 6 can be written as a linear
functional of f. In that case, given a Gaussian process prior on f, the prior of 6 is recov-
ered through the transformation § = B(f). The posterior distribution for 6 is recovered
from the posterior distribution of f (which is obviously unconditional on ) through the

transformation B(f).
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For clarity reasons, we summarize in tables 2 and 3 below the notation used for the sam-
pling distribution (the true and the approximated one) and for the posterior distributions
for both the overidentified and the just-identified cases.

Table 2: Sampling distribution

Sampling distribution: Conditional on f, Conditional on f Marginal
True P,{f* P,J;* -
Approximated P Pf P!

Table 3: Posterior distribution

Case: over-identified just-identified: 1st possibitiy  just-identified: 2na possivility
Marginal of 6 1 (6]7) w4 (07) w5 (6|7) through 6 = B(f)
Conditional of f|0 ;/;’e(f\f, ) ,u;’e(ﬂf, 0) -
Regularized Conditional of f|6 u;i(f\f, 0,7) u;g(ﬂf, 0,71) -
Marginal of f - - p?(f|f)
Regularized of f - - u?,T(ﬂﬁ T)

3 Asymptotic Analysis

In this section we focus on the asymptotic properties of our approach. Along all this section
we replace (lgy by a—anog where a > 0 and o« — 0. This expression is very general since,
depending on the choice of «, the prior ,u? is: (i) shrinking (when an — 00), (ii) spreading
out (when a = o(n™1)) and (iii) fixed (when o = n~!). In some cases a scaling prior is
necessary in order to obtain the minimax rate of convergence for the posterior distribution
,ufc’f (see Florens and Simoni (2012b)).

We analyze three issues: (i) posterior consistency of fy (section 3.1), () weak con-
vergence of ug towards a normal distribution (section 3.1), and (%ii) convergence in Total
Variation of the posterior ,ug towards the asymptotic distribution of the method of moments

estimator of 6 for the just-identified case where 6 is a linear functional of f (section 3.3).

3.1 Posterior Consistency

In this section we study the consistency of the posterior distribution of 8. Posterior con-
sistency for ,u’}’e and u;i has been shown respectively in Florens and Simoni (2012a) and
Florens and Simoni (2012b).

Let ©,, = {0 € ©; /n||0 — 0.|| < M,} for every sequence M,, — oo and
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FO) = {f c SM;/h(x,G)f(x)dH(:c) _ o} .

We want to show that the posterior measure Mg(@n) converges to 1 in R{f*—probability. We
stress that this is the approximated posterior distribution of # where the approximation is
due to the fact that the Gaussian sampling distribution Pﬂ; we have used is not the true
one (but only the weak limit in distribution of the true sampling distribution P/:*) Define
Pl = N(K f.,1%). By theorem 2.1, P{* dominates P? so that we define p,p = dPg/dR{*.
For a covariance operator C' : F — F and ¢ € R(C'/?) denote ||¢||c the norm in the
reproducing kernel Hilbert space associated with C' defined as ||¢||2, =< C~1/2p, C~1/2¢p >.

We introduce the following assumptions:

A-1. There exists a constant ¢ > 0 such that for every 6 € ©¢

-0, < inf |[ZV2K(fop — flla .
<l H_f lenf(a)ll (foo — fe)llar+BB

00

A-2. For the constant ¢ > 0 defined in A-1, the set

~ M
0, :=46: inf |IV2K(fop— fllarsnn < 2l co,
{ foglen]-'(G)H (foo = fllar+BB < NG

is non empty.

A-3. The prior distribution pg is continuous in # and 0 < py(#) < oo for every 6 € ©.

For a probability measure P and an integrable function g we use the notation Pg to
abbreviate [ gdP.

Theorem 3.1. Under A-1, A-2 and A-3:

Pf**ﬂ@ (9 € 05, ‘T)

Proof. Define the event A,, := {Z;o 1 (lffa) ;ZJQ 2 < CaMZ/Q} where z; =< =K f,, 2 1/2<pj >,

Vj. By the Markov’s inequality the probability of this event, under PT{**, converges to 1 if

aM? — cc. In fact, we have

o0 [e.9]

2 1, 2
pPlLA; < —_E, —1227| =
E T calM? ; l2+a) % caMnQJZ::1 l2—|—a

2

which converges to 0 if aM? — oo and .2 < 00.

Jj=1 12+a)
The quantity of interest P,{ il (0 € ©%|F) may be rewritten as
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f@c pn@( A) G(de)

Iy (0 € ©5|F) = P, : I, + PL, _ Tae (3.1

ety (9 € O517) o PP (a0 To o Frip(ag) 45 G
c Pno(7) 1o (d0)

_ prde Ia, +o(1) (3.2)

where I4 denotes the indicator function of an event A. Now, in order to upper bound the
numerator and lower bound the denominator we use the explicit form for p,g given in (2.16)

with f replaced by f, and Qg replaced by (an) ™ Qe:

oo a an ( _1l2 A2+2Z]A )

2(12.+a)
Pno = H ) e 7
j=1 lj+a

where A; =< K(fog — f+), *1/2% > and z; =< 7 — K f,, 2*1/2% >, Vj. Therefore, since
<1 and

l§+ 12+a = 12+a

fec exp{lz;?il (lQaira) (ofllz 2 A2 +22;A; )}}Lg(dG)

T Jo ool b 7 2+ A Bt S Ay e S A )

fog, o0 { 552, o828 — Y2 K oo = £l e +Op (Ve 1/2K(foa—f*)nafwg*)}ue(de)
1/@ Jo eXp{ijl zj A jm - 5 Zj:l ?,fﬁz Yo (dO)

f@p eXP{ pDpatt <121a>l 22 = 3IIS7Y2K (foo — fOll214 g + Op (Van||E™ 1/QK(foe—f*)||our+BB*)}lt¢9(fl‘9)

© @S Je exp {—1anlS V2K (o = £ 4 e (1+ Op((am) /IS4 2K (foo = £)ll 4 ps-)) | 10(d0)

F f@; PnolT ( A)NG (d@)

TP A S < P
- f@pnﬂ 7) g (d6) o

S PT{,** IA"

Ty

since Z;’Ol A2a+12 =2~ 1/2K(f00 - f*)”a[—l—BB* and

> ziAjan/(a+85) = 0, (Van|| S~ 2K (foo = £)larss- ) -
J

Moreover, since on A, > 22 1@ o‘fa) Olél?zf < caM?/2 we have:
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f@c pn@(f)/l9(d6)
L1y
" JoPna(P)ue(do) T

M3 _ _
Joe exp 3 52 — ST 2K (foo — Fll2 1 gp+ + Op (Van||S~Y2K (foo — fi)llas+BB+) | 1e(d6)
< P-f n +
= n,x

Sl exp { 4458 = 415/ K o mquBB* + 0y (Vanl[S~ 12K (foo - f*mmBB*)}ue(d@
i o { —an S (L4 0p((0)~ /20 ) } o, o)
fog 0 { 232 — 20— 0.1P1+0y (e Mo -l ) } otat)
e o { —an g (4 0p (@) 2M ) | o, o (d6)
fog exp { 3% — p 203 <1+op(ﬁg—1f)>}ue<d9>
e o { —anSg (4 0p(0) /20 ) } o, 1o (d6)
Jos exp{ cally (1+op(¢7;1f))}ue(d9)
i o { —an S (4 0p(0) /20 ) } 1o (d6)

where we have used assumptions A-1 and A-2 and 0 < fén g (df) < oo under assumptions
A-2 - A-3. We conclude that

<Pl

Iy,

< Pl 14,

<Pl

Iy,

< Pl

n

caM? . caM?

Pl (0 € O4]7) < exp {— . < }PJ:;(An)const- + PI5(A5) = o(1).

3.2 Asymptotic Normality: weak convergence

We show now that asymptotically the posterior distribution of # behaves like a Normal dis-

tribution centered around the MAP estimator 6,, defined in (2.17) as ,, = arg maxgpee pfy(df).
We can equivalently define 6,, as 6,, = arg maxpeg d}ff* (7)o (dl) = arg maxgee Py (7)o (d).

In the following we abbreviate ppguo(df) = pno(7)pe(do).

Let H(0,,0) :={6 € ;|6 —0,]|| < ¢}. Remark that under the assumptions of theorem
3.1, for 4, > 0 such that é, — 0 at a suitable rate the posterior distribution of H(6,,d,)
converges to 1. Denote L, (0) = log

de* ( )pe(df). We make the following assumptions

B-1. 6, is a strict local maximum of duj} and L/ (6,,) := %‘9(6)

9:9n N

~1
B-2. A, = {—L/(0,)} "= { aggge(,e) oo } exists and is positive definite.

B-3. d> — 0 as n — oo where d? is the largest eigenvalue of A,,.
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B-4. For any ¢ > 0, there exists an integer N and § > 0 such that, for any n > N and
6 € H(0,,0), L"(0) exists and satisfies

I—G(e) < LNO){L"(6,)} 1 < T+ Gle),

where [ is a (kX k) identity matrix and G(e) is a (kx k) positive semidefinite symmetric

matrix whose largest eigenvalue g(e) converges to 0 as e — 0.

We provide later sufficient conditions for this assumptions. In particular, assumptions B-3
and B-4 are satisfied if the conditional prior M? of f is shrinking, that is, Qgg is replaced
by 7Q0p and 7 = o(n"1).

Lemma 3.1 and theorem 3.2 below are slightly modifications of results in Kim (2002)
and Chen (1985).

Lemma 3.1. Under A-1, A-2, A-3, B-1, B-2, B-8 and B-}

im 25 (0n)| A2 < (2m) M2 (3.3)

Moreover, lim,,— o ,ug(ﬁn)]An]% = (271)*1“/2 n PT{** -probability if and only if for some 0, >

Proof. Denote D; the denominator of ug. For any € > 0 let n and 6, be such that B-4 is
verified. Under B-1 and B-2, for every 6 € H(6,,0,) a second order Taylor expansion of
L, (0) around 6,, gives

Proto(0) = pnope(On) exp(Ly(0) — Ly, (6y))
— puotio(0 exp( L”<9><9—en>>

— proo(6h) exp YL + 0, <e>]An1<e—en>)

with W, (0) = 2552

=6
segment joining 6 and 6,,. Therefore, under B-4, the probability p)(H (0,,d,)|7) defined as

i (H (B, 6,)7) = / 15(617)d6
H(0r,0n)

9% L, (0)
006"

) } — I, I a k x k identity matrix and 0 lies on the

is bounded above by

I — G(ﬁ)!‘1/2!An]1/2D;1pn9M9(9n)/ exp (—;(0 —0,)'[I + \I/n(é)]Agl(e — en)> do
H(0,00)

< I_G(ﬁ)’—1/2’An’1/2D;1pn9M9(9n)/H(O )e_z’z/QdZ
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where u,, = §,,(1 + gmax(e))% /dmin, g™**(€) is the largest eigenvalue of G(€) and dpiy is the
smallest eigenvalue of A,,. The second inequality follows from the fact that, after a change
of variable, &, > (6 — 6,)"(0 — 0,) > ||z]| (inf d/(1 + eigenvalue(\I’n))l/Q) = ||z||un/dn so
that H(0y,6,) C H(0,u,). In a similar way, under B-4, we can bound y(H (6,,, 6,)|7) from
below by

I+ G()| 2| A 2D prppi (6n) /

exp (=50 = 0,11+ 0,170~ 0,) ) ao
H(0r,0n)

> I—i-G(e)!1/2!An!1/2D,?1pn9M9(9n)/ e~ %2,
H(0,l,)
where 1, = §,(1 — gmax(e))%/dmax, dmax 18 the largest eigenvalue of A, and H(6,,d,) D
H(0,1,). Under B-3, uy,l, — oo as n — oo. Therefore,

1T — G(e)V? lim piy(H (0n,8,)|7) < 27572 A2 DY lim ppopie(6,)
n—oo n—oo

<+ G(O'? lim p(H (6, 6,)|7)

and (3.3) is implied by the facts that under B-3, |I£G(€)| — L as € — 0 and pj(H (0y, 6,)|7) <
1 for every n. The equality holds if and only if lim, ,LLZ(H (0, 0n)|7) = 1 in Prff*—
probability, which is assured under A-1, A-2 and A-3 by theorem 3.1.

O

Theorem 3.2. Assume that A-1, A-2, A-3, B-1, B-2, B-3 and B-4 hold. Then, for every
01,05 € O,

02
/J a(017) = | ou)du

01

in ng*—probability, where ¢(-) denotes the standard Normal pdf and Jg, o, = {6; A;1/2(9 -
Gn) € (91,92)}.

Proof. Denote D; the denominator of ug. For any 01,05 € © we write 6y > 6, (or 62 < 67)
if every component of 3 — 6 is nonnegative. Let Z ~ N(0,1); as stated in the proof of
Theorem 2.1 in Chen (1985) it is sufficient to show that for every 6; < 0 and 62 > 0, the
probability p([61,62]|7) (= ph(01 < 6 < 05]F)) converges to ®((6;,62)) in R{f*—probability,
where ®(-) denotes the cdf of a N(0,1) distribution.

For sufficiently large n, Jg, 9, C H(0y,6,) by B-3. Similarly as in the proof of lemma
3.1 the probability
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(o 02l = / 115 (60]7)

']91 ,00

is upper bounded by

T — G| A V2D puopis (6) / 724
H+

with Ht := {2; [T + G(¢)]"/?0; < 2z < 65T + G(¢)]*/?} and lower bounded by

T+ G| A V2D puopis (6) / 72,

with H™ = {z;[I — G(€)]'/?6; < z < 6[I — G(¢)]'/?}. By letting ¢ — 0 we have that
|I £ G(e)| — 1 and

~ 02 /
lim 5 (Jp, 9,|7) = lim |An|1/2D1;1pn9,u9(9n)/ e ¥*%qz.
n—oo n—oo 91

Finally, by the results of lemma 3.1 and theorem 3.1, lim, ’An’1/2D;1pn9,u,9(9n> =
|27c|7%/2 in R{f*—probability so that

lim 1 (Jo, 0,|7) = ((61,62))
in ng*—probability.
O

3.3 Convergence in Total Variation for linear functionals: the just-identified
case

In this section we consider the just-identified case where k = r and where § = B(f) writes
as an explicit linear functional of f. For that case, we are able to show convergence in total
variation of the posterior distribution towards a Normal distribution. This convergence is
stronger than the weak convergence considered in section 3.2.

Without loss of generality we can write § =< f,g > for any g € £". In fact, by the
Riesz theorem there exists a unique g € £ such that B(f) =< f,g >. In this situation
the prior distribution of 6 is specified through the prior distribution of f, as described in
Remark 2.2. The analysis for this case is quite simple since we have a closed-form for the
posterior distribution of 6.

The results of section 2.3.1 and Remark 2.7 imply that the posterior distribution of
6 is Gaussian with mean < E[f|7],g > and variance < Var[f|r]g,g > where E[f|7] and
Var|[f|] have been defined in lemma 2.4. We denote by u’; this distribution. Along all this

section we use the posterior distribution ufc’f given either in lemma 2.4 or in lemma 2.5.
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Therefore, we implicitly assume that the conditions of these lemmas are satisfied. When
this is not the case, then our asymptotic results can be easily extended to the case where
the exact posterior u?’f is replaced by the regularized posterior distribution ,ufc’; discussed
in Remark 2.6.

Moreover, :=nt Yo, g(x;) denotes the method of moment estimator and o’ =<
fs9,9 > — < fs,g >2 the true variance of g. For two probability measures P and Q
absolutely continuous with respect to a positive measure p, the total variation (TV) distance

writes

1P=Qllrv = [ Ife = Folds

where fp and fg are the Radon-Nikodym derivatives of P and (), respectively, with respect
to u. The next theorem states that the total variation distance — denoted by || - ||7v
— between ,ug and NV (é, %2) converges to 0 in probability. For this result we need the

following assumptions:

TV-1. There exists a kernel function C such that VA > 0 small and Vu:

(1o (535) ) enfaiery

for some 8 > 0.

TV-2. There exists a kernel function C such that Vh > 0 small and Vu:
1 Tr—1u
Hg(fci) - /g(z)hC’< A )dv’U

TV-3. There exists a kernel function C such that Vh > 0 small and Vu:

i, ) — /k(u,t)}lLC ("E - “) da

= O(h?).

= O(h?).

Theorem 3.3. Let § = n~? o1 g9(z;) and consider the Gaussian model 2.8 independent of
0 with the prior covariance operator )y replaced by %Qo where o > 0, o — 0 and na®? —

0. Let the assumptions of lemma 2.5 and assumptions TV-1 - TV-8 hold true. Define &; :=

htc (M) Lo Vi =1,...,n, and assume that there exists a random element 3¢; € &
h m(x)

such that: (1) n= >0 |Gl = Op(1) and (ii) (& — fo) = Q(l)/2 (2_1/2K90K*E_1/2)ﬁ/2 G
for some B> 0. Hence, :

2
7 ~ O
MH_N(07Z) -0
TV

in Pl -probability.
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Proof. Let f denote the density function of the posterior ,ug and

N . 2
wh— N6, )

n

‘TV

S ‘

o2

e S SR

n

By trivial algebra it is possible to show that

[N(< BUf17. 0 >, 02/m) ~ N (B0, =4 [q> (

and

pp—N (< E[f|7]

il < Elflilg > 0]\ 1
20 2

9 =4[ (o) %) - (Ve )

where ®(-) denotes the cdf of a N(0,1)-distribution and 72 =< Var[f|f]lg,g >. We start

by computing the rate for

. Remark that under the conditions of lemma 2.5 we

2
L_TQ‘
n

can write the posterior variance either in the form given in the lemma or in the form given

in lemma 2.4. We use this second expression:

< f«(g —Exg),g >

2
\< Varlflilg.g > —"—‘ _ ]< Varlflilg,g > —
n n

= |< Qolafs —afi < fu, > +Q0) " fi(g = Exg),g > — < fu(g — Exg), g >|

|< [Qo(afe — afe < fu, > +Q) "' — 1] fu(g — Evg),g >|

SIm3Ir3Ir

|< [afe —afe < fa,- >](afe — afi < fo, > +Q0) "' fu(9 — Exg), g >
2| < ful@fe = afe < fo > +00) T (g~ Bag)g >

— < fu < forr > (afu — afu < fuoyr > +Q0) " fu(g — Exg), g > ‘
%’ < (afs — afe < fu, > +Q20) " fu(g — Exg), fog >

— < fo, (afe —afe < fu,o > +QO)71f*(9* E.g) >< f«,9 > )

12, . 1/2 12
Remark that f.(g — E.g) € R(£, ") since R(,") = N (Q,") and [ fi(g— E.g)dIl = 0.
Thus, there exists v € £ such that f.(g — E.g) = 9(1)/2]/ and

%] < (afw — afse < fur > +920) 71020, fug >

= < oy (@fe = afu < fuy > 420) 720 >< fug > |

%\ <(al —aft? < f12 > 417 P 2 PR Py, 1 2 >

= < oy (@fe = afu < fuy > +Q0) 720 >< fug > |

2| <@t + 71200 TP 0 g >

— <l —afl? < {12 s 720 Y T P < £H2 5 x

(al + £ 2o i 20y P, 112 >

— < £ (ol + £ Qo p A T R0y Py >

+< Pl —afl? < P s 4 p TP A T gt < 1P >) x
(al + £ 20 f 7)1 200 0 > < g > |

0 (2§|\u||@+2?“””) =0 (€>
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if E,g? < co. Note that to obtain the big O in the last line we have used the Cauchy-Schwarz
inequality. Next, we study the term | < E[f|F],g > —é| Define & := h™1C (%) Lo

w(z) "

By using the expression of the posterior mean given in lemma 2.5 and denoting B =
2*1/2KQ(1)/2 we obtain:

n

<E[f|#),g > -n""Y " g(wi)

i=1

| < E[f|f], g > —0]

1 n n
< fo+Qf (af + B*B)"'B*x~1/? |:n1 Zk(a:i,t) - Kfo:| ,g>—n"1 Zg(xl)
i=1 i=1

1 n
‘ < fo+9QZ (el + B*B)"1B*x71/2 |:nlzK§¢ +0p(h?) = Kfo| ,g>

1=1

—n Y < g > +O0,(h?)|

=1

sincen ™t Y0 g(z) =ntY 0 <& 9> +0,(hY) and n Tt Y0 k(xy,t) =0Tt Y0 K&+
O,(h?) under assumption 2 and 3. Therefore,

| < E[f|f],g > -0 = |<n’1z[Q()%(aI-I—B*B)’lB*E’l/QK(Ei—fo)—(&—fo) 9>
=1

1
+ < Q2 (ol + B*B)"1B*s7Y20,(h?), g > +0,(h?)| =: | A1 + A2 + As].

Since (& — fo) € R(Qé/2) then there exists n; € £ such that (& — fo) = Qé/Qm; moreover,
there exists (; € £ (function of the data z;) such that n; = (T*T)5/2Q for some B > 0.
Hence,

<n 'y [QO% (ol + B*B)"'B*S~ V2K (& — fo) — (& — fo)} g >

=1

[ A1l

o =«

1 n
<Qf(al+B*B) 1 (B*B)"?n~'y "¢ig >

i=1

1 n
<QZ(al+B*B) " nt Zm,g >

=1

0, (a(BAQ)/2)

if n= U |G]] = 0,(1). Since R(KQY?) € R(T) term |Ay| is well-defined and | Ay| =
(’)p(ofth). Finally, we choose h that converges to 0 sufficiently fast to guarantee that
a~'h? — 0. Under the condition that na®"? — 0 the first term of (3.4) converges to 0.

O

4 Implementation

In this section we show, through the illustration of several examples, how our method can

be implemented in practice. We start with toy examples that can be treated also with non-
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parametric priors different from the Gaussian prior. The interest in using Gaussian priors
will be made evident in the more complicated examples where there are overidentifying

restrictions which we show can be easily dealt with by using Gaussian priors.

4.1 Just identification and prior on 6 through

Let the parameter 6 of interest be the population mean with respect to f, that is, 0 =
J zf(z)dz and h(0,z) = (6§ — x). This example considers the just identified case where the
prior on 6 is deduced from the prior distribution of f, denoted by uy. The prior py is a
Gaussian measure which is unrestricted except for the fact that it must generate trajectories
that integrate to 1 almost surely. To guarantee that, the prior mean function fy must be
a pdf and the prior covariance operator )y must be such that Qé 1 = 0. Summarizing, the

Bayesian experiment is

{f ~ N (fo B), 031=0 (4.1)
Flf ~ PI~N(KFf,Z,).

Remark that we consider the general case where the prior covariance operator is scaled
by % In the simulations we present the results for a scaled and a non-scaled prior. The
implied prior and posterior distribution for 6 is given in the following lemma. We use the

notation ¢ to denote the identity functional, that is, ¢(x) = z.

Lemma 4.1. The Bayesian experiment (4.1) implies that the prior distribution for 6 =
Jxf(x)dx is Gaussian with mean < fo,1 > and variance % < Qot,t > and its posterior

distribution is

1 1 1
OF ~ N (< fo,0 > +— < QoK*CHF — K fo), 0 >, < —[Qo — —QK*C LK Qle, 1 >)
an an an

where C;t = (n™1% + ﬁKQOK*)fl

This approach is appealing because it avoids the specification of two prior distributions
while keeping the specification of the sampling distribution completely nonparametric. The
prior is specified for the parameter with the highest dimension, that is f, and it implies a
prior on the parameter 6.

We illustrate now how to construct in practice the covariance operator €y in (4.1).
Let us suppose that m = 1, S = [—1,1] and II be the Lebesgue measure. Then, the
Legendre polynomials {P;};>o are suitable to construct the eigenfunctions of Q. The
first few Legendre polynomials are {1, z, (322 — 1)/2, (523 — 32)/2,...} and an important
property of these polynomials is that they are orthogonal with respect to the L? inner
product on [—1, 1]: f_ll Py (z)Pj(x)dx = 2/(2j+1)d;;, where d;; is equal to 1 if | = j and to 0

otherwise. Moreover, the Legendre polynomial obey the recurrence relation (j+1)Pjy1(z) =
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(2§ + 1)zPj(x) — jPj—1(x) which is useful for computing €y in practice. The normalized
Legendre polynomials form a basis for L?[—1,1] so that we can construct the operator

as

oo .
Qo- :aOZAj¥ < Pj, > P
§=0

where Ao = 0 and the {);, j > 1} can be chosen in an arbitrary way provided that
ijl Aj < 00. The constant og can be set to an arbitrary value and has the purpose of
tuning the size of the prior covariance. This construction of 2y and the fact that fj is a pdf
guarantee that the prior distribution generates functions that integrate to 1 almost surely.

In our simulation exercise we generate n i.i.d. observations (z1,...,2,) from a N'(0,1)
distribution truncated to the interval [—1, 1] and construct the function #(t) = n=t 3°1 | €@
as the empirical cdf. We set T' = [—1,1] and p equal to the Lebesgue measure. Thus, the
operators K and K* take the form

1 . 1 .
Voe &, K= / eo(x)dr and Vop € F, K*ih = / e (t)dt.
-1 -1

The eigenfunction of ) are set equal to the normalized Legendre polynomials {\/WP] }i>o0,
the eigenvalues are set equal to ogA\; = 5 j~% for j > 1 and a > 1. The prior mean func-
tion fy is set equal to a N'(p,1) distribution truncated to the interval [—1,1]. We show in
Figures 1, 2 and 3 the prior and posterior distribution of 8. We also show the prior mean
(magenta asterisk) and the posterior mean of  (blue asterisk). The pictures are obtained
for different values of g, @ and n and we summarize the simulations scheme in table 4 below.
Table 4 also contains the posterior (resp. prior) mean of § computed by discretizing the
inner product < E(f|F)¢,¢ > (resp. < E(f)t,¢ >), denoted by E(6|7) (resp. by E(f)), and
the posterior mean of § computed by averaging the 1000 drawings from the posterior (resp.
prior) distribution ,ug (resp. pg) of 6. The number of discretization points, used to ap-
proximate the integrals, is equal to 1000 for all the simulation schemes. We consider three
cases: CASE I represents a shrinking prior distribution, CASE II represents a spreading
out prior distribution while CASE 111 represents a fixed prior. The posterior distribution

is more concentrated when a shrinking prior is used.

4.2 Just identification and prior on 6

We consider the same framework as in the previous example where the parameter 6 of
interest is the population mean, that is, § = [ f(z)dz and h(f,2) = (6 — x) but now
we are going to specify a joint proper prior distribution on (6, f). We specify a marginal
prior pg on @ and a conditional prior on f given #. While the first one can be arbitrarily

chosen, the latter is specified as a Gaussian distribution constrained to generate functions
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Table 4: Just identification and prior on # through ps: Simulation schemes

CASE 1 CASE 1II CASE III
n=100 | n=1000| n=100| n=1000 | n=100 | n=1000
o 0.1 0.1 0.0001 0.0001 1/n 1/n
p 2 2 2 2 2 2
a 1.7 1.7 1.7 1.7 1.7 1.7
E(0) 0.49 0.49 0.49 0.49 0.49 0.49
E(6) 0.4635 0.4805 0.501 0.5907 0.4097 | 0.4097
E(0]7) | —0.0059329 | 0.019238 | —0.0016 | —0.0043794 | 0.0131 | —0.01057
E()7) | —0.0136 0.0261 | —0.0239 | —0.0183 | 0.0827 | —0.0150
(b) n = 1000.

(a) n = 100.

Prior and Posterior distributions

— prior distibution
~ - posterior distribution
% prior mean of 8

* _posterior mean of &

oof

(a) n = 100

Figure 1: CASE I - prior and posterior distributions and means of 6. The true value of 6 is 0.

Prior and Posterior distributions.
— prior distribution

~ - posterior distribution

% prior mean of @

+ _posterior mean of &

(b) n = 1000

Figure 2: CASE II - prior and posterior distributions and means of 6. The true value of 6 is 0.

that integrate to 1 and that have mean equal to 6 almost surely. In particular, the prior

mean function fopg must be a pdf and [z fop(x)dz = 6 must hold. The prior covariance

operator )y must be such that Qé 1 =0 and Qé x = 0. Together with the constraint on
fos, the first constraint on 2y guarantees that the trajectories of f generated by this prior
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(a) n =100

Figure 3: CASE III - prior and posterior distributions and means of §. The true value of 6 is 0.

integrate to 1 a.s. while the second one guarantees that [z f(z)dz = 0 a.s. Summarizing,

the Bayesian experiment is

0  ~ p
A0~ o~ N(fon Qo) [ofw(@)de =0 and QF(Lz) =0  (42)
Af o~ PT e N(KS S).

Compared to the approach in section 4.1, this approach allows to incorporate easily
any prior information that an economist may have about 6. In fact, taking into account
the information on 6 through the prior distribution of f is complicated while to incorporate
such an information directly in the prior distribution of € results to be very simple.

Let us suppose that m = 1, S = [—1,1] and II be the Lebesgue measure. Then, the
covariance operator €)gy can be constructed in the same way as proposed in section 4.1 since
the second Legendre polynomial P;(z) = x allows to implement the constraint on 6. The
only difference concerns the number A\; which has to be equal to 0 in this case. Therefore,

we construct the operator Qg as:

)
2n+1
QOQ':UOZ)\n 9 < Pp,-> P,

n=2

where the A;, 7 > 2 can be chosen in an arbitrary way provided that ZJZ? Aj < oo. The
constant oy can be set to an arbitrary value and has the purpose of tuning the size of the
prior covariance.

Many orthogonal polynomials are suitable for the construction of 2g9 and they may
be used to treat cases where S is different from [—1,1]. Consider for instance the case
S =R, then, a suitable choice is the basis made of the Hermite polynomials. The Hermite
polynomials {He, },>0 form an orthogonal basis of the Hilbert space L?(R,Bg, IT) where
dll(x) = e=®*/2dz. Tt turns out that f will be the density of F' with respect to II and fyg
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the density of another probability measure with respect to II instead of with respect to the
Lebesgue measure. The first Hermite polynomials are {1, z, (22 — 1), (3 — 3z), (z* — 622 +
3),...} so that we can construct an gy that satisfies the constraints by setting A\g = A\; =0

in the following way

Z)\ Wn' < He,,- > He,.

We performed two simulations exercise: one uses the Legendre polynomial and one
makes use of Hermite polynomials. In both the simulations we use the empirical cumulative
distribution function to construct 7#: #(t) = n=t> "1 1{z; < t}. In the first simulation,
we generate n i.i.d. observations (z1,...,z,) from a N(0,1) distribution truncated to the
interval [—1,1] as in section 4.1. The prior distribution for € is uniform over the interval
[-1,1]. The prior mean function foy is fixed equal to the pdf of a AN (6,1) distribution
truncated to the interval [—1,1]. The covariance operator gy is constructed by using the
Legendre polynomials and A, = n~11.

We represent in Figure 4a draws from the conditional prior distributions of f given 6
(blue dashed-dotted line) together with the true f that has generated the data (black line)
and the prior mean (dashed red line). Figure 4b shows draws from the conditional posterior
distribution of f given 6 (blue dashed-dotted line) together with the true f that generates
the data (black line) and the posterior mean (dashed red line). Lastly, Figure 4c shows the
posterior distribution of # (marginalized with respect to f) approximated by using a kernel
smoothing and 1000 drawings from the posterior together with the posterior mean of §. All
the pictures in Figure 4 are obtained for o0y = 20 and o = 0.1. The posterior distribution

of § is obtained by integrating out f from the sampling distribution in the following way

0 ~ U[-1,1]
{ 710~ N(K fop, Xn + KQopK*).
The posterior distribution of # cannot be computed in a closed-form but we can easily
simulate from it by using a Metropolis-Hastings algorithm, see for instance Robert (2002).
To implement this algorithm we selected, as auxiliary distribution, a uniform distribution

over [-1—6,1+4].

4.3 Overidentified case

Let us consider the case in which the one-dimensional parameter of interest 6 is characterized
by the moment conditions E¥ (h(6,z)) = 0 with h(f,z) = (6 — z,6% — %)’ For instance,
this arises when the true data generating process F' is an exponential distribution with
parameter 6. We specify a prior distribution for (6, f). The prior pg is chosen arbitrarily

provided that the potential constraint on 6 are satisfied. These are essentially constraint

35



Prior mean of f Regularized posterior mean for f

0.8 15
Prior mean == Regularized Posterior Mean
L True density| True density
07 \ ' \
. | |
! r"
06 INESCFIES, St ) Ay 1 [ »AH \ ! '\hm“ i
P e \\ o d \‘MH\ N . Db H\W‘M : ,,\\‘\‘\J
05k g & - i V"H Vg ’ \(”\,‘:‘\“‘\’\/ \4(,\’[” L ’rv\ﬁ ¢
b \ I
2 \ S\J\‘:K;‘ ‘W \f\[” L WW\\ il i U I ‘V'lxj‘f)wﬂ
Zo4 4 E os g “’ [N w,nf
oa «‘ B ‘W \ w{ /N’“x‘\"” \‘uﬂ i 10 T
* iy I ;fu RN \y r\wm
0.3 hid n M‘,\ Hlig (JIU. [T R A
’ ”’\( ) ”ﬁ“ \ul i, f U i i "W oy J
; R
02 0 ‘A ‘ i
0.1
0 -0.5
-08 -06 -04 -02 0 0.2 0.4 0.6 0.8 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8
X X
(a) Draw from the conditional prior distribution (b) Draw from the conditional posterior distri-
u?, Prior mean and true f, « = 0.1 and a = 1.1. bution uf,, posterior mean and true f, @ = 0.1
and a = 1.1.
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(c) Posterior distribution and mean of § and a =
1.1.

Figure 4: Prior and posterior distribution of f and posterior distribution of . The true value of 6 is 0.

on the support of §. The moment conditions affect the conditional prior distribution of f
conditionally on #. This is a Gaussian distribution with mean function fyy whatever pdf
with the same support as F' that satisfies [ x fog(z)dll(z) = 0 and [ 22 fog(x)dIL(z) = 262.

The covariance operator gy of f must be such that

1

1

w| = | =0 (4.3)
22

In our simulation exercise we take S = Ry and dII(z) = e *dx. We generate N = 1000
observations x1,...,xn independently from an exponential distribution with parameter
0. = 2. Therefore, the true f associated with this DGP is f.(z) = 0,e~ %=1z which
obviously satisfies the moment restrictions. The marginal prior distribution g for 6 is a chi-
squared distribution with 1 degree of freedom and, for every value of € drawn from this g,

Le=(1=0)2/0 We fix the eigenfunctions of

the prior mean function fyy is fixed equal to fyg =
Qg proportional to the Laguerre polynomials { Ly, },>0. The first few Laguerre polynomials

are {1,(1 — ), 3(2? — 4z + 2), £(—2® + 92° — 18z + 6),...} and they are orthogonal in
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L*(Ry,e™®). Remark that x = Ly — L; and % = Lo — 2L71 + Lg. Therefore we construct

the operator gy as:

00
QO@':UOZ)\n<Ln7'>Ln

n=0

with A\g = A1 = A2 = 0 to guarantee that (4.3) holds. The constant oy and the A\,, n > 3
can be arbitrarily set provided that } -3\, < co. In our simulation exercise we take
oo =1and \, =n"1! for n > 3.

We represent in Figure 5a draws from the conditional prior distributions of f given
6 (blue dashed-dotted line) together with the true f, that has generated the data (black
line) and the prior mean (dashed red line). Figure 5b shows draws from the conditional
posterior distribution of f given 6 (blue dashed-dotted line) together with the true f, having
generated the data (black line) and the posterior mean (dashed red line). Lastly, Figure
5c¢ shows the posterior distribution of 6 (marginalized with respect to f) approximated
by using a kernel smoothing and 1000 drawings from the posterior distribution together
with the posterior mean of #. All the pictures in Figure 5 are obtained for g = 1 and
a = 0.1. The posterior distribution of  is obtained by integrating out f from the sampling

distribution in the following way

0 ~ 3
PO~ N(K fop, Xn + KQoo K*).
As the posterior distribution of # cannot be computed in a closed-form we have used a

Metropolis-Hastings algorithm to simulate from it. To implement this algorithm we selected,

as auxiliary distribution, a X%@] distribution.
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