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[. INTRODUCTION

The financial crisis of 2007-09 highlighted the central role that financial intermediaries play
in the propagation of fundamental shocks. While this has renewed the debate around finan-
cial stability policies, a widely accepted conceptual framework for the study of prudential
policies within a macroeconomic setting has not yet emerged. In this paper, we develop a
dynamic stochastic general equilibrium model in which the leverage cycle of financial inter-
mediaries propagates fundamental shocks. The model features endogenous solvency risk of
the financial sector, allowing us to study the impact of prudential policies on the trade-off
between systemwide distress and the pricing of risk during normal times.

We depart from the emerging literature! on dynamic macroeconomic models with financial
intermediaries by assuming that intermediaries have to hold equity in proportion to the
riskiness of their total assets. Our approach gives rise to predictions about the intermediary
leverage cycle and the pricing of risk that alternative theories do not capture. The model
gives rise to the procyclical leverage behavior emphasized by Adrian and Shin [2010a], and
the procyclicality of intermediated credit documented by Adrian, Colla, and Shin [2012].
Furthermore, prices of risk fluctuate as a function of intermediary leverage, and the price
of risk of leverage is positive, features that have been documented by Adrian, Moench, and
Shin [2010] and Adrian, Etula, and Muir [2013b].

In our theory, financial intermediaries have two roles. While both households and intermedi-
aries can own existing firms’ capital, intermediaries have access to a better capital creation
technology, capturing financial institutions’ ability to allocate capital and monitor borrowers.
The second role of intermediaries is to provide risk bearing capacity by having inside equity.
Intermediaries’ ability to bear risk fluctuates over time due to the risk sensitive nature of
their funding constraint.

Costly adjustments to the real capital stock lead to the intermediary leverage cycle, which
translates into an endogenous amplification of shocks. While fundamental shocks are as-

sumed to be homoskedastic, equilibrium asset prices and equilibrium consumption growth

!Brunnermeier and Sannikov [2011, 2012], He and Krishnamurthy [2012a, 2013], Gertler and Kiyotaki
[2012], and Gertler, Kiyotaki, and Queralto [2011] all have recently proposed equilibrium theories with a
financial sector.



exhibit stochastic volatility. When adverse shocks to intermediary balance sheets are suffi-
ciently large, intermediaries experience systemic solvency risk and need to restructure. We
assume that such systemic risk occurs when intermediaries’ net worth falls below a threshold.
Intermediaries deleverage by writing down debt, imposing losses on households. Whether
systemic financial crisis are benign or generate large consumption losses depends on the
severity of the shocks, the leverage of intermediaries, and their relative net worth.

Our model gives rise to the “volatility paradox” of Brunnermeier and Sannikov [2012]| and
Adrian and Brunnermeier [2011]: Times of low volatility tend to be associated with a buildup
of leverage, which in turn increases forward-looking systemic risk. We also study the systemic
risk-return trade-off: Low prices of risk today tend to be associated with larger forward-
looking systemic risk measures, suggesting that measures of asset price valuations are useful
indicators for systemic risk assessments.

In a benchmark model with a constant intermediary leverage constraint, the resulting equilib-
rium growth of investment, price of capital, and the risk-free rate are constant. Fluctuations
in output of the benchmark economy are entirely due to productivity shocks, and output is
fully insulated from liquidity shocks. In contrast, in the model with a risk based funding
constraint, liquidity shocks spill over to real activity, and productivity shocks are amplified.
When funding constraints are risk based, intermediaries provide consumption smoothing
services to households during normal times that result in higher growth rates, at the cost of
occasional realizations of systemic risk states with large consumption drops. The tightness
of risk based intermediary constraints thus regulate a systemic risk return trade-off.

Since our theory captures important empirical regularities about the dynamic interactions
between the financial sector and the macroeconomy, it provides a conceptual framework for
financial stability policies. In this paper, we focus primarily on one form of prudential policy,
which concerns the tightness of intermediaries’ funding constraint and can be interpreted as
capital regulation. Our paper is among the few that consider the role of (macro)prudential
policies in dynamic equilibrium models explicitly (see Goodhart, Kashyap, Tsomocos, and
Vardoulakis [2012], Angelini, Neri, and Panetta [2011], Bianchi and Mendoza [2011], and
Nunio and Thomas [2012] for alternative settings). Our main findings are intuitive. We

show that households’ welfare dependence on the tightness of the intermediaries’ capital



constraint is inversely U-shaped: very loose constraints generate excessive risk taking of
intermediaries relative to household preferences, while very tight funding constraints inhibit
intermediaries’ risk taking and investment. This trade-off maps closely into the debate
on optimal regulation. It should be noted that these results rely on our assumption that
intermediaries finance themselves only in the public debt market, thus violating the necessary
assumptions for the Modigliani and Miller [1958] capital structure irrelevance result. While
the impact of prudential regulation would be less pronounced if intermediaries were able
to issue equity, any positive cost of equity issuance would preserve the systemic risk-return
trade-off.

The rest of the paper is organized as follows. We describe the model in Section II. The
equilibrium interactions and outcomes are outlined in Section ITI. We investigate the creation
of systemic risk and its welfare implications in Section IV. Conclusions are presented in

Section V. Technical details are relegated to the appendix.

1.A. Related Literature

This paper is related to several strands of the literature. Geanakoplos [2003] and Fostel and
Geanakoplos [2008] show that leverage cycles can cause contagion and issuance rationing in a
general equilibrium model with heterogeneous agents, incomplete markets, and endogenous
collateral. Brunnermeier and Pedersen [2009] further show that market liquidity and traders’
access to funding are co-dependent, leading to liquidity spirals. Our model differs from
that of Fostel and Geanakoplos [2008| as our asset markets are dynamically complete and
debt contracts are not collateralized. The leverage cycle in our model comes from the risk-
based leverage constraint of the financial intermediaries and is intimately related to the
funding liquidity of Brunnermeier and Pedersen [2009]. Unlike their model, however, the
funding liquidity that matters in our setup is that of the financial intermediaries, not that
of speculative traders.

This paper is also related to studies of amplification in models of the macroeconomy. The
seminal paper in this literature is Bernanke and Gertler [1989], which shows that the con-
dition of borrowers’ balance sheets is a source of output dynamics. Net worth increases

during economic upturns, increasing investment and amplifying the upturn, while the oppo-



site dynamics hold in a downturn. Kiyotaki and Moore [1997]| show that small shocks can
be amplified by credit restrictions, giving rise to large output fluctuations. Instead of focus-
ing on financial frictions in the demand for credit as Bernanke-Gertler and Kiyotaki-Moore
do, our theory focuses on frictions in the supply of credit. Another important distinction
is that the intermediaries in our economy face leverage constraints that depend on current
volatility, which give rise to procyclical leverage. In contrast, the leverage constraints of
Kiyotaki-Moore are state independent.

Gertler and Kiyotaki [2012] and Gertler et al. [2011] extend the accelerator mechanism
of Bernanke and Gertler [1989] and Kiyotaki and Moore [1997] to financial intermediaries.
Gertler et al. [2011] consider a model in which financial intermediaries can issue outside equity
and short-term debt, making intermediary risk exposure an endogenous choice. Gertler
and Kiyotaki [2012] further extend the model to allow for household liquidity shocks as in
Diamond and Dybvig [1983]. While these models are similar in spirit to that presented in
this paper, our model is more parsimonious in nature and allows for endogenous defaultable
debt. We can thus investigate the creation of systemic default and the effectiveness of
macroprudential policy in mitigating these risks.

Our theory is closely related to the work of He and Krishnamurthy [2012a, 2013] and Brun-
nermeier and Sannikov [2011, 2012], who explicitly introduce a financial sector into dynamic
models of the macroeconomy. While our setup shares many conceptual and technical fea-
tures of this work, our points of departure are empirically motivated. We allow households to
invest via financial intermediaries as well as directly in the capital stock, a feature strongly
supported by the data, which gives rise to important substitution effects between directly
granted and intermediated credit. In the setup of He—Krishnamurthy, investment is always
intermediated. Furthermore, our model features procyclical intermediary leverage, while
theirs is countercyclical. Finally, systemic risk of the intermediary sector is at the heart of
our analysis, while He-Krishnamurthy and Brunnermeier-Sannikov focus primarily on the
amplification of shocks. In fact, in the set-up of He-Krishnamurthy, the financial sector is
only constrained in times of crises. That means that the consumption-CAPM holds during

normal times, and intermediary wealth enters the pricing kernel in times of crises only. In



contrast, in our approach, intermediary state variables (wealth and leverage) always enter
into the pricing kernel.

The interactions between the households, the financial intermediaries, and the productive
sector lead to a highly nonlinear system. We consider the nonlinearity a desirable feature, as
the model is able to capture strong amplification effects. Our theory features both endoge-
nous risk amplification (where fundamental volatility is amplified as in Danielsson, Shin, and
Zigrand [2011]), as well as the creation of endogenous systemic risk.

In our theory, equilibrium dynamics are functions of two intermediary state variables: their
leverage and their net worth. In contrast, in other equilibrium models with heterogenous
agents, the relevant state variables are typically wealth shares, not leverage. For example, in
Rampini and Viswanathan [2012], the second variable is household wealth. In Dumas [1989)
and Wang [1996], the state variables are aggregate output and the ratio of the marginal

utilities of the two types of agents.

I[I. THE MODEL

We begin with a single consumption good economy, where the unique good at time ¢t > 0 is
used as the numeraire. There are three types of agents in the economy: producers, financial
intermediaries, and households. We abstract from modeling the decisions of the producers
and focus instead on the interaction between the intermediary sector and the households.

The basic structure of the economy is represented in Figure 1.

II.A. Production

We consider an economy with two active types of agents: financially sophisticated interme-
diaries and unsophisticated households. While both types of agents can own capital, only
financial intermediaries can create new capital through investment. We denote by K; the
aggregate amount of capital in the economy at time ¢t > 0 and assume that each unit of

capital produces A; units of the consumption good. The total output in the economy at



Figure I: Economy Structure

Ak

Producers it
random dividend

stream, A;, per unit l
of project financed by ;

Intermediaries
financed by house-

holds against capital

Households
solve portfolio choice

problem between
holding intermedi-
ary debt, physical

direct borrowing from Ak S
intermediaries and e e capital and risk-free
households borrowing/lending
time ¢ is given by
)/;5 = Atha
where the stochastic productivity of capital {A; = e*};>o follows a geometric diffusion

process of the form

dat = adt + O'adZat,

with (Zat)

0<t<+o00

a standard Brownian motion defined on the filtered probability space

(Q, F,P). Each unit of capital in the economy depreciates at a rate A, so that the cap-

ital stock in the economy evolves as

dKy = ([t - )\k) tht>

where [; is the reinvestment rate per unit of capital in place. Thus, output in the economy
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Notice that the quantity A;K; corresponds to the “efficiency” capital of Brunnermeier and
Sannikov [2012], with a constant productivity rate of 1.

There is a fully liquid market for physical capital in the economy, in which both the financial
intermediaries and the households are allowed to participate. To keep the economy scale-
invariant, we denote by py;A; the price of one unit of capital at time ¢ in terms of the

consumption good.

II.B. Households

There is a unit mass of risk-averse, infinitely lived households in the economy. We assume
that the households in the economy are identical, such that the equilibrium outcomes are
determined by the decisions of the representative household. The households, however, are
exposed to a preference shock, modeled as a change-of-measure variable in the household’s
utility function. This reduced-form approach allows us to remain agnostic as to the exact
source of this second shock: With this specification, it can arise either from time-variation
in the households’ risk aversion or from time-variation in households’ beliefs. In particular,
we assume that the representative household evaluates different consumption paths {c¢;} £>0

according to

“+o0o
E {/ e~ &tent) Jog ¢, dt | |
0

where pj, is the subjective time discount of the representative household, and ¢; is the con-
sumption at time t. Here, exp (—&;) is the Radon-Nikodym derivative of the measure induced
by households’ time-varying preferences or beliefs with respect to the physical measure. For
simplicity, we assume that {gt}tzo evolves as a Brownian motion, correlated with the pro-

ductivity shock, Z,;:

d&; = o¢peadZas + O¢n/ I pg,angt,

where {Z } is a standard Brownian motion of (€2, 7, P), independent of Z,;. In the current

setting, with households constrained in their portfolio allocation, exp (—¢;) can be interpreted



as a time-varying liquidity preference shock, as in Allen and Gale [1994], Diamond and
Dybvig [1983], and Holmstrom and Tirole [1998] or as a time-varying shock to the preference
for early resolution of uncertainty, as in Bhamra, Kuehn, and Strebulaev [2010a,b]. In
particular, when the households receive a positive d§; shock, their effective discount rate
increases, leading to a higher demand for liquidity.

The households finance their consumption through holdings of physical capital, holdings
of risky intermediary debt, and short-term risk-free borrowing and lending. Unlike the
intermediary sector, the households do not have access to the investment technology. Thus,

the physical capital kp; held by households evolves according to

dkht - —)\kkhtdt

When a household buys kj; units of capital at price pgp;A;, by Itd’s lemma, the value of

capital evolves according to

d(khtpk:tAt) _ dA, i dpt 4 dkny + <dpkt dAt>
k’htpktAt Ay Pkt kny Pkt 7 Ay .

Each unit of capital owned by the household also produces A; units of output, so the total

return to one unit of household wealth invested in capital is

Ak d (knipreAs)
det: —dt —E/,LRktdt—f—O'k tdZt+0k dZt
ffhtpktAt B o Knipre A B 7 L e
dividend:grice ratio capitz:lrgains

In addition to direct capital investment, the households can invest in risky intermediary
debt. To keep the balance sheet structure of the financial institutions time-invariant, we
assume that the bonds mature at a constant rate ), so that the time ¢ probability of a
bond maturing before time t + dt is \ydt. Notice that this corresponds to an infinite-horizon
version of the “stationary balance sheet” assumption of Leland and Toft [1996]. Thus, the

risky debt holdings by, of households follow

dbpe = (B — o) bedt,



where f3; is the issuance rate of new debt. The bonds pay a floating coupon Cjy;A; until
maturity, with the coupon payment determined in equilibrium to clear the risky bond market.
Similarly to capital, risky bonds are liquidly traded, with the price of a unit of intermediary
debt at time ¢ in terms of the consumption good given by py;A;. Hence, the total return

from one unit of household wealth invested in risky debt is

ARy, — (Cot + Mo — Bivot) Aibpa dt + d (bnputAr)
bripe Ay , bripr Ay ,

dividend—price ratio capital gains

= pRy At + Ova 1 d 2oy + Ope 1 dZgy.

When a household with total wealth wy; buys kj; units of capital and by, units of risky
intermediary debt, it invests the remaining wp; — prekne — poebpe at the risk-free rate 7y, so

that household wealth evolves as

dwpy = T fWht + PrtArkne (det - Tftdt) + Pt Arbps (det - Tftdt) — cidt. (1)

We assume that the households face no-shorting constraints, such that

kne >0
bre > 0.
Thus, the households solve
“+oo
max E [/ e~ &Pt Jog ¢yt | | (2)
{ct,kne,bne} 0

subject to the household wealth evolution 1 and the no-shorting constraints. We have the

following result.

Lemma 1. The household’s optimal consumption choice satisfies

o¢
Cy = (Ph - 7) Wht-



In the unconstrained region, the household’s optimal portfolio choice is given by

- -1
Tkt B Okat Okét Okat Obayt HREt — Tft
Tt Obat Obgt Oket Obet HRbt — Tft
— _1 —
Oka,t Obayt Péa
/ 2
Oket Obgt - Pt a
Proof. See Appendix A. ]

Thus, the household with the time-varying beliefs chooses consumption as a myopic in-
vestor but with a lower rate of discount. The optimal portfolio choice of the household,
on the other hand, also includes an intratemporal hedging component for variations in the
Radon-Nikodym derivative, exp (—¢;). Since intermediary debt is locally risk-less, however,
households do not self-insure against intermediary default. Appendix A provides also the
optimal portfolio choice in the case when the household is constrained. In our simulations,

the household never becomes constrained as the intermediary wealth never reaches zero.

II.C.  Financial Intermediaries

There is a unit mass of risk-neutral, infinitely lived financial intermediaries in the economy.
In the basic formulation, we assume that all the financial intermediaries are identical and thus
the equilibrium outcomes are determined by the behavior of the representative intermediary.
We abstract from modeling the dividend payment decision (“consumption”) of the interme-
diary sector and assume that an intermediary invests maximally if the opportunity arises.
In particular, financial intermediaries create new capital through capital investment. Denote
by k; the physical capital held by the representative intermediary at time ¢ and by #; A; the
investment rate per unit of capital. Then the stock of capital held by the representative

intermediary evolves according to
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Here, @ (-) reflects the costs of (dis)investment. We assume that ® (0) = 0, so in the absence
of new investment, capital depreciates at the economy-wide rate ;. Notice that the above
formulation implies that costs of adjusting capital are higher in economies with a higher level
of capital productivity, corresponding to the intuition that more developed economies are
more specialized. We follow Brunnermeier and Sannikov [2012] in assuming that investment

carries quadratic adjustment costs, so that ® has the form

@ (ir) = g0 (V1+ 61— 1),

for positive constants ¢y and ¢;.
Each unit of capital owned by the intermediary produces A; (1 — ¢;) units of output net of
investment. As a result, the total return from one unit of intermediary capital invested in

physical capital is given by

(1 — it) Atktdt X d(ktpktAt)
kipri Ay | kpri Ay |

dividend—price ratio capital gains

Pt

Compared to the households, the financial intermediaries earn an extra return to holding
firm capital to compensate them for the cost of investment. This extra return is partially
passed on to the households as coupon payments on the intermediaries’ debt.

It should be noted that financial intermediaries serve two functions in our economy. First,
they generate new investment. Second, they provide capital that provides risk-bearing ca-
pacity to the households. Compare this with the notion of intermediation of He and Ki-
ishnamurthy [2012a,b, 2013]. In their model, intermediaries allow households to access the
risky investment technology: Without the intermediary sector, the households can only in-
vest in the risk-free rate. Instead, the households enter into a profit-sharing agreement with
the intermediary, with the profits distributed according to the initial wealth contributions.
Our model is going to give rise to procyclical share of financial intermediation, a fact very
strongly supported by the data, which the setup of He and Krishnamurthy does not capture.
The intermediaries finance their investment in new capital projects by issuing risky floating

coupon bonds to the households. Denoting by ; the issuance rate of bonds at time ¢, the
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stock of bonds b; on a representative intermediary’s balance sheet evolves as

dbt - (/Bt - Ab) btdt

Each unit of debt issued by the intermediary pays Cy; A; units of output until maturity and A,

units of output at maturity. The total net cost of one unit of intermediary debt is therefore

given by
Cupt + Ny — A d (bypp A
dry, = ( bt b Btpbt) t tdt—l— ( t Dbt t) — dRy,.
\ bippe Ay N bippe Ay |
dividendjgrice ratio Capitglrgains

Thus, the cost of debt to the intermediary equals the return on holding bank debt for the
households.

Consider now the budget constraint of an intermediary in this economy. An intermediary in
this economy holds capital investment projects (k;) on the assets side of its balance sheet and
has bonds (b;) on the liability side. In mathematical terms, we can express the corresponding

budget constraint as

Pt Ak = ppeAiby + wy, (3)

where w; is the implicit value of equity in the intermediary. Thus, in terms of flows, the

intermediary’s equity value evolves according to

dw; = k?tpktAthk;t - btpbtAth‘bt- (4)

The key assumption of this paper concerns the funding of the intermediary. We assume that
intermediary borrowing is restricted by a risk-based capital constraint, similar to the value

at risk (VaR) constraint of Danielsson et al. [2011]. In particular, we assume that

a\/% (ked (preAr))? = wy, (5)

12



where ()2 is the quadratic variation operator. That is, we assume that the intermediaries
are restricted to retain enough equity to cover a certain fraction of losses on their assets.
Unlike a traditional VaR constraint, this does not keep the volatility of intermediary equity
constant, leaving the intermediary sector exposed to solvency risk. The risk-based capital

constraint implies a time-varying leverage constraint 6, defined by

_ PrtArky . 1

>
Wi av /L d(prtAt)
i\ prtAe

0,

Thus, the per-dollar total VaR of assets is negatively related to intermediary leverage, a
feature documented by Adrian and Shin [2010a], who provide a micro foundation for the risk
based capital constraint.?

The risk based capital constraint of intermediaries is directly related to the way in which
financial intermediaries manage market risk. Trading operations of major banks — most of
which are undertaken in the security broker-dealer subsidiaries — are managed by allocating
equity in relation to the VaR of trading assets. Constraint 5 directly captures such behavior.
Banking books, on the other hand, are managed either according to credit risk models, or
using historical cost accounting rules with loss provisioning. Although the constraint 5 does
not directly capture these features of banks’ risk management, empirical evidence suggests
that the risk based funding constraint is a good behavioral assumption for bank lending.
In particular, the proxy for the tightness of credit supply conditions reported by the Senior
Loan Officer Survey of the Federal Reserve is highly correlated with measures of aggregate
volatility such as the VIX (see Figure II). A higher level of asset volatility is thus associated
with tighter lending conditions of commercial banks, which constraint 5 captures.

We assume that the risk based capital constraint 5 always binds. We view this as a tech-
nological constraint. The assumption of a permanently binding funding constraint is in
sharp contrast to the models of Brunnermeier and Sannikov [2011, 2012]. In that alterna-

tive approach, there is no risk based leverage constraint. Instead, intermediaries manage

2An alternative interpretation would be in terms of a counterbalancing force to a government subsidy
(such as access to a better investment technology than other sectors of the economy) provide to the banking
sector. As pointed out in Kareken and Wallace [1978], government subsidies distort the risk-taking decisions
of banks, precipitating the need for government regulation of risk taking.

13



Figure II: Market Volatility and Credit Supply Conditions
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Notes: VIX refers to the Chicago Board Options Exchange (CBOE) market volatility index.
The credit tightening indicator refers to the measure of lending standards for commercial and
industrial loans to large and medium firms, as reported in the Board of Governors of the Federal
Reserve System Senior Loan Officer Opinion Survey. p is the linear correlation between the two
series. Source: Haver DLX.

their leverage so as to make sure that they have a big enough buffer to make their debt
instantaneously risk free. The intertemporal risk management of the intermediary is then
driving their effective risk aversion, pinning down their leverage and balance sheet growth.
In contrast, in our approach, intermediaries always leverage to the maximum, and do not
have to make intertemporal decisions about the tightness of their funding constraint. We
choose our assumption for its power in generating empirical predictions that are closely
aligned with the data. Furthermore, there is anecdotal evidence that intermediaries tend
to leverage maximally. Finally, the binding constraint also captures the short termism of
financial intermediaries.

The parameter o determines how much equity the intermediary has to hold for each dollar

of asset volatility. We view this parameter « as a policy parameter that is pinned down by
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regulation. « can be interpreted as the tightness of risk based capital requirements, similar
to the capital requirements of the Basel Committee on Banking Supervision.

The representative intermediary maximizes equity holder value to solve

D
max [E [/ e”twtdt] , (6)
0

{k¢,Beyit}

subject to the dynamic intermediary budget constraint 4 and the risk-based capital constraint
constraint 5. Here, p is the subjective discount rate of the intermediary and 7p is the
(random) time at which the representative intermediary becomes distressed and has to be
restructured. We assume that distress occurs when the intermediary equity falls below an

exogenously specified threshold, so that
D = %Izlg {wy < OpreAKL}

Notice that, since the distress boundary grows with the scale of the economy, the intermediary
can never outgrow the possibility of distress. When the intermediary is restructured, the
management of the intermediary changes. The new management defaults of the debt of the
previous intermediary, reducing leverage to #, but maintains the same level of capital as

before. The inside equity of the new intermediary is thus
_Orp,

ng = w?kaDATD KTD'

Finally, we define the term structure of distress risk to be

0 (T) =P (1p <T|(wy, b)) .

Here, §; (T) is the time ¢ probability of default occurring before time T'. Notice that, since
the fundamental shocks in the economy are Brownian, and all the agents in the economy have
perfect information, the local distress risk is zero. We refer to the default of the intermediary

as systemic risk, as there is a single intermediary in the economy, so its distress is systemic.
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In our simulations, we use parameter values for @ that are positive (not zero), thus viewing

intermediaries default state as a restructuring event.

II.D. Equilibrium

Definition 1. An equilibrium in this economy is a set of price processes {pgt, Pot, Cbt}tzm a
set of household decisions {kn, bps, Ct}tzm and a set of intermediary decisions

K, Bty it, 01 }50 such that the following apply:

1. Taking the price processes and the intermediary decisions as given, the household’s
choices solve the household’s optimization problem 2, subject to the household budget

constraint 1.

2. Taking the price processes and the household decisions as given, the intermediary’s
choices solve the intermediary optimization problem 6, subject to the intermediary

wealth evolution 3 and the risk-based capital constraint 5.

3. The capital market clears:

Kt - kt ‘I— kjht-

4. The risky bond market clears:

bt - bht'

5. The risk-free debt market clears:
Wy = PreArkne + Do Aibns.
6. The goods market clears:

Ct — At (Kt — itkt) .
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Notice that the bond markets’ clearing conditions imply

PrtA K = wpy + wy.

Notice also that the aggregate capital in the economy evolves as

[II. SOLUTION

We solve for the equilibrium in terms of two state variables. The first state variable is 6;, the
leverage of the intermediary sector. As for the second state variable, we define the fraction

of the total wealth in the economy held by the financial intermediaries as

Wy Wy

Wy = = .
CTwtwn prAdK
With this definition, the share of total wealth in the economy held by the households is

(1 — wy). The vector of state variables in the economy is then

(O, wy) .

Notice that, by construction, the household belief shocks are expectation-neutral, and thus
their level is not a state variable in the economy. Similarly, we have defined prices in the
economy to scale with the level of productivity, A;, so productivity itself is not a state variable
in the scaled version of the economy. We will characterize the equilibrium outcomes in terms
of these variables, with the equilibrium conditions determining the time series evolution of
6, and w; in terms of the primitive shocks in the economy, (Z,:, Z¢). In particular, we will

make use of the following representations

dw

Tt = Pt dt + OwatdZat + Ouwe 1dZet
t

do

e_t = poedt + 09q1dZqy + Oo¢ 1dZ¢;.
t
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Notice that, by observing the evolution of A;, as well as the two state variables in the
economy, we can isolate the time series evolution of the shocks to household beliefs, (Z¢), .

Notice finally that the VaR constraint implies
—29—2 2 2
af, "= Okat T Okgt-

Thus, the riskiness of the return to holding capital increases as intermediary leverage de-
creases. We plot the theoretical and the empirical trade-off between leverage growth and
volatility in Figure III. Clearly, higher levels of the VIX tend to precede declines in broker-
dealer leverage (right panel). In the model, this translates into a negative relationship
between lagged growth rate of asset return volatility and intermediary leverage growth (left
panel). The negative relationship between broker-dealer leverage and the VIX is further
investigated in Adrian and Shin [2010a,b].> While the evidence from Figure III is from bro-
ker dealers, it also has an empirical counterpart for the banking book. As discussed earlier,
the lending standards of banks vary tightly with the VIX, indicating that new lending of
commercial banks is highly correlated with measures of market volatility.

Table II reports the coefficients and the R? of the regression of broker-dealer leverage growth
on lagged growth in implied volatility in the data (first column) and in the model. For the
model, we report the mean, median, 5% and 95% realizations of the coefficients in a sample
of 10000 paths. The paths are simulated at a monthly frequency for 70 years, using the

parameters in Table I.

IIT.A.  Capital evolution

Recall from the intermediary’s leverage constraint that

9, = DPreArky ‘

Wy

3While Adrian and Shin [2010b] show that fluctuations in primary dealer repo—which is a proxy for
fluctuations in broker-dealer leverage — tend to forecast movements in the VIX, Figure III shows that
higher levels of the VIX precede declines in broker-dealer leverage. We use the lagged VIX as the VIX
is implied volatility and hence a forward-looking measure (though the negative relationship also holds for
contemporaneous VIX). Adrian and Shin [2010a] use the VaR data of major securities broker-dealers to show
a negative association between broker-dealer leverage growth and the VaRs of the broker dealers.
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Figure III: Intermediary Leverage and Lagged Volatility Growth
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NoTES: The relationship between the growth rate of leverage of financial institutions and the
lagged growth rate of implied volatility. Right panel: quarterly growth of broker-dealer leverage
(y-axis) versus lagged quarterly growth of the Chicago Board Options Exchange (CBOE) market
volatility index (VIX) (z-axis); left panel: quarterly growth of intermediary leverage, 6;, (y-axis)
versus lagged quarterly growth of capital return volatility, 4/ oia’t + oig’t, (z-axis) for a represen-
tative path. Data on broker-dealer leverage comes from Flow of Funds Table L.129. Data from
the model is simulated using parameters in Table I at a monthly frequency for 70 years.

Table I: Parameters

Parameter Value

a 0.0651
Oq 0.388
p 0.06
pn—02/2  0.05
o 0.1
o1 20
Ak 0.03
Péa 0
oe  0.0388
Q 2.5

NoOTES: Parameters used in simulations. The parameters of the productivity growth process (a,

04), the parameters of the investment technology (o, ¢1), subjective discount rates (pn, p), and
depreciation (\;) are taken from Brunnermeier and Sannikov [2012].

Using our definition of w;, we can thus express the amount of capital held by the financial

institutions as

0wy

B Pt As
19
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Table II: Intermediary Leverage and Lagged Volatility Growth

Data | Mean 5%  Median 95%

Go | 0.014 | 0.000 -0.003  0.000 0.003
£ | -0.208 | -0.105 -0.187 -0.104 -0.025
R? | 0.053 | 0.013 0.001 0.011 0.035

NotEs: The relationship between the growth rate of leverage of financial institutions and the
lagged growth rate of implied volatility. The “Data" column reports the coefficients estimated using
broker-dealer leverage growth as the dependent variable and the growth rate of the Chicago Board
Options Exchange (CBOE) market volatility index (VIX) as the explanatory variable. The “Mean",
5%, “Median" and 95% columns refer to moments of the distribution of coefficients estimated
using 10000 simulated paths, with realized growth rate of leverage, 6;, of the intermediaries as the

dependent variable, and growth rate of total volatility of the return on capital, /o7, , + 0'136 4 S

the explanatory variable. Sy is the constant in the estimated regression, 31 is the loading on the
explanatory variable, and R? is the percent variance explained. Data on broker-dealer leverage
comes from Flow of Funds Table 1..129.

Applying [t6’s lemma, we obtain
dk; = wi KdOy + 0, Kydw, + Oiwid Ky + Ky (dBy, dw;) .
Recall, on the other hand, that the intermediary’s capital evolves as
dky = (O (i) — M) kedt.
Equating coefficients, we obtain

O9at = —Owayt
Oget — —Owet

oy = P (lt) (1 — Qtwt) — Mt T+ O'ga,t + 035715'
J ﬂ—/

TV
asset growth rate risk adjustment

Thus, intermediary leverage is perfectly negatively correlated with the share of wealth held
by the financial intermediaries. This reflects the fact that capital stock is not immediately

adjustable, so changes in the value of intermediary assets translate one-for-one into changes
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in intermediary leverage. Notice further that the intermediary faces a trade-off in the growth
rate of its leverage, pg;, and the growth rate of its wealth share in the economy, ..

Figure IV plots the growth of the share of intermediated credit as a function of total credit
growth, showing the strong positive relationship in the model and the data. This positive
relationship has been previously documented in Adrian et al. [2012] and shows the procyclical
nature of intermediated finance. The coefficients of the corresponding regression are reported
in Table ITI, with the linear coefficient remaining positive even for extreme paths. The middle
panel of Figure IV shows the procyclical nature of the leverage of financial intermediaries.
Leverage tends to expand when balance sheets grow, a fact that has been documented by
Adrian and Shin [2010b] for the broker-dealer sector and by Adrian et al. [2012] for the
commercial banking sector. The lower panel shows that the procyclical leverage translates
into countercyclical equity growth, both in the data and in the model. We should note that
the procyclical leverage of financial intermediaries is closely tied to the risk-based capital
constraint. In contrast, previous literature has found it challenging to generate this feature
and in fact exhibits countercyclical leverage (see Brunnermeier and Sannikov [2011, 2012], He
and Krishnamurthy [2012a, 2013|, Bernanke and Gertler [1989], Kiyotaki and Moore [1997],
Gertler and Kiyotaki [2012], and Gertler et al. [2011]).
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Figure IV: Intermediary Balance Sheet Evolution
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NOTES: Procyclicality of intermediary balance sheets. Top panels: The relationship between
total credit in the economy and the amount of credit extended through the financial intermediary
sector, with the left panel plotting the realized growth rate of capital held by intermediaries, ki,
(y-axis) versus the growth rate of total capital in the economy, K;, (z-axis) for a representative
path, and the right panel plotting the growth rate of credit extended by financial intermediaries
to the non-financial corporate sector (y-axis) versus the growth rate of total credit to the non-
financial corporate sector (z-axis). Middle panels: The relationship between intermediary leverage
growth and intermediary equity growth, with the left panel plotting quarterly growth of inter-
mediary leverage, 0;, (y-axis) versus quarterly growth of intermediary wealth in the economy, wy,
(z-axis) for a representative path, and the right panel plotting quarterly growth of broker-dealer
leverage (y-axis) versus quarterly growth of scaled broker-dealer equity (z-axis). Lower panels:
The relationship between intermediary leverage growth and debt growth, with the left panel plot-
ting quarterly growth of intermediary leverage, 6;, (y-axis) versus quarterly growth of household
wealth in the economy, 1 — w, (z-axis) for a representative path, and the right panel plotting
quarterly growth of broker-dealer leverage (y-axis) versus quarterly growth of scaled broker-dealer
debt (z-axis). In both the middle and the lower panels, the scaling factor is the total credit to
the non-financial sector, from Flow of Funds Table L.102. Data on total credit to the nonfinancial
corporate sector and the share of intermediated finance come from Flow of Funds Table L.102.
Data on broker-dealer leverage, equity, and assets come from Flow of Funds Table L.129. Data

from the model is simulated using parameters in Table I at a monthly frequency for 70 years.
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Table III: Procyclicality of Intermediated Credit

Data | Mean 5%  Median 95%

By | -0.071 | -0.112 -0.203 -0.108 -0.040
G| 0.756 | 0.434 0.190 0.433 0.680
R? | 0.460 | 0.048 0.009 0.045 0.101

NotTEs: The relationship between total credit in the economy and the amount of credit extended
through the financial intermediary sector. The “Data" column reports the coeflicients estimated
using the growth rate of credit extended by financial intermediaries to the non-financial corporate
sector as the dependent variable, and the growth rate of total credit to the non-financial corporate
sector as the explanatory variable. The “Mean", 5%, “Median" and 95% columns refer to moments
of the distribution of coeflicients estimated using 10000 simulated paths, with realized growth rate
of capital held by intermediaries, k;, as the dependent variable, and the growth rate of total capital
in the economy, K;, as the explanatory variable. [; is the constant in the estimated regression,
1 is the loading on the explanatory variable, and R? is the percent variance explained. Data on
total credit to the nonfinancial corporate sector and the share of intermediated finance come from
Flow of Funds Table [..102. Data on broker-dealer leverage, equity, and assets come from Flow of
Funds Table L.129.

III.B. Household’s problem

Notice that, with the notation introduced above, we also have

. Dt Arkns . Pty (Kt - kt) . 1 — Oy

Tkt =

Wht B (1 - Wt)I?ktAth 1 Wi
Wt (Qt — 1)

T = 1 — Ty = I—w
— Wt

Thus, the household holds a non-zero amount of intermediary debt while intermediary lever-
age exceeds one, and a non-zero amount of capital while the unlevered value of intermediary

capital share is less than one. Using this result, we can express the excess return to holding

capital as
. 2 2 1-— Qtwt Wt (Qt - 1)
HREt — Tt = (Uka,t + O'kg,t) ————— + (OkatOpat + Oket0pey) ————
1-— Wt 11— Wt
h v 4 N ~ -
compensation for own risk compensation for risk of correlated asset
2
+ 0¢ (Uka,tﬂs,a + okeiy /1 — p{,a)'
A\ -~ >

compensation for beliefs risk
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Thus, the excess return on holding capital directly has three components. The first compen-
sates households for the direct risk of holding a claim to the volatile output stream, while
the second compensates households for the riskiness of holding the correlated asset (risky
intermediary debt). The remaining component is the hedging motive for holding capital
and compensates households for the risk associated with fluctuations in the Radon-Nikodym
derivative, exp (—&).

Similarly, the excess return to holding risky intermediary debt is given by

. 2 2 Wt (Qt — 1) 1-— Htwt
HRbt — Trt = (Uba,t + Ubg,t) ————— + (Oka,tObat + OkeOnet)
]. — Wt 1 — Wt
N VvV 7 N —
compensation for own risk compensation for risk of correlated asset
2
+ 0¢ <Uba,tp£,a + opee /1 — Pg,a>-
A\ - 7

compensation for beliefs risk

As with the excess return to direct capital investment, the excess return on risky intermediary
debt has three components. The first compensates households for the direct risk of holding
a claim to the volatile coupons, while the second compensates households for the riskiness
of holding the correlated asset (direct capital investment). As with capital, the remaining
component is the hedging motive for holding capital and compensates households for the
risk associated with fluctuations in the Radon-Nikodym derivative, exp (—¢&;).

In equilibrium, expected excess returns on both capital and risky debt are negatively related
to the growth rate of intermediary leverage. The left panel of Figure V plots simulated
excess returns as a function of intermediary leverage growth, while the right panel plots
the same relationship in the data. In particular, we see that the excess return to capital
increases as the growth rate of intermediary leverage decreases. In fact, Adrian et al. [2010]
document that broker-dealer leverage growth is a good empirical proxy for the time variation
of expected returns for a variety of stock and bond portfolios. This negative relationship
within the model is further documented in Table IV, with the linear regression coefficient

consistently negative across different path realizations.
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Figure V: Excess Returns and Intermediary Leverage
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NOTES: The relationship between the growth rate of leverage of financial institutions and the
equity excess returns. Right panel: quarterly excess return to holding the S&P Financial Index
(y-axis) versus lagged annual growth of broker-dealer leverage (z-axis) ; left panel: quarterly excess
return to holding capital, dRy:, (y-axis) versus lagged annual intermediary leverage growth, df;,
(z-axis). Data on broker-dealer leverage comes from Flow of Funds Table L.129 and that on the
return to the S&P Financial Index from Haver Analytics. Data from the model is simulated using
parameters in Table I at a monthly frequency for 70 years.

Finally, notice that

dwpy o d((l - Wt)pktAth)

Wht (1 - Wt) pktAth

Thus, the expected rate of change in the financial intermediaries’ wealth share in the economy

is given by

Pt = (0r — 1) (rre — Prbt) — (OkatOuwat + ke tOwet)

~ ~- . ~~
expected porfolio return compensation for portfolio risk
2
1 - Wt O’é— 1
+ Ph = — — + © (i) bt |,
W Dkt
~ Vv

consumption provision to households

and the loadings of the financial intermediaries’ wealth share in the economy on the two

sources of fundamental risk are given by

Owat = (Qt - 1) (Jka,t - Uba,t)
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Table IV: Excess Returns and Intermediary Leverage

Data | Mean 5%  Median 95%

Bo | 0.118 | 0.076  0.068 0.076 0.084
51 | -0.310 | -0.031 -0.038 -0.031 -0.024
R? | 0.167 | 0.100 0.064 0.100 0.143

NotTEs: The relationship between excess returns and lagged broker-dealer leverage growth. The
“Data" column reports the coefficients estimated using the quarterly return to holding the S&P
Financial Index as the dependent variable, and lagged annual broker-dealer leverage growth as
the explanatory variable. The “Mean", 5%, “Median" and 95% columns refer to moments of the
distribution of coefficients estimated using 10000 simulated paths, with realized quarterly excess
return to holding capital, dRy; as the dependent variable, and lagged annual intermediary leverage
growth, df;, as the explanatory variable. 5y is the constant in the estimated regression, 8y is the
loading on the explanatory variable, and R? is the percent variance explained. Data on broker-
dealer leverage come from Flow of Funds Table L..129 and that on the return to the S&P Financial
Index from Haver Analytics and Barclays.

Ower = (0r — 1) (Ore — Ovet) -

That is, the risk loadings of the financial intermediaries’ relative wealth reflect the ability of
the financial intermediaries to absorb shocks to their balance sheets. The negative sign on
the volatility of bond returns reflects the fact that losses in the value of the bonds benefit

the intermediaries by reducing their debt burden.

I1.C.  Goods market clearing and price of capital

Recall that goods market clearing implies the households consume all output, except that
used for investment

Ct = At (Kt — itkt) .
Recall further that the only real choice the intermediary has to make (since financing is
restricted by the risk-based capital constraint) is in its optimal investment, given by

1
— =d'(3;),
Pkt <t)

26



such that the equilibrium rate of investment is given by

R
Zt—a(Tpkt_l)'

As the price of capital increases, the book value of intermediary assets increases and the

intermediaries are able to invest at a higher rate. Thus, in equilibrium, we must have

o2 0,0 ¢2 2
o122 (S )

$1

vV vV
household demand total supply

The households” demand for the consumption good is driven by the households’ wealth share
in the economy, 1 — w;, and the capital price pg;. The supply of the consumption good, on
the other hand, is determined by the financial intermediaries’ wealth share in the economy,

wy, financial intermediaries’ leverage, 6;, and the capital price. Denoting

(L _2))
5—(¢%¢1(Ph 2 )

the price of capital solves

4 40twt

0 = pibwr + Bk (1 — wy) — oy pE

or

—B(1—w) + \/52 (1—w)®+ %Qt% (¢1 + Opwr)
29twt '

DPrt =

As an aside, notice that, for the intermediary to disinvest, we must have

God
“2n-

Thus, the intermediary disinvests when the household is a large fraction of the economy—

that is, when the intermediary has a relatively low value of equity. Applying [t6’s lemma
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and equating coefficients, we obtain

[dZ4] © PwiTwar = 20wipre + B (1 — wy)) (Okar — 0a)

[dZgt] + Bwiowes = (20iwipy, + B (1 — wi)) Oneye
] : 0= (pzt - Gtwt)> B0 (ir) (1 — Oyor)
P01

1 o2
+ (20wwiprt + B (1 — wy)) pre (MRk,t — p_ —a+ 7a + A\ — UaUka,t>
kt

— BPriwiteor + Qtwtpit ((Uka,t - Ua)Q + Uzg,t)

- Bpktwt ((Uka,t - Ua) Owant + Uk:ﬁ,t‘%u&,t) .

Thus, in equilibrium, the financial intermediaries’ wealth ratio in the economy reacts to

shocks in the households’ beliefs in the same direction as the return to capital.

III.D. Equilibrium

We summarize the resulting equilibrium outcomes in the following lemma.

Lemma 2. In equilibrium, the expected excess return on capital and risky intermediary debt,
as well as the expected return on intermediary equity, the risk-free rate, and the volatility of
intermediary equity and intermediary debt, depends linearly on the volatility of the return to

holding capital. In particular, we can express the endogenous variables as

frng = Ko (wr, 00) + Ko (Wi, 00) Ora + ey /1 — P Onet

Lrbt = Bo (Wi, 01) + By (Wi, 0¢) Okar + Be (wi, 01) Tre
ot = Oo (wr, Or) + Op (wr, 01) Okar + Of (wr, Ot) Ope
tor = So (Wi, 0r) + Sa (Wi, Or) Okaye — Of (Wi, 0r) One s

e = Ro (wi, 01) + Ra (Wi, 0r) Oray
o 29twtpkt + 6 (1 — wt) _ QQtwtpkt + 6 (1 — Htwt)

BT N R
et — 20ywipr + 5 (1 — Qtwt)a
et By (0; — 1) Kt
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20,wipre + 5 (1 — wy)

OQajt — — B(JJ (O_kaﬂf - Ua)
t
_ 20wipre + B (1 — wy)
Oget = — Bus Oke oty

where the coefficients (Ko, Ka, Bo, Ba, Be, Oo, Oa, O¢, So, Sas Ro, Ra) are non linear functions
of the state variables (wy, 0;), given in the Appendiz A. The loadings of the return to holding
capital on the shock to household beliefs, owey, and on the shock to productivity, ope:, are

given, respectively, by

0>
Okgt = o2 kat
9;2 9 ( 1— Wt >
Okat = —5 +o, |1+ .
hat T g2 w (20wipre + B (1 — wy))
Proof. See Appendix A. O

Notice that we pick the negative root in determining the exposure of capital to the house-
hold liquidity shocks, oj¢ . Intuitively, when the household experiences a negative liquidity
shock, such that dZ; < 0, the household discount rate is increased, making households more

impatient and decreasing the return to holding capital.

III.E.  Equilibrium Asset Pricing

We can now characterize the equilibrium pricing kernel as

Tt_ 1—w; kst 1—w;
1— Qtwt Wt (9,5 — 1) 9
_ <—1 _ ng’t_{——l _ Opet + 0ey/1 — Pia dZEt‘

While it is natural to express the pricing kernel as a function of the fundamental shocks

dA 1—-4 0, — 1
t — —Tftdt _ (—tu}t M(jba,t -+ ngf,a) dZat

¢ and a, these are not readily observable. Instead, we follow the empirical literature and

express the pricing kernel in terms of shocks to output and leverage. Define the standardized
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innovation to (log) output as
djy = o, (dlogV; — B¢ [dlogVy]) = dZau,

and the standardized innovation to the growth rate of leverage of the intermediaries as

. 1 /db de
o= ko™ (525

Ofa,t

S S VAL —

Thus, we can express the pricing kernel as

dA;

T = —/]"ftdt - n@tdét - nytd:&t’
t

where the price of risk associated with shocks to the growth rate of intermediary leverage is

2
U@at 1-— Qtwt Wt (Qt — 1)
g 1 2 — 1 _ 2
Mot + ( - Oket + 1 — Opg,t + O/ Pea | >

2
Oge t

and the price of risk associated with shocks to output is

. 1 — 6w Ofa,t Wy (915 - 1) Ofa,t
Nyt = ————— | Okat — Oket | ¥ ————— | Obajt — Oue,t

1 —w Op¢,t 1 —w Op¢ t
fa,t

o
+ o¢ (p&a — 0'05115 1— p?ﬂ) )

Thus, a two-factor Merton [1973] ICAPM holds, with shocks to intermediary leverage driving

the uncertainty about future investment opportunities.

Substituting the equilibrium expressions for oy, ¢, 0ger and ope, we obtain

Nor = 1/ 1+ (Okat —Ua)2 ( 201w pre Ope s+ 0er /1 — p2 )
t — - R - a .
0Fed Bl —w) TV

Since capital has a negative exposure to the households’ preference shocks, the price of

risk associated with shocks to intermediary leverage is positive, so leverage risk commands a
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positive risk premium. While the sign of the risk premium is always positive, the dependence
of the price of leverage risk on the leverage growth rate is nonmonotonic. The empirical
literature strongly favors the positive price of leverage risk for stock and bond returns (see
Adrian et al. [2013b]) and a negative relationship between the price of risk and the growth
rate of leverage (see Adrian et al. [2010]).

Similarly, the price of risk associated with shocks to output is given, in equilibrium, by

1—- Htwt Ofa,t Wi (915 - 1) Ofa,t
Myt = —— | Okat — Opet | + —F— | Obajt — Ot
O0¢ t 1— Wt g

Ofa,t 2
+ 0| pea———/1—p )
f( g.a Toc 1 &,a

Okat — O
=04+ 0¢ (p&a_#‘/l—pg’(g.
it

Unlike the price of leverage risk, the price of risk associated with shocks to output changes

signs, depending on whether the equilibrium sensitivity of the return to holding capital to
output shocks is lower or higher than the fundamental volatility. The time-varying nature of
the direction of the risk premium for output shocks makes it difficult to detect in observed
returns, suggesting an explanation for the poor performance of the production CAPM in the

data.

IV. FINANCIAL STABILITY AND HOUSEHOLD WELFARE

In this section, we describe the term structure of the distress probability, ¢, (T"), and, in
particular, the effect of a tightening of the risk-based capital constraint. We then compare
the equilibrium outcomes in our model to the equilibrium outcomes in one with constant
leverage. Finally, we discuss some implications of the risk-based capital constraint for the

welfare of the households in the economy.

IV.A. Intermediary distress

We begin by considering the term structure of the probability of distress. Figure VI plots

the cumulative probability of the intermediary sector becoming distressed before a given
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Figure VI: Term Structure of Default Probabilities
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NoOTES: The term structure of intermediary cumulative default probabilities for two different
levels of tightness of the risk-based capital constraint, a. The default probabilities are computed
using 10000 simulations of the economy on a monthly frequency using the parameters in Table I.

horizon.? As the capital constraint tightens, the whole term structure of cumulative distress
probabilities shifts down indicating that the expected time to distress increases. Intuitively,
as the funding constraint tightens, intermediaries’ leverage becomes more constraint, making
them borrow less from the households, and decreasing the probability to become distressed.
Consider now the trade-off between the instantaneous riskiness of capital investment and

the long-run fragilities in the economy. The left panel of Figure VII plots the six month

4Although this probability cannot be computed analytically, we can easily compute it using Monte Carlo
simulations. For the computation of the probability of distress, as well as for the expected discounted present
value of household utility, we simulated 10000 paths of the economy.
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distress probability as a function of the current instantaneous volatility of the return to
holding capital. We see that the model-implied quantities have the negative relationship
observed in the run-up to the 2007-2009 financial crisis. This relation forms the crux of the
volatility paradox: Periods of low volatility of the return to holding capital coincide with
high intermediary leverage, which leads to high systemic solvency and liquidity risk. The
volatility paradox was first described by Brunnermeier and Sannikov [2012], and empirically
documented by Adrian and Brunnermeier [2011]. In the context of the model, local volatility
is inversely proportional to leverage. As leverage increases, the intermediaries issue more
risky debt, making distress more likely. This leads to the negative relationship between
the probability of distress and current period return volatility. Notice that tightening the
risk-based capital constraint does not change the shape of the trade-off but rather limits the
admissible range of current period volatility. The right panel of Figure VII plots the trade-off
between the six month distress probability and the price of risk associated with shocks to
the growth rate of intermediary leverage. Since the price of leverage risk depends linearly on
return volatility, an increase in contemporaneous risk increases the price of leverage risk while
decreasing the long-term instability in the economy. This mechanism allows intermediaries
to increase their risk exposure during periods of low volatility, which increases the risk of
financial distress.

Intermediary distress is costly (in consumption terms) for the households. In Figure VIII, we
plot a sample evolution of the economy, focusing on the evolution of output and consumption
(upper panel), intermediary wealth share in the economy and intermediary leverage (middle
panels), and of the realized return to intermediary debt (lower panel). Notice first that,
while intermediaries’ distress is usually preceded by high intermediary leverage, distress
can occur even when intermediary leverage is relatively low. Moreover, intermediaries can
maintain high levels of leverage without becoming distressed. Thus, high leverage is not
a foolproof indicator of distress risk. The recapitalization of intermediaries comes at the
cost of a consumption drop for the households, which can be quite significant. Since the
restructuring of intermediaries is done through default on debt, household wealth (and,
hence, consumption) exhibits sharp declines when intermediaries become distressed. It is

worth emphasizing that the transmission mechanism from financial sector distress to real
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Figure VII: Volatility Paradox
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NotTEes: Left panel: 6 month probability of intermediary default (y-axis) versus instantaneous
volatility of equity returns, /0%, , + 0,35 ;» (z-axis); right panel: 6 month probability of interme-

diary default (y-axis) versus the risk price of standardized shocks to leverage, ng;, (z-axis). The
default probabilities are computed using 10000 simulations of the economy on a monthly frequency
using the parameters in Table I.

economic activity is via two channels. The first is a wealth effect of households, which leads
to an adjustment of the consumption path, and a reallocation of savings. The second channel

is more direct, and consists in adjustments to the capital creation decision of intermediaries.

IV.B. Distortions and amplifications

The simulated path of the economy in Figure VIII illustrates the negative implications of
intermediary distress for the households in the economy. The risk-based capital constraint
faced by the intermediaries in our economy amplifies the fundamental shocks in the economy
and distorts equilibrium outcomes. This amplification mechanism is illustrated in Figure IX:
A shock to the relative wealth of the intermediaries reduces the equilibrium level of invest-
ment, reducing the price of capital, which makes the risk-based capital constraint bind more,
reducing further the financial intermediaries’ relative wealth. The amplification mechanism
acts through the time-varying leverage constraint that is induced by the risk-sensitive capital
constraint. To understand the mechanism better, we describe the equilibrium outcomes in
an economy with constant leverage, and contrast the resulting dynamics with those in the

full model.
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Figure VIII: Sample Path of the Economy
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In particular, consider an economy in which, instead of facing the risk-based capital con-

straint, the intermediaries face a constant leverage constraint, such that

Pt Ak
Wy

=0,
where @ is a constant set by the prudential regulator. The equilibrium outcomes are sum-
marized in the following lemma.

Lemma 3. The economy with constant leverage converges to an economy with a constant

wealth share of the intermediary sector in the economy



Figure IX: Shock Amplification
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In the steady state, the intermediary sector owns all the capital in the economy, with the

expected excess return to holding capital given by

1, o .
PRkt —Tgr = — + 05— | pn— = | — P (i),
Dk 2

and the expected excess return to holding bank debt given by

2
HRbt — Tt = Oy,
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with the riskiness of the returns equal to the riskiness of the productivity growth

Okat = Obat = Oq

Oket = Obet = 0.

Proof. See Appendix A. n

Thus, when the financial intermediaries face a constant leverage constraint, the intermediary
sector does not amplify the fundamental shocks in the economy. Furthermore, since the
intermediaries represent a constant fraction of the wealth of the economy with constant
leverage, there is no risk of intermediary distress. Notice, however, that the excess return to
holding capital compensates investors for the cost of capital adjustment. Thus, the financial
system provides a channel through which market participants can share the cost of capital
investment. It is important to point out that the household preference shocks & are not
transmitted in this economy. Intuitively, since the households are no longer the marginal
investors in the capital market, the price of capital only reflects shocks to intermediaries’
pricing kernel which only varies with productivity shocks.

The benefit of having a financial system with a flexible leverage constraint is, then, in-
creased output growth and more valuable capital, albeit at the cost of global stability. Since
the rate of investment and the capital price are constant in this benchmark, the volatility of
consumption growth equals the volatility of productivity growth, and the expected consump-
tion growth rate equals the expected productivity growth rate. In our model, the financial
intermediary sector allows households to smooth consumption, reducing the instantaneous
volatility of consumption during good times, but at the cost of higher consumption growth
volatility during times of financial distress. In particular, notice that, in the full model,

volatility of consumption growth is given by

@ 2 _(_ ZQtwt ( _ ) i 2 i 20,5(,&)15 2
o = —5 (1 _ wt)pkt Okat — Oq Oq —5 (1 — wt>pktak§,t )

which is lower than the fundamental volatility ag when oy, is bigger than o,.
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Figure X: Household Welfare
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tightness of risk-based capital constraint, «, (z-axis); right panel: 6 month, 1 year and 5 year
cumulative default probabilities (y-axis) as a function of the tightness of risk-based capital con-
straint, «, (z-axis). Welfare and default probabilities are computed using 10000 simulations of the
economy on a monthly frequency using the parameters in Table I, with household welfare computed
over a 70 year horizon.

More formally, consider the trade-off in terms of the expected discounted present value of
household utility. In Figure X, we plot the household welfare in the economy with pro-cyclical
intermediary leverage as a function of the tightness of the risk-based capital constraint,
as well as the the household welfare in the economy with constant leverage. Notice first
that household welfare is not monotone in a: Initially, as the risk-based capital constraint
becomes tighter, household welfare increases as distress risk decreases. For high enough
levels of «, however, the household welfare decreases as the risk-based capital constraint
becomes tighter. Intuitively, for low values of «, periods of financial distress (which are
accompanied by sharp drops in consumption) are more frequent and the households become
better off as the constraint becomes tighter. As « increases, the intermediaries become
more stable, increasing household welfare. As a becomes too large, while probability of
intermediary distress is still lower (see the right panel of Figure X),the risk-sharing function
of the intermediaries is impeded, leading to lower household utility. Notice finally that
household welfare in the economy with pro-cyclical leverage can be higher than that in the

economy with constant leverage, even when a suboptimal « is chosen.
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1V.C. Stress tests

By introducing preferences for the financial intermediaries, we can extend our model to
study the impact of the use of stress tests as a macroprudential tool. By further introducing
preferences for the prudential regulator, the model also provides implications for the optimal
design of stress tests. We leave the formal treatment of these extensions for future work and
provide here a sketch of how stress tests can be incorporated in the current setting.

Recall that, in our model, intermediary debt is subject to the risk-based capital constraint,

which is a constraint on the local volatility of the asset side of the intermediary balance sheet

—1 / 2 2
0, > a Tiat T Oloe v

Stress tests, on the other hand, can be interpreted as a constraint on the total volatility of

the asset side of the balance sheet over a fixed time interval

T
o1 > ﬁ\/Et [/ (O’,%a,S + U,%w) ds] .
t

Thus, in effect, stress tests can be thought of as a Stackelberg game between the policymaker

and the financial intermediaries, with the policymaker moving first to choose the maximal
allowable level of volatility over a time interval, and the intermediaries moving second to
allocate the volatility allowance between different periods. Under the assumption that the
prudential regulator designs stress tests to minimize total volatility, while the intermediaries
maximize the expected discounted value of equity, the optimization problem for the interme-
diaries resembles the optimal robust control problem under model misspecification studied
by Hansen and Sargent [2001, 2007]; Hansen, Sargent, and Tallarini [1999]; Hansen, Sargent,

Turmuhambetova, and Williams [2006], among others

V; (¥) = max min / / =D, (i, 8, k) dsdq

{i,B,k} g€ Q(V
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subject to

T
67! > 19\// / (a,%mS + 0,%575) dq,ds.
t

Notice that, in the limit at T" — ¢ + dt, this reduces to the risk-based capital constraint
described above. In the language of Hansen et al. [2006], this is a nonsequential problem
since the constraint is over a non-infinitesimal time horizon. The density function ¢ is a
density over the future realizations of the fundamental shocks (dZ,;, dZ¢) in the economy,
and Q is the set of densities that satisfies the stress-test constraint. Hansen et al. [2006]
show how to move from the nonsequential robust controls problems to sequential problems.
In particular, for the constraint formulation, they augment the state-space to include the
continuation value of entropy and solve for the optimal value function that also depends on
this continuation entropy.

In our setting, we can reformulate the optimization problem of the representative interme-

diary as

™D
Vi (1) = max }Et { / e D, (i, B, k) ds}
1,0,K, Qs t

subject to

95_1 > 2 2
a. Oka,s + gkf,s

T 0_2
67 > 0y |E, [/ S—st}.
t as

That is, the intermediaries choose an optimal capital plan at the time of the stress test

to maximize the discounted present value of equity subject to satisfying the intertemporal
volatility constraint imposed by the stress test. Locally, the portfolio allocation decision
of the intermediaries satisfy a risk-based capital constraint, albeit with a time-varying «.
However, along a given capital plan, the optimal decisions of both the households and the
intermediaries are as described above. Stress tests are hence a natural but technically chal-

lenging extension of the current setup and are left for future exploration.
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V. (CONCLUSION

We present a dynamic, general equilibrium theory of financial intermediaries’ leverage cycle
as a conceptual basis for policies geared toward financial stability. In this setup, any change
in prudential policies has general equilibrium effects that impact the pricing of financial
and nonfinancial credit, the equilibrium volatilities of financial and real assets, and the
allocation of consumption and investment goods. From a normative point of view, such effects
are important to understand, as they ultimately determine the effectiveness of prudential
policies.

The assumptions of our model are empirically motivated, and our theory captures many
important stylized facts about financial intermediary dynamics that have been documented
in the literature. There is both direct and intermediated credit by households, giving rise to
substitution from intermediated credit to directly granted credit in times of tighter intermedi-
ary constraints. The risk-based funding constraint leads to procyclical intermediary leverage,
matching empirical observations. Our theory generates the volatility paradox: times of low
contemporaneous volatility allow high intermediary leverage, increases in forward-looking
systemic risk. Finally, the time variation in pricing of risk is a function of leverage growth
and the price of risk of asset exposure is positive, two additional features that are strongly
borne out in the data.

The most important contribution of the paper is to directly study the impact of prudential
policies on the likelihood of systemic liquidity and solvency risks. We uncover a systemic risk-
return trade-off: Tighter intermediary capital requirements tend to shift the term structure
of systemic risk downward, at the cost of increased risk pricing today. This trade-off forms
the basis for the evaluation of costs and benefits associated with financial stability policies,

as discussed in greater detail in Adrian, Covitz, and Liang [2013a].

41



REFERENCES

Tobias Adrian and Markus K. Brunnermeier. CoVaR. NBER Working Paper No. 17454,
2011.

Tobias Adrian and Hyun Song Shin. Procyclical Leverage and Value-at-Risk. Federal Reserve
Bank of New York Staff Reports No. 338, 2010a.

Tobias Adrian and Hyun Song Shin. Liquidity and leverage. Journal of Financial Interme-
diation, 19(3):418 — 437, 2010b.

Tobias Adrian, Emanuel Moench, and Hyun Song Shin. Financial Intermediation, Asset
Prices, and Macroeconomic Dynamics. Federal Reserve Bank of New York Staff Reports
No. 442, 2010.

Tobias Adrian, Paolo Colla, and Hyun Song Shin. Which Financial Frictions? Parsing
the Evidence from the Financial Crisis of 2007-09. In NBER Macroeconomics Annual,
volume 27. University of Chicago Press, 2012.

Tobias Adrian, Daniel Covitz, and Nellie Liang. Financial Stability Monitoring. Finance and
Economics Discussion Series, Board of Governors of the Federal Reserve System, 2013a.

Tobias Adrian, Erkko Etula, and Tyler Muir. Financial Intermediaries and the Cross-Section
of Asset Returns. Journal of Finance, 2013b. Forthcoming.

Franklin Allen and Douglas Gale. Limited market participation and volatility of asset prices.
American Economic Review, 84:933-955, 1994.

Paolo Angelini, Stefano Neri, and Fabio Panetta. Monetary and Macroprudential Policies.
Bank of Italy Staff Report Number 801, 2011.

Ben Bernanke and Mark Gertler. Agency Costs, Net Worth, and Business Fluctuations.
American Economic Review, 79(1):14-31, 1989.

Harjoat S. Bhamra, Lars-Alexander Kuehn, and Ilya A. Strebulaev. The Levered Equity
Risk Premium and Credit Spreads: A Unified Approach. Review of Financial Studies, 23
(2):645-703, 2010a.

Harjoat S. Bhamra, Lars-Alexander Kuehn, and Ilya A. Strebulaev. The Aggregate Dynamics
of Capital Structure and Macroeconomic Risk. Review of Financial Studies, 23(12):4175—
4241, 2010b.

Javier Bianchi and Enrique Mendoza. Overborrowing, Financial Crises and Macro-prudential
Policy. IMF Working Paper 11/24, 2011.

Markus K. Brunnermeier and Lasse Heje Pedersen. Market Liquidity and Funding Liquidity.
Review of Financial Studies, 22(6):2201-2238, 2009.

Markus K. Brunnermeier and Yuliy Sannikov. The I Theory of Money. Unpublished working
paper, Princeton University, 2011.

42



Markus K. Brunnermeier and Yuliy Sannikov. A Macroeconomic Model with a Financial
Sector. Unpublished working paper, Princeton University, 2012.

John Cox and Chi—fu Huang. Optimal Consumption and Portfolio Policies when Asset Prices
follow a Diffusion Process. Journal of Economic Theory, 49:33-83, 1989.

Jaksa Cvitani¢ and loannis Karatzas. Convex Duality in Constrained Portfolio Optimization.
The Annals of Applied Probability, 2(4):767-818, 1992.

Jon Danielsson, Hyun Song Shin, and Jean-Pierre Zigrand. Balance sheet capacity and
endogenous risk. Working Paper, 2011.

Douglas W. Diamond and Philip H. Dybvig. Bank runs, deposit insurance and liquidity.
Journal of Political Economy, 93(1):401-419, 1983.

Bernard Dumas. Two-Person Dynamic Equilibrium in the Capital Market. Review of Fi-
nancial Studies, 2:157-188, 1989.

Ana Fostel and John Geanakoplos. Leverage Cycles and the Anxious Economy. American
Economic Review, 98(4):1211-1244, 2008.

John Geanakoplos. Liquidity, Default, and Crashes: Endogenous Contracts in General Equi-
librium. In M. Dewatripont, L.P. Hansen, and S.J. Turnovsky, editors, Advances in FEco-
nomics and FEconometrics 11, pages 107-205. Econometric Society, 2003.

Mark Gertler and Nobuhiro Kiyotaki. Banking, Liquidity, and Bank Runs in an Infinite
Horizon Economy. Unpublished working papers, Princeton University, 2012.

Mark Gertler, Nobuhiro Kiyotaki, and Albert Queralto. Financial Crises, Bank Risk Expo-
sure, and Government Financial Policy. Unpublished working papers, Princeton University,
2011.

Charles A.E. Goodhart, Anil K. Kashyap, Dimitrios P. Tsomocos, and Alexandros P. Var-
doulakis. Financial Regulation in General Equilibrium. NBER Working Paper No. 17909,
2012.

Lars Peter Hansen and Thomas J. Sargent. Robust control and model uncertainty. American
Economic Review, 91:60-66, 2001.

Lars Peter Hansen and Thomas J. Sargent. Recursive robust estimation and control without
commitment. Journal of Economic Theory, 136:1-27, 2007.

Lars Peter Hansen, Thomas J. Sargent, and Thomas D. Tallarini, Jr. Robust permanent
income and pricing. Review of Economic Studies, 66:873-907, 1999.

Lars Peter Hansen, Thomas J. Sargent, Gauhar A. Turmuhambetova, and Noah Williams.
Robust control, min-max expected utility, and model misspecification. Journal of Eco-
nomic Theory, 128:45-90, 2006.

43



Zhiguo He and Arvind Krishnamurthy. A Model of Capital and Crises. Review of Economic
Studies, 79(2):735-777, 2012a.

Zhiguo He and Arvind Krishnamurthy. A Macroeconomic Framework for Quantifying Sys-
temic Risk. Unpublished working paper, 2012b.

Zhiguo He and Arvind Krishnamurthy. Intermediary Asset Pricing. American Economic
Review, 103(2):732-770, 2013.

Bengt Holmstrom and Jean Tirole. Private and public supply of liquidity. Journal of Political
Economy, 106(1):1-40, 1998.

John H Kareken and Neil Wallace. Deposit insurance and bank regulation: A partial-
equilibrium exposition. Journal of Business, 51(3):413-438, 1978.

Nobuhiro Kiyotaki and John Moore. Credit Cycles. Journal of Political Economy, 105(2):
211-248, 1997.

Hayne E. Leland and Klaus Bjerre Toft. Optimal Capital Structure, Endogenous Bankruptcy,
and the Term Structure of Credit Spreads. Journal of Finance, 51(3):987-1019, 1996.

Robert C. Merton. An Intertemporal Capital Asset Pricing Model. Econometrica, 41(5):
867-887, 1973.

Franco Modigliani and Merton H. Miller. The Cost of Capital, Corporation Finance and the
Theory of Investment. The American Economic Review, 48(3):pp. 261-297, 1958.

Galo Nuno and Carlos Thomas. Bank Leverage Cycles. Unpublished Working Paper, 2012.

Adriano A. Rampini and S. Viswanathan. Financial Intermediary Capital. Duke University
Working Paper, 2012.

Jiang Wang. The Term Structure of Interest Rates In A Pure Exchange Economy With
Heterogeneous Investors. Journal of Financial Economics, 41:75-110, 1996.

44



A PROOFS

I.A.  Household’s optimization

Recall that the household solves the portfolio optimization problem:

+o0
max E [/ e St Prt og cudt | |
0

{ctsmhe ot }
subject to the wealth evolution equation:

dwpy = 1w dt + Wpe T {(WRE — T5e) A+ Oka1dZas + Ope 1 dZe 1 }
+ whemoe { (fbrps — Tf1) At + Opg 1 dZay + OpeydZe i} — cidt,

and the no-shorting constraints:
Tkt ot = 0.

Instead of solving the dynamic optimization problem, we follow Cvitani¢ and Karatzas [1992]
and rewrite the household problem in terms of a static optimization. Cvitani¢ and Karatzas
[1992] extend the Cox and Huang [1989] martingale method approach to constrained opti-
mization problems, such as the one that the households face in our economy.

Define K = R2 to be the convex set of admissible portfolio strategies and introduce the
support function of the set —K to be

d(x) =0 (x| K)=sup(—7'z)

TeK
_ 0, ek
| oo, xE K

We can then define an auxiliary unconstrained optimization problem for the household, with
the returns in the auxiliary asset market defined as

T;t =7 +0 (%)
dth - (/vLRk,t + v + 0 (1_);3)) dt + Uka,tdZat + O'kg’tdZ&t
ARy, = (Wbt + var + 0 (U)) dt + 0pa 1dZgr + Ope e 4,

for each @, = [vy; vy]  in the space V (K) of square-integrable, progressively measurable
processes taking values in K. Corresponding to the auxiliary returns processes is an auxiliary
state-price density

dny

,r]'u = - (rft + 5 (?7t)) dt - (,L_[Rt - /r.ft + /Ut), (U;:it)_l dZt,
t

where

- HREt | . Okat Oket | . = Lt
Rt — ; ORt = 3 Zy = .
- { I Rbt ] ' { Obait  Obet ] t { Zei }
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The auxiliary unconstrained problem of the representative household then becomes

+0o0
max E [/ e St Prt]og ctdt}
0

Ct

subject to the static budget constraint:

“+o00
wpo = E [/ nfctdt] )
0

The solution to the original constrained problem is then given by the solution to the uncon-
strained problem for the v that solves the dual problem

veV(K)

+o0
min E [/ e~ PR (An?) dt} ,
0
where @ (x) is the convex conjugate of —u (—x)

u(zr) = SZl>1%) [log (zx) — zx] = — (1 + log x)

and A is the Lagrange multiplier of the static budget constraint. Cvitani¢ and Karatzas
[1992]| show that, for the case of logarithmic utility, the optimal choice of v satisfies

v; = arg min {25(35) + H(ﬁRt — Tt 55)/01_%1”2}

rzeK
. . 12
= argmin || (g —rp +2) o ||
zeK
Thus,
vy = 0, MRkt — Tt = 0
Tt — MRkt MREg — T <0
Vo — 0, frpt — T > 0
Tt — HRbes MRot — T < 0

Consider now solving the auxiliary unconstrained problem. Taking the first order condition,
we obtain

efgtfpht .
[Ct] 0= - /\nt )
Ct
or
efétfpht
Cy =
t A7)y
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Substituting into the static budget constraint, we obtain

E {/Jroo p } E {/Hﬂ e—és—phsd } e—&t—pnt
N Wey = nycsds| = ——ds| = o —o2/3)
L t t ' ¢ A (Ph - 05/2)

o¢
Ct = (,Oh - 7) Wht-

To solve for the household’s optimal portfolio allocation, notice that:

Thus

d (77? wht) _
1 Wht

1
—ppdt — d&; + §d§52

1
( Pn + 205) dt — o¢peadZos — oeq /1 — pzangt.

On the other hand, applying It6’s lemma, we obtain

d(njwn) _ ﬁ 4 YWht dwn dwht d77t

M Why Ny Wy Wpe MY

Equating the coefficients on the stochastic terms, we obtain

., . -1 /
= (fipe —7pe + Ut)/ (Ug?,tURt) — O¢ [pfa 1 - péa URtl

L.B.  Equilibrium outcomes

To summarize, in equilibrium, we must have

por = P (ir) (1 — Oswr) — oot + 00 + Oge

1-— Gtwt etwt — Wt
firks = 75 = (Ohay + Ohes) ——— + (OkatObat + OkeOhet) ————
’ ’ 1—wy 1—wy
+ 0¢ <0ka,tps,a + ke /1 — pg,a>
Qtwt — Wt 1-— Htwt

2 2
— Ty =0 + 0o 4+ (OLat0 + Ore +0
prns = 150 = (T + Tie 1) T (OkatObat + Ohe,t0ve ) —

+ o¢ (Uba,tﬂg,a +ope /1 — p?,a)

Pt = (O — 1) (gt — troe) + (Okat06as + ng,taeg,t)

1— o? 1 ,
+ e |:<ph - é) - — + d (Zt) Htwt]

Wi Pkt
Ofat = — (9t - 1) (Uka,t - Uba,t)
oper = — (00 — 1) (Oher — Ove.t)

B (Qtwt - wt) Obat = — (B (1 - Qtwt) + QQtWtht) Oka,t
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+ (201wipre + B (1 — wy)) 0
B (Orwr — wy) Opet = — (B (1 — Orwr) + 260,w1pget) Oket
a_zet_2 = Uia,t + Ulzg,t

0= (pit - % (1 - Qtwt)) Qtwt@ ('Lt) (1 - Gtwt)
071

1 a2
+ (20,wipre + B (1 — wy)) Pre (HRk,t — E —a+ b} + A — Uagka,t)
t

— BPriWi ot + etwtpit ((O'ka,t - 00)2 + Ulzi,t)

- ﬂpktwt ((Uka,t - Ua) Owa,t + O-kg,to-wﬁ,t) .

Notice that the first eight equations describe the evolutions of 6;, w;, the return of risky
intermediary debt Ry, and the expected excess return to direct capital holding in terms
of the two state variables, (6, w;) and the loadings, oy, and ogey, of the return to direct
capital holding on the two fundamental shocks in the economy.® The final two equations,
then, express oy, and oge; in terms of the state variables.

Before solving the final two equations, we simplify the equilibrium conditions. Notice first
that

(Oha,t000,t + Oket00et) = — (00 — 1) Okat (That — Ovas) — (61 — 1) Oner (Oher — oet) s
and
1— 6w
URKt — HRbt = (U;%a,t + O']?;gﬂg — Oka,t0ba,t — ng,tabg,t) 1—;t
- Wit
Oy — w
— (Ufw + Ugm — Oka,tOba,t — ng,tUbg,t) —tl ' :
+ O¢ (<0ka,t - Uba,t) Pt,a + (O-kfat - O-bf,t> \/ I pg,a> :
Thus,
Oy — w Qi — w
(1bREt — HRbe)+ (Uka,taea,t + Ok t00e,t) = —— (Okat — O'ba,t)z_# (Ukzs,t - Ubﬁ,t)z
Qt — 1 1 — Wt 1 — Wt

+ o¢ ((Uka,t - Uba,t) Pea T (ng,t - Ubg,t) \/ 1— Péa) -

Using

B (etwt - wt) (Uka,t - Uba,t) = (29twtpkt + 4 (1 - Wt)) (Uka,t - Ua)
B (Orwr — wr) (Oker — Tver) = (201w + B (1 — wi)) Oken

Recall that we have also expressed the price of capital in terms of the state variables.
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we can thus express the drift of w; as

1
Mot = _620} (204wipre + B (1 — Wt))2 [(aka,t - Ua)2 + U;%g,t]
t
o
+ B_Ci (201wt + B (1 — wr)) ((Uka,t — 04) Pea+ Orer/1 — p@)
t
1—w of 1 ,
+ L |:(ph__§)—_+(1)(lt)9twt:| .
Wt 2 Pkt
Substituting the risk-based capital constraint, this becomes
! (26 +B8(1—w))? o2 —2 4-6;2
wt = — = w —w 0, — 2040%q —
Heot B, tWtDkt t kat T 75

g,
+ 25 i+ 8 (1= ) (000 = 00) e+ 1ce 1= 2,
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Wt 2 Pt
= Op (W, 0;) + O (wy, 01) Okat + Of (Wi, 0r) Oe

where

072
Oo (wi, Or) = " B, (20pwipre + B (1 — wt))2 [ag + ﬁ]

_ 0¢0aPta

Bwy

1—w o2 1 ,
+ t [(Ph - —5) —— 4+ () Qtwt]
W 2 Pkt

(201wiprt + B (1 — wy))

20'a g a

O, (Wi, 0;) = ) (20:wipre + B (1 — wp))? + ;ii (20iwipre + B (1 — wi))
oeq /1 — pgﬁa

Og (Wt, 675) =0 (zetwtpkt + 8 (1 - Wt)) .

Buwy

Substituting into the drift rate of intermediary leverage

pror = P (i) (1 — Opwr) — prot + Uga,t + Ugg,t
= 8o (wr, 0r) + Su (Wi, 01) Orar + Se (Wi ki) Oret,

where

20,wipre + B (1 — Wt)>2 915__2
Buwy

So (wi, 0) = ® (i) (1 — Ooy) — Op (wr, 0;) + ( "
) - Oa (Wn 9t)

20,wipre + B (1 — wy)
Buwy

Sa (wt,et) = —20'a (
Sﬁ ((,L)t, Qt) = —OE (wt, Gt) .
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Similarly, the excess return on capital is given by

1 —9twt
1 — Wt

+ o¢ <0ka,tp§,a + opery /1 — p?,a)
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+ o¢ (Uka,tpé,a + Oket 1 - Pg,a> )

O, — w
2 2 twit t
KRkt — Tft = (Uka,t + ng,t) + (Cka,tObat + Oke 00 t) —————

]_—wt

The excess return on intermediary debt is given by

0w — w 1 — 6w
e = (o2 o\ Ui — W Wt
HRb,t Tyt (O-ba,t + Ub{,t) 1_ s + (O-k:a,to-ba,t + ng,tgbg,t) 1 _ W,
+ O¢ <O-ba,tp§,a + Ouet \/ 1 - pg,a>
_ Oy — wy B (1 — ) + 201w pre ? E
1 —wy B <9twt - Wt) a?
" <9twt — wt) (B (1—wy)+ 29twtpk:t)2 2
1 —wy B (Qtwt - Wt) ¢
9 (etwt - Wt) o4 (1 - etwt) + QQtWtht) (ﬁ (1 - Wt) + 29twtpkt>
- Oka,tOa
1-— Wt B (Qtwt — Cdt) B (Htwt — wt) ’
_ 1 —0wy \ B (1 - etwt) + 29twtpkt Qt__Q
Oy — wy B (1 - Wt) a?
i (1 - etwt) B (1 - Wt) + 29twtpkto_ o
1 —wy B (‘L)twt - Wt) @kt
+oep {_5 (1 = Gpwr) + 204w ppe - B(1—w)+ 29twtpkto_ ]
S ﬁ (etwt Wt) o 5 (etwt - Wt) ¢

/1 ﬂ — Opwr) + 204w pre -
it
etwt - Wt) ¢

Notice also that we can now derive the risk-free rate. Recall that, in the unconstrained
region, the risk-free rate satisfies the household Euler equation

0-5 dCt
—(pn— =) +=E _ g
L (p g ) dt { ¢ ] dt

2

(de,)? | (e, d§t>2] |
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Applying It6’s lemma to the goods clearing condition, we obtain

dct = d (KtAt — itktAt)

== Atth + (Kt - itkt) dAt - Atktdit - Atitdk't - k’t <d7;t, dAt> .

From the financial intermediaries’ optimal investment choice, we have

2 2 1 0.2

dit_m(,uRk,t___a__—i_)\k_o-a(o-kat U))dt
2 Dt 2

Okat — Ua)2 + 0,%5 t) dt

¢0¢1pkt

¢8¢>1Pit
L

(Uka,t - Ua) dZat +

2 2
+ —¢0¢21pkt ——— O, 5tdZ£t

Thus

sy . .
- A — 1 -
YT 120y (i¢) (1 —ir)

0w 2102 1 o2
Wi ¢o¢1pkt pres — — — (a+ Oq
1 — 2,0 2 Dit 2

Oy ) ¢g¢1pit

2 2
1-— Ztetwt 4 ((Uka,t B Ua) + Uk&’t)

}
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(o (1) B0 o, — )
(

@\
MIQ%

dCt
_E —
7] =

1-— Z,ﬁtwt

i dCt
dt
01w ¢%<b1pit ’
Oket
1-— Ztetwt 2

deud 0 2h1p?
<Ct ft ] o (00 — ( t.wt )%@blpktaka’t) Pea

_l_

1-— Zté’twt 2

Oy Q%Cblpit
_ J1=p2
O¢ ((1 — ithwt) 5 k&t Pta

Figure XI plots the three components of the risk-free rate as a function of intermediary
leverage (upper left panel), the wealth share of the intermediary (upper right panel), and
the volatility of the excess return to capital (lower panels). We see that the precautionary
savings motive dominates the consumption growth component, and even more so as leverage

increases.
Recall that, in equilibrium, we have

0.2

1 — 40wy = (ph - 55) Dkt (1 - Wt) )
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Figure XI: Equilibrium Risk-Free Rate
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NoTEs:  Equilibrium risk-free rate as a function of intermediary leverage (upper left panel),
the wealth share of the intermediary (upper right panel), and the volatility of the excess return
to capital (lower panels). “Consumption growth" refers to the component of the risk-free rate
that’s due to the expected consumption growth rate. “Precautionary saving" is measured as the
contribution to the risk-free of the variance of the consumption growth rate. “Correlation with
Liquidity Shock" is measured as the contribution to the risk-free of the correlation between the
consumption growth rate and the liquidity shock d€;. The equilibrium risk-free rate is then given

as the lower boundary of the shaded region in each graph.

so that
L dn AV
it 4 Pe =\ g Jpel—w) | =mp
_ Pkt
5(1—%)
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Oy Pd1 _ B (1 —wp) + 20,wppe
1-— itetwt 4 Pit ﬂ (1 — wt)
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Substituting into the expression for the risk-free rate, we obtain

oF o2 B (1 —w) + 260,w
B Y% _ %, t tWtPkt
(o) (o 3 o) TS

00 == 2 (e )
_ Owpr ((72 n Qt__Q B 20kat0a) _ < 2pgitiw )2 Qt__2
Bl—w) \ " a? ’ B(l—w)) o2
2 B(1 — wi) + 2010t ? 2pribiwy o
‘ ( F1—w) ) B(1 =) et

Aprbor (B (1 — wy) + 201w i
B(T—w) ( B(1—w) ) e

oo B (1 = wi) + 2010pr n 2pribiw; e 1— 2 o
e\ Bl —w) Bl —w) 7V e

We can now solve for the return on capital. In particular, we have

B 2wl 0,7 B (1 —wi) + 20,wipie
KRkt =Tft — 57—~ 5 T+ TaOkat

B(l—w) o? Bl —w)

+ O¢ <O-ka,tp§7a + Oke it/ I pg,a>

2

o 2 1—wy)+ 26
Z(Ph——ﬁ)—l-(a—l-%—)\k)ﬁ( Wt) tWiPkt

2 B (1 - Wt)
0oy . . 20w Dr ( 1 )
P () (1 — %) — ———— - —
1 — 4400y ( t) ( t) 5 (1 - Wt) PRkt Pkt
_ 30wt E B (1 - Wt) + 40twtpkt0_ o
B —w) a? B(1—w) vt
_ 2 O Pie n (5 (1—w)+ 29twtpkt>2
CAB(—w) B(1—w)
4pyOpy <5 (1—w)+ 29twtpkt) —
B(1—w) B(1—w) it
— 0,0¢p (ﬁ(l = ) +29twtpkt> — (21”“—9'5%)2 0;°
aerea B(1—w) Bl—w)) a2
B (1 —we) + 260,wippe
+ O- aU a
B(1—w) £P¢,a0kat

B (1 — wy) + 20,0k
\/1—p? )
+ B(1—w) O¢ P aOket

Solving for pigk ¢, we obtain

Lrir = Ko (we, 0r) + ICq (Wi, 01) Opar + Ke (Wi, 01) Oke s,
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where

B(1—w) ‘72 Oy . )
K 0,) = R e () 1-—
‘ (Wb t) ﬁ (1 - Wt) + Qetwtpkt 2 * 1 — 20w, <Zt) ( Zt)
4 2«9twt
— 0,0¢Ptq
B (1 —we) + 20,wppy e,
o2 0w Dit < 4Py 0oy )
+a+ 5= —
2 k ﬁ (1 — wt) -+ 29twtpkt ﬁ (1 — Cdt)
2 ( 010 Diet (5 (1 —w)+ 29twtpk:t))
— O'a +
B (1 — wi) + 2601w ppe B (1 —w)
B (1 —wy) + 460,00 pie 4pryOpy

Ko (wt, 0) = o¢pea +

O+ =704

B (1 —we) + 20,weppy B(1—w)
IC£ (wt, 9,5) = 0¢y/ 1— pg,a'

We can now express the risk-free rate in the economy as

R 2wibipre 0, B(1—w)+ 29twtpkt0 o
— MRk, = N 5 a9ka,
o T B —w) a? B(1—w) '

— 0¢ (O‘]m’tp&a + Okean /1 — P?,a)

= Ro (wr, 0r) + R (wr, Or) Orar,s

where

20 0¢ s ‘9;2
Ro (wr, ;) = Ko (wy, 0;) + mﬁ
B (1 - Wt) + 204w Pt

7:\)/a (wh Qt) = IC(I (wta Ht) - 6 (1 w ) Oa — 0¢f¢a-
- Wi

Substituting into the excess return on holding intermediary debt, we obtain

Lrbt = Bo (Wi, 0:) + Ba (Wi, ) Oar + Be (Wi, 0) One s

where
Oy — wy B (1 — Owr) + 260w ppe 2 ‘9;2
B 0,) =R 0 -
) = Ro )+ (P2 ) (Pl t B ) B
n (etwt — Wt) (5 (1—wy)+ 2‘9twtpkt)2 2
1 —wy B (Htwt - Wt) ¢
B (1 - Wt) + 204w Prt
+ 0 a0a
¢, B (Qtwt - Wt)
_ 1—0wy \ B (1 - Qtwt) + QQtthkt ‘915__2
Or0p — wy B(1—w) o?

o4

(14)

(15)

(16)

(19)



1= 0w\ B (1 —wy) + 201wippe
Ba ) ;) = Ra ) 0 a 2
(i 80) = Ro () (it ) 2L 4 B 20
9 (Qtwt - wt) <5 (1 — Ouwy) + 2‘9twtpk:t> <5 (1 —w)+ 29twtpkt)
_ O,
1 —w B (etwt - Wt) B (Qtwt - Wt)
—Gep (5 (1 = Ouwy) + QQtthkt)
Pea B (O — wy)
B (1 - Htwt) + 20,0 pree
B 0,) =R 0,) — 1 — p? ) 21
¢ (we, Or) ¢ (Wi, 00) — o¢ Pea B (Oywy — wy) (1)
Notice that
Prt (201wipie + B (1 — wy)) K¢ (wi, 01) — BprewiO¢ (wy, 0;) = 0.
Using these results and the risk-based capital constraint, we can rewrite
(. 4
0= 9twt (1 — Qtwt) d (Zt> Pt — m
1 _ o
+ Pt (20 wipre + B (1 — wy)) | perrs — p_ —a— o + X — 00 (Okar — 04)
kt
— BPriwWi b, — Pit (etwtpkt + (1 - Wt)) ((0-k‘a,t - Ua)2 + UZ@)
as
) 9 4
0 = oy (1 - etwt) & (Zt) Pre — m
1 o2
+ it (2010ppr + B (1 — wr)) (,URk,t T oon a- + X — 00 (Okar — Ua)>
kt
0—2
— Bprwitte, — Dt (Grwipre + B (1 — wy)) (? + 02 - QUka,tUa>
= Co (wy, 0r) + Cq (Wi, 0) Okaps
where
) 9 4
Co (Wt7 Qt) = Oy (1 - ‘gtwt) @ (Zt) Pt — 55 (22)
oR{oh

0—2
— pit (Orwrpir + 5 (1 — wy)) (ﬁ + UZ)

1 o2
e @+ 5 (1= ) (Ko w0 = - = a4 %)

Pkt 2
— BprewiOo (Wta 0:)
Ca (Wi, 01) = pre (20101 + B (1 — wy)) Ko (wi, 0) (23)
— BpriwiOa (W, 01) + preB (1 — wy) 04
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Solving for oy, ¢, we obtain

Cras = _Co (wtaet)
ot Cq (Wn Qt)'

Substituting into the risk-based capital constraint, we obtain

915__2 — o2+ Co (we, Or) ’
Oé2 ket Ca (Wt, 0,5) ’

so that

8 (Gt
ket Oé2 Ca (wt, Qt) '
We can further simplify the above expressions by substituting for Oy, O,, Ky, and ,. Notice
first that

Cq (wt, 9t) = Pkt (29twtpkt + 8 (1 - wt)) Ka (wt, 9t)
— BpiwOq (wr, 01) + P (1 — wi) 04
= Pt (20wwipre + B (1 — wy)) (Ko (wi, 0;) — Uﬁpﬁ,a)

+ Pkt {—% (20wt + B (1 — wt))2 + B8 (1 —w) Ua}

= Pkt <5 (1 - Wt) + 49twtpkt + ;(plkt—% (zetwtpkt + 5 (1 - Wt))) Oq
+ Prt {—% (20,wipre + B (1 — wt))2 + B8 (1—w) Ua}
_ Qngkt (1 C_Utwt> (20,wppe + B (1 — wt))z'

Similarly,

4
Co (OJt, 91&) = etwt (1 - etwt) o (Zt) (pit - m>

672
— Dkt (etwtpk:t + 8 (1 - Wt)) (? + UZ)

1 2
+ it (2010ipre + B (1 — wy)) (ICO (wi, 0;) — — —a+ Ja )\k)

Pt 2
— BprewiOo (wy, ;)
‘ 4
= Oy (1 — Owy) P (iy) (pit - m)

0—2
— pit (Orwrpre + B (1 — wy)) <# + 03)
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0wy

B (1= ) g (i) (1= )

Apribur \ 0,72
(B(1—w)+ Qetwtpkt>2
ﬁ (1 - Wt)
2

+ % (20,wpper + B (1 — Wt))Z (UZ + 9;—2) — Bpre (1 — wy) @ (i) Oy

- etwtpit (3 +

— 0 ipkt <9twtpkt +

Collecting like terms, we obtain

4
Co (Wm et) = Oy (1 - etwt) P (Zt) (pit - 2_)

P07
. 11—
- Bpkt (1 - Wt) etwtq) (Zt) <]_ — Ttetujt)
0,
+ _% (20wipre + B (1 — Wt))z — B (Owwepre + B (1 — Wt))}
0, P 4ppiOywy
T e (35 = )
+ Ungt (20,wipie + B (1 — wi))® = B (20,wpie + B (1 — wy)) }
_ 2P (81— wi) + 20,w,pie)?
@ 5 (1 — wt)
9;2 Dkt Wt 20 1 2
_?? 1—w (20,wipre + B (1 —wy))
2pk (20,wipre + B (1 — wy)) i (2o + 81— i) + 1= w
‘B 1—wy
Thus
Oras = _Co (we, )
Y Ca(wi, 6)

a? we (20wipr + B (1 — wy)) '

I.C.  Constant leverage benchmark

We begin by solving for the equilibrium dynamics of the intermediaries’ wealth share in the
economy. Recall that the capital held by the intermediaries is given by

kt = Hwth.
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Applying It6’s lemma, we obtain

dkt o dwt + th
Ky N Wi K,
= (:uwt + P (Zt) th — )\k) dt + Uwa,tdZat + Uw{,tdzg,t'
Recall, on the other hand, that intermediary capital evolves as

dk 4
k—t = (D (i) — ) dt.
t

Thus, equating coefficients, we obtain

Owa,t = 0
Owet = 0
Mot = ® (Zt) (1 — 90&)1/) .

Consider now the wealth evolution of the representative household. From the households’
budget constraint, we have

dwht o 0'2 1-— H_wt Wt (6_ — 1)
oy (rft — Pr Tt 5 dt + 11—, (dRkt — rpdt) + 1—w, (dRy — rpedl)

On the other hand, from the definition of w;, we obtain

dwpy _ d ((1 - Wt) PktAth)
Wht (1 - Wt) pktAth
. dpkt dAt th Wt dwt <dpkt dAt>

TR e
Dkt Ay K, 1—w w

e Ay
Equating coefficients once again and simplifying, we obtain
Oba,t = Oka,t

Ovet = Okt

T/ % _ +® (i)
HURbt = MRt " ( 7_ 1) Ph 5 D t

We now turn to solving for the equilibrium price of capital. The goods clearing condition in
this economy reduces to

o? -
Ph — o (1 - Wt) Pre = 1 — 10w

Substituting the optimal level of investment

. 1 ¢(2)¢% 2
= — — 1
1t ¢1 ( 4 pkt )
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we obtain that the price of capital satisfies

2
(Ph—%> (1_wt)pkt—]-_ Y <¢04 pkt 1)‘

Then the price of capital satisfies

0 = Owepi, + B (1 — wy) pre — (ewt + ¢1)

¢o¢2

or:

—B(1 —w) + \/52 (1-— wt)Q + fgé%t (éwt + qbl)

Pkt = 20—wt
Applying It6’s lemma, we obtain
_ d dpre \*>  dw d dw, 4 dw
Ozewtpit 2&+< pkt> +_t +6(1_Wt)pkt&_ 51%5 29 t-
Dkt Dkt Wt Dkt 1— ¢o¢

Equating coefficients and simplifying, we obtain

Okat = Oq

ng,t =0
2

1 o
frkg = — +a+ - — A
Dkt 2

® (ir) (1 — Ouy) ( 46 wy _— )
- — — Bpit + 0wy, | -
Pt (29thkt + 3 (1 - wt)) & okt

¢(2)¢% I —w
Finally, consider the equilibrium risk-free rate. Notice that

@ o d ((1 — itgwt) Ath)

Cy (]_ — itéwt) Ath
dAt th éwt di itéwt dwt éwt < . dAt>

- At Kt B 1-— ite_wt b 1-— i,ﬁwt U.)_t B 1-— ite_wt " Tt
and
( ot o
Ph — 7) 1 (p B T) dpk dpk 2
dip—a |2 L) A2 2_t+<_t> |
' B Pht ¢1 B Prt Pkt Pkt
Using



the risk-free rate is thus given by

o2 1 de 1 de
_ _ ¢ = il I e
e (ph 2 ) " tht { Ct } tht K Ct >]

U? 0'2 _
= (Ph__) +a— =4 (i) Owp — g

2 2
2§wtpkt 1 i A _ 0'2 itéwt
- — - —a— — | — ——— -
5 (1 — wt) HRiet Pkt F 2 1-— itewt'u !

B RISK-AVERSE INTERMEDIARIES

In this Section, we outline the economy with risk-averse intermediaries and the numerical
procedure for the equilibrium in the economy. We conclude by showing that empirical
regularities are born-out in this economy as well, albeit in a weaker form than with risk-
neutral intermediaries.

As before, we consider a continuous time, infinite horizon economy. Uncertainty is described
by a two-dimensional, standard Brownian motion 7, = [Z, th]' for ¢ > 0, defined on a
completed probability space (£2, F,P), where F is the augmented filtration generated by Z;.
There are three types of agents in the economy: (passive) producers, financially sophisticated
intermediaries and unsophisticated households. We further differentiate the financial inter-
mediaries into two types: bank (including dealers and investment banks) intermediaries and
non-bank (such as pension funds, insurance companies and mutual funds) intermediaries.
The structure of the economy is illustrated in Figure XII.

II.A. Production

There is a single consumption good in the economy, produced continuously. We assume that
physical capital is the only input into the production of the consumption good, so that the
total output in the economy at date ¢ > 0 is

)/t - Ath7

where K is the aggregate amount of capital in the economy at time ¢, and the stochastic
productivity of capital {A, = e*},., follows a geometric diffusion process of the form

da,t = ELdt ‘I— O-adZat'

The stock of physical capital in the economy depreciates at a constant rate Ax, so that the
total physical capital in the economy evolves as

th - ([t - )\k) tht,

where I; is the reinvestment rate per unit of capital in place. There is a fully liquid market for
physical capital in the economy, in which both types of financial intermediaries are allowed
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Figure XII: Structure of the economy
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to participate. We denote by pi:A; the price of one unit of capital at time ¢ > 0 in terms of
the consumption good.

II.B.  Financial intermediary sector

There are two types of intermediaries in the economy: the bank intermediaries, subject to
macroprudential policy constraints, and non-bank intermediaries, subject to a skin-in-the-
game constraint. The bank intermediaries represent the levered financial institutions, such as
commercial and investment banks and broker-dealers, in the economy, while the non-bank
intermediaries represent institutions such as hedge and mutual funds, pension funds and
insurance companies.

II1.B.1. Non-bank financial sector

The non-bank financial sector in our model corresponds to the financial sector of He and
Krishnamurthy [2012a,b, 2013|. In particular, there is a unit mass of risk-averse specialists
that manage the non-bank intermediaries (“funds”), with each fund matched to a single agent.
The fund managers are risk-averse, infinitely lived agents that evaluate consumption paths

{crt}so using
+oo
E [/ e " log Cftdt:| ,
0

where p is the subjective discount rate.

As in He and Krishnamurthy [2013], at every date ¢, each specialist is randomly matched with
a household to form a fund, creating a continuum of identical bilateral relationships. The
specialists execute trades on behalf of the fund in the capital and risk-free debt markets, while
the household only decides on the allocation between risk-free debt and the two intermediary
sectors. The match is broken at date t+dt, and the specialists and households are rematched.
Denote the specialist wealth at time ¢ by wy;, and by H; the household’s wealth allocation
to the non-bank intermediaries. As in He and Krishnamurthy [2012b, 2013|, we assume that
the non-bank intermediaries face a skin-in-the-game constraint when raising capital from
the households. In particular, for every dollar of specialist wealth invested in the fund, the
households only contribute up to m > 0 dollars, so that

Ht S muwge.

The constant m measures the tightness of the capital constraint faced by the specialists in
the economy.

Finally, the specialist can allocate the total intermediary wealth freely between the risk-
free debt and the existing capital stock in economy, with the total profits shared between
the households and the specialists in accordance to their relative contributions to the fund.
Assuming for simplicity that the specialist invests all of his post-consumption wealth in the
fund, the representative specialist solves

+oo
max |E [/ e "log cftdtl ,
{Cftﬂft} 0
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subject to the dynamic budget constraint

d
ST Gy (AR — 7 pedt) + 7 gt — Lt
’LUft ’LUft

where 6y, is the fraction of the fund’s equity allocated to the risky capital, 7 is the equilib-
rium risk-free rate and dRy; is the return on the existing capital in the economy

Aikpy d (khtpktAt)
ARy = 2 g SNVPRE) At v s ar - One 1A
\khtpktAt | Enipre A | 7 e S
dividend:rprice ratio capit;lrgains

with kj; the number of units of capital held by the funds. When 6, > 1, the fund holds a
levered position in risky capital. We have the following result.

Lemma 4. The specialists consume a constant fraction of their wealth

Crt = PWy,
and allocate the fund’s capital as a mean-variance investor

0, — MRkt — Tft
Jt— o2+ o2,
ka,t k&t

Proof. Introduce 65, to be the fraction of fund equity allocated to risky intermediary debt,

and let 0, =107 6 f,t]/ be the vector of portfolio choices of the fund at time t.
Define K = R x {0} to be the convex set of admissible portfolio strategies and introduce the
support function of the set —/C to be

d(x)=0(z|K) = sup <—§}x>

grek
. 0, if xry = 0
B 400, otherwise.

We can then define an auxiliary unconstrained optimization problem for the specialist, with
the returns in the auxiliary asset market defined as

e =T+ 0 (V)
ARy, = (fRkt + Vg + 0 (0)) dt + OpaedZat + Ope pdZe
dR;;t = (MRb,t + Vo + ) (7)) dt + O-ba,tdZat + O'bg,tdZ&g,

for each @, = [vy, vy) in the space V (K) of square-integrable, progressively measurable

processes taking values in K. Corresponding to the auxiliary returns processes is an auxiliary

state-price density
dny
U

== (rpe+0(@)dt — (flge — 7+ B) (0hy) " dZs,
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where

- MRt Okat OkeEpt = Lt
= ’ 7 o = ’ ’ ’ Z = .
fire { [tRbt } it { Tbas  Obe,t } t { Z }
The auxiliary unconstrained problem of the representative specialist then becomes

+oo
max [E [/ e "log Cftdt:| ,
Cft 0

subject to the static budget constraint

+oo
wyi = E [/ n;)Cftdt:| .
0

The solution to the original constrained problem is then given by the solution to the uncon-
strained problem for the v that solves

Uy = argn(l)in {25(1‘) + Ha}_%tl (fipe —7pe + ZE){ }2}
1=

= arg min HUI:Etl (fipe — 7yt + w)Hz
x1=0

Thus,

= | G
! — (prot —Tpe) |

Consider now solving the auxiliary unconstrained problem. Taking the first order condition,
we obtain

e Pt
[c]: 0=— =,
Cft
or
e Pt
Cpp = )
" g

Substituting into the static budget constraint, we obtain

+00 +00 o—ps e—rt
nywe = Ey {/ 77ngst:| = E, {/ ds] = —
t t

A

Thus

Cft = PWyt.
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To solve for the fund’s optimal portfolio allocation, notice that:

d v

N Wyt B
On the other hand, applying [t6’s lemma, we obtain

d(njwg) _ dny L dwpe | dwg dnf

nywyy nyo wp o wp

Equating the coefficients on the stochastic terms, we obtain

Or0 = (ORi0T) " (fige — 70+ T) .

I1.B.2. Bank financial sector

In addition to the specialists that manage the institutions in the non-bank financial sector,
there is also a unit mass of infinitely-lived, risk-averse bankers that manage the institutions
(“banks”) in the banking sector. The banking sector in our economy performs two functions
in the economy. First, the bank intermediary is a financially constrained institution that
has access to (a better) capital creation technology than the households and can thus in-
termediate between households and the productive sector, channeling funds from one to the
other to the benefit of both parties. Since the intermediaries have wealth of their own, they
serve another important function in the economy by providing risk-bearing capacity to the
households.

In particular, bank financial intermediaries create new physical capital (“projects”) through
capital investment. Denote by i;A4; the investment rate and by & (i;) A; the new projects
created per unit of capital held by the intermediaries. Here, ® (-) reflects the costs of
(dis)investment. We assume that ® (0) = 0, so in the absence of new investment, capi-
tal depreciates at the economy-wide rate A\;. Notice that the above formulation implies
that costs of adjusting capital are higher in economies with a higher level of capital produc-
tivity, corresponding to the intuition that more developed economies are more specialized.
We follow Brunnermeier and Sannikov [2012] in assuming that investment carries quadratic
adjustment costs, so that ® has the form

@ (i) = g0 (VI+ ris 1),

for positive constants ¢y and ¢;.

Unlike the non-bank intermediaries, the banks finance themselves by issuing long-term risky
debt to the households. To keep the balance sheet structure of financial institutions time-
invariant, we assume that the risky intermediary debt matures at a constant rate A\, so
that the time ¢ probability of a bond maturing before time ¢ + dt is \ydt. Notice that this
corresponds to an infinite-horizon version of the “stationary balance sheet” assumption of
Leland and Toft [1996]. The bonds pay a floating coupon CgA; until maturity, with the
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coupon payment determined in equilibrium to clear the risky bond market. Similarly to
capital, risky bonds are liquidly traded, with the price of a unit of intermediary debt at time
t in terms of the consumption good given by py A;.

We assume that the representative banker evaluates consumption paths {cy},, using

+oo
E [/ e "log cbtdt} .
0

Denote by w; the (inside) equity of the representative intermediary at date ¢ > 0, by k; the
intermediary’s holdings of capital and by b; the intermediary’s stock of debt outstanding.

Introduce
_ ktpk:tAt

Wy

0

to be the total leverage of the representative intermediary, and

btpbtAt

Wy

Op =

to be the ratio of long term debt to equity. Then, the value of inside equity evolves as

; .
W _ 0, (det — rpdt + <CI) (i) — Z—t> dt) — O (dRp — 7pedt) + 1 ppdt — %dt.
t

Wy Pkt

Here, dRy; is the return to holding one unit of intermediary debt

Cy+ XN —0 A d (bypp A
det = ( dt b tpbt) ¢ tdt + ( tPbt t) = MRb,tdt + Uba,tdZat + Obf,tdZEta
bipe Ay L bt Ay ,

dividend—price ratio capital gains

where 0, is the new debt issuance at time ¢. We assume that the banking sector cannot
participate in the instantaneous risk-free debt market, so that

Gt - 1+9bt-

Notice further that the excess return to holding capital from the viewpoint of the interme-
diaries also includes the net gain from investing in a new project, ® (i;), rather than buying
the corresponding capital stock in the market, i;/pg.

The key assumption of this paper concerns the funding of the banks. We assume that
intermediary borrowing is restricted by a risk-based capital constraint, similar to the value
at risk (VaR) constraint of Danielsson et al. [2011]. In particular, we assume that

1
Wy Z Oé\/% <k’td (pktAt)>2-

It should be noted that, since the banks are constrained, they create less new capital in
equilibrium than they would without regulation. The risk-based constraint can be micro-
founded using a moral hazard problem, as in Adrian and Shin [2010al; however, we abstract
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from the question of why the risk-based constraint exists in our economy.® Notice that this
risk-based funding constraint boils down to a time varying leverage constraint

1

[ 2 '
QN[O T Ohey

The value of inside equity of the representative banker evolves as

0y <

d .
— =4, (det — et +- <‘I) (ie) — Z—t) dt) — Oy (dRyy — 7 podt) + 7 pedt — Lt
Wi Pkt Wy
Thus, the representative banker solves
—+o00
max E [/ e " log cbtdt]
0

0t,0bt it ,Cpt
subject to the dynamic budget constraint

d .
—t =9, (det — Tpedt 4 <‘I) (i) — Z—t) dt) — Oy (dRp — 75edt) + 741t — St gt
Wi Prt Wy

the risk-based capital constraint

1

)
[ 2 2
Q[ Opar + Okey

0y <

and the adding-up constraint
Op = 60, — 1.
Lemma 5. The representative banker optimally consumes at rate
Cpt = PWy

and invests in new projects at rate

N
Zt—a( 4 pkt_l>'

While the capital constraint in not binding, the banking system leverage is

0 Ufa,t — OkatOba,t T 02@ — OketOpet — (#Rb,t - Tft) + <,URk,t +@ (Zt) - Iﬁ - Tft)
t — .

((Uba,t - Uka,t)2 + (ovet — Uki,t)2)

6An alternative interpretation would be in terms of a counterbalancing force to a government subsidy
(such as access to a better investment technology than other sectors of the economy) provide to the banking
sector. As pointed out in Kareken and Wallace [1978], government subsidies distort the risk-taking decisions
of banks, precipitating the need for government regulation of risk taking.
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Proof. Notice first that the investment choice, 7;, only enters into the budget constraint
directly. Thus, we can take the first order condition with respect to investment to obtain

¢ (it)l = pify

R
Zt—a(zlpkzt_ .

Consider now the optimal consumption and portfolio allocation choice of the representative
banker. As with the specialists, we rewrite the dynamic optimization as a static problem.
To make the derivation more concise, denote

or

fRkt = MRkt T (q) (i) — —)
~ ~ /
MRt = [ KRkt HMRbt } .

As in the previous section, let

1

[ 2 2
QN[O T Ol s

be the convex set of admissible portfolio strategies as date ¢, with the support function of
—K; given by

ICt: IGRQ T <

Jx2:1_‘r1

2 2
AN/ Oka Tkt

—Tg+ ——2=%L__ if 1 <9
ot (z) = .
+00 otherwise

and the barrier cone of —/C; by
f(: [ZE € R2|I1 S ZEQ} .
The auxiliary state-price density in this case is

dny

ny

= — (e + 0, (T,)) dt — (fige — 150+ T) (0y) " dZ,
where the optimal v; satisfies

v = argmin [25 (@) + ||ogt (Bre — 7pe) + JEQIHQ] '
zeK
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Denote the Lagrange multiplier on x; < x5 by 2¢;. Taking the first order conditions, we
obtain

1
_a o2 +a2 —1 _ ~ _ 1
) 2\/1 ka,tz kitl +2 (U;ﬁ) (URtl (,URt — Tft) + URtlil?) —+ 2q51 |: _1 :| = O,
AN/ Oha,t T 0hke s

or
1 o ;
o2 2 -1 + P () — L= —r
’lj;k _ O'RtO';%t - o Ulcla,t+‘7k§,t+1 + ¢10'Rt0';3t [ ) :| N |: HRE,t ( t)_ Tpkt ft :| '
A/ ffia,#ffﬁg,t HRb.t ft
Thus, if ¢; = 0, so that banks are at the risk-based capital constraint,

1 .
[ S— . is
Oéw/02a +o2 MRk,t_F@ ) — — — Tt
’17; = O-Rto'g%t ka,t T ket — |i ( ) Pkt I

L +1 IRbt — Tft

A/ Uia,ﬁ"ig,t

~ 1 1 2 2
— (Brkt —7pe) — | ——=— — 1) (Ove.tOhe.t + ObatOkat) + a\/ Tkat T Oke
AN/ Okat ket ’ ’

1

2 2 1
— (prot — 75t) — (Opuy + 0 — = — 1| + ———— (Obet0ket + Tba,tOkart)
! ( ba,t bg’t) Qq/ Ul%a,t+o-l%£,t Qy/ Uia,ﬁgig,t ¢ ¢

Otherwise, v} = v3. Solving for ¢;, we obtain

— (Bt — 7e) + (rbE — T 1) 1 (0be,tOhet + Tva,tOkat) — (Toay + Tpe)

+

+
((Uba,t — Uka,t)2 + (Opet — ng,t)2) Qs /gzat + o‘iét ((Uba,t — Uka,t)2 + (Oper — ng,t)Q)

Substituting into the equation for vj, we obtain

¢1 =

(o*;?a,t + aig,t) — (ObetTket + ObatTkart)
((Uba,t - Ulm,t)2 + (oper — ng,t)z)
(Uza,t + Uzg,t — (ObeOker + Gba,taka,t))
((Uba,t - Uka,t)2 + (et — ng,t)2)
(0be,t0he,t + ObaitOhat) — (T + Otes)

- ((O'b t — Ok t)2 + (O'bE t — Ok¢ t)2) (Jga’t ! Jz&t - (O-bg,to-k&t ! Jbaio_ka,t))
a, a, 5 5

vy = Vg = — ([Rkt — Tft)

+ (Obe tOke t + TbatOkart)

- (MRb,t - Tft)

Turn now to the solution of the augmented unconstrained problem. Analogously to the
specialists, the representative banker solves

—+o00
max E [/ e "log cbtdt]
0

Cobt
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subject to the static budget constraint

+o0o
wy = E {/ nfcbtdt] .
0

Taking the first order condition, we obtain

e Pt
. - vV
[Cbt] 0= - Ant ;
Cot
or
et
Cpt = i
A

Substituting into the static budget constraint, we obtain

+oo +00 e—Ps e~ Pt
n,w, = K, {/ ngcbsds} =E, {/ ds] = )
t t A

Ao

Thus

Cpt = PW¢.
To solve for the bank’s optimal portfolio allocation, notice that:
d (n;wy)
M Wy

On the other hand, applying [t6’s lemma, we obtain

= —pdt.

dloiw) _ dui | dwn  dw, di;
Ty Wy s Wy Wy M

Equating the coefficients on the stochastic terms, we obtain

9_; = (URtU%{t)_l (fipe — T+ Uy) .

When the bank is unconstrained, v; = 0 and the optimal portfolio allocation is

71 . it
O | _ Okat Oket Okat Obat frke + @ (1) = o= —rp 40y
— O Obat Obet Oket  Obet KRbt — Tt + V2
Ugaifaka,taba,t‘i’agg,t*Uk.g,to'b.f,t*(HRb,t*rft)‘F(HRk,t‘i’q)(it)*pii*rft)
2 2
- ((Uba,t—%a,t) +(Ub£,t_‘7k£,t> )

O'ka’t_O'ba,to'ka,z+0']%§Yt_0'b§,t0'k§,z+(MRb,t_7'ft)_ (MRk,t‘i'q)(it)_i Tft)

Pit —
((Uba,t_o'ka,t)2+(0b§,t_0'k§,t)2)
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Thus, while the capital constraint does not bind, the banks act as standard log-utility in-
vestors. In particular, since the optimal portfolio allocation does not include an intertemporal
hedging demand, the banking intermediaries do not self-insure against the possibility of the
capital constraint binding.

I1I.C.  Households

We model the household sector as a continuum of mass one of homogeneous, risk-averse
agents. The representative household is matched with the representative specialist to create
the representative fund. The representative household is exposed to a preference shock,
modeled as a change-of-measure variable in the household’s utility function. In particular,
we assume that the representative household evaluates possible consumption paths according

to
—+o00
E [/ e St log eydt| |
0

where ¢; is consumption at date t > 0 and pj, is the subjective discount rate. Here, exp (—¢&;)
is the Radon-Nikodym derivative of the measure induced by households’ time-varying pref-
erences or beliefs with respect to the physical measure. For simplicity, we normalize & = 0
and assume that {&},., evolves as a Brownian motion, uncorrelated with the productivity
shock, Z,, B

d¢, = oedZe.

The representative household finances its consumption through short-term risk-free borrow-
ing and lending, an equity stake in the representative fund, and holdings of risky bank debt.
Denote by m; the fraction of household wealth wy,; allocated to risky debt and by 7 the
fraction of household wealth allocated to the fund. The skin-in-the-game constraint for the
specialists implies that the household allocation to the fund is constrained by

Tt Wht < MW ft-

The households are also constrained from shorting either the fund or the risky bank debt.
Thus, the representative household solves

+00
max [E e St Prt og cudt | |
7rktC77rbt 0

t

subject to the dynamic budget constraint

d
S0 O (AR — 7 pedt) + 7o (AR — 7p0dt) + 1 pedt — —dit,
Wht Wht

the skin-in-the-game constraint
TEtWht < MW fts
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and no shorting constraints

e > 0
bpe > 0.

The household takes the portfolio choice 6, and the wealth of the specialists wy; as given
when solving for the optimal consumption plan and portfolio allocation strategy. We have
the following result.

Lemma 6. The households’ optimal consumption choice satisfies

of
Ct = | Pn — 7 Wht-

While the households are unconstrained in their wealth allocation, the households’ optimal
portfolio choice is given by

[ Tkt ] _ ({ eftaka,t 9ft0k§,t ] { eftaka,t Oba,t })_1 [ eft (MRk,t - 7"ft)

Tut Oba,t Ope t thng,t Obe t HRbt — Tft
-1
. 9ft01m,t Oba,t 0
OriOhes Over o
The household becomes constrained in its allocation to the fund sector when

2
O prw gt (OkatTbet — Oke tTbart) Oka,tOba,t T Oke tObet (
2 2 2 2
— Wit — W Tpat T Thet Tpat T Tbe s

HRbt — Tft)

MRkt — Tft = 2m1

(Ulm,tUbg,t - ng,tUba,t) (Uba,t - Ubg,t) o
2 2
Tpat T Tbet

Proof. Recall that the representative household solves

+0o0
max [E [/ e St Prt log ¢ydt | |
0

Tkt Tt
Ct

subject to the dynamic budget constraint
dU)ht Ct

= Wkteft (det - Tftdt> + Tt (det - Tftdt) + Tftdt - —dt,

Why Wht

the skin-in-the-game constraint

Wt
7-"kt§7n f7
Wht

and no shorting constraints

e > 0
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Tyt > 0.

Notice that the representative household takes the skin-in-the-game constraint as given. In
particular, denote the relative wealth of the specialist to be

W rt
Wy + Wt + Wht

L(.)ft =

and the relative wealth of the bankers to be

Wy

Wy = )
Wy + Wit + Why

so that the constraint can be represented as

T < mL
1— Wre — Wt

The representative household then takes wy; /(1 —wg —w;) as given in solving for the optimal
consumption and portfolio allocation rules.

The time ¢ convex set of admissible portfolio strategies is then IC; = Ry x[0, mwp /(1 — wp — wy)],
with the support function

o (2) = 0; (v Ky) = sup (—7'x)
Te:

m—wft

1— Wt — Wy

T11,,<0 + 00wal,,<p.

For future use, introduce also the barrier cone I@t of —IC; to be
let:{xGRQ: ZL’QZO}

We can then define an auxiliary unconstrained optimization problem for the household, with
the returns in the auxiliary asset market defined as

’I";it :Tft‘F(S(Q_J)t)
dth = (/J/Rk,t + vy + ) ('Ut)) dt + O'kaﬂgdZat + O-kf,tdzét
dR;))t = (IJ’Rbﬂf + vy + 0 (17,5)) dt + Uba,tdZat + Ubg,tdZ&,

for each ¥, = [vy; vy] in the space V (K) of square-integrable, progressively measurable

processes taking values in K. Corresponding to the auxiliary returns processes is an auxiliary

state-price density
dny
e

= —(rpe+ 0 (B)) dt — (fige — e+ 0) (05,) " dZ,,
where
— a > Za
fire = |:,uRk,t:|; P |:O—k:7t O_k§7t:|; 7, = [Zt}'
&t

HRb,t Oba,t Obgt
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The auxiliary unconstrained problem of the representative household then becomes

+o00
max E [/ e St ]og ctdt} ,
0

Ct

subject to the static budget constraint:

“+o00
wpo = E [/ nfctdt] )
0

The solution to the original constrained problem is then given by the solution to the uncon-
strained problem for the v that solves the dual problem

+oo
i E —&=pnty (AN dt ’
min, UO e i (Any) }

where @ (x) is the convex conjugate of —u (—x)

u(r) = SZl>1%) [log (zx) — zx] = — (1 + log x)

and A is the Lagrange multiplier of the static budget constraint. Extending the result of
Cvitani¢ and Karatzas [1992] for logarithmic utility to the case of a random rate of time
discounting, the optimal choice of v satisfies

Uy = arg min {26(x) + Hagtl (fpe — g+ ) + EEHQ}
paSy o

. w 1/ 2
= arg min {Qm#xllxﬁo + HURtl (Hre —rp+ ) + ZEH } ’
xEI@t 1 _Wft W

where

s=| o]

Taking the first order conditions and solving for the variables of interest, we obtain

L R Sy ; _ L 2
vy = {le_wﬁ_wt Ort (Bpe —7pe), i pree TftZle_wft_wt

. 9
0, otherwise

Oka,tOba,t + Oke tObet (

5 D) KRkt — Tre+ 1)
That T Oket

Ty = — ([rpt — Tpe) +

Consider now solving the auxiliary unconstrained problem. Taking the first order condition,
we obtain

e—St—pnt

] 0= — Ay,

Cy
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or

efétfpht

Ct = >
A

Substituting into the static budget constraint, we obtain

[ +00 y +oo e—ﬁs—PhSd e—St—pnt
N, wp = E / N5Cs s}zE {/ —s}:—
t t t . t \ A ( on — U§/2)

o¢
Ct =\ Php — 7 Wht-

To solve for the household’s optimal portfolio allocation, notice that:

Thus

d (W;jwht) _

1 1
Uf’wht —phdt — dft + §dft2 = (—ph + 502) dt — UgdZ&.

On the other hand, applying [t6’s lemma, we obtain

d(nfwn)  dny o G dwpy dwht dni’

M Whe Ny Wh Whe N

Equating the coefficients on the stochastic terms, we obtain

= (fire — T+ Ut)/ (O-;%tO-Rt) t— [0 1] URt
O

Thus, the households consume a constant fraction of their wealth, but at a slower rate than
they would if they were not exposed to the liquidity preference shocks, &. The households’
optimal allocation to capital has a intratemporal hedging component to compensate them
for exposure to the liquidity shocks.

II.D.  Equilibrium

Definition 2. An equilibrium in the economy is a set of price processes {Dit, Dot Tt} 50: O
set of household decisions {myt, bpt, Ct}tzo: a set of specialist decisions {ky, Cpi} s and a set
of intermediary decisions {ki, i, by, Cbt}tzo such that the following apply: -

1. Taking the price processes, the specialist decisions and the intermediary decisions as
given, the household’s choices solve the household’s optimization problem, subject to
the household budget constraint, the no shorting constraints and the skin-in-the-game
constraint for the funds.
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2. Taking the price processes, the specialist decisions and the household decisions as given,
the intermediary’s choices solve the intermediary’s optimization problem, subject to the
intermediary budget constraint, and the requlatory constraint.

3. Taking the price processes, the household decisions and the intermediary decisions as
given, the specialist’s choices solve the specialist’s optimization problem, subject to the
specialist budget constraint.

4. The capital market clears at all dates

kt -+ l{?ft == Kt~

5. The risky bond market clears

bt - bht'

6. The risk-free debt market clears

Wy + W + Whe = PreArKe.

7. The goods market clears

Ct + Cpt + Cft + Atktit = KtAt'

Notice that, in equilibrium, the stock of capital in the economy evolves as

t

We solve for the equilibrium as a function of the three state variables, 0;, w; and wg,. In
particular, notice that we can express all the other equilibrium quantities in terms of the
state variables and the sensitivities of the return to holding capital to output and liquidity
shocks, opes and ogey. We solve for these last two equilibrium quantities numerically as
solutions to the system of equations that

1. Equates 6, to the solution to the optimal portfolio allocation choice of the representative
bank;

2. Equates the equilibrium risk-free rate to the risk-free rate given by the specialists’ Euler
equation.

The other equilibrium quantities can be expressed as follows.

1. Equilibrium price of capital, pg, (from goods market clearing) and optimal capital invest-
ment policy, i;, (from bankers’ optimization) as a function of the state variables only;

2. From capital market clearing, fund allocation to capital, 6, as a function of the state
variables only;
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3. From debt market clearing, household allocation to debt, 7, as a function of state vari-
ables only;

4. From specialists’ optimal capital allocation, expected excess return to holding capital,
LRkt — Tft, as a function of the state variables and oy, and opey;

5. From the equilibrium evolution of specialists’ wealth, the sensitivities of the funds’ wealth
share in the economy, wy, to output and liquidity shocks, 0y4¢ and oy, as a function
of the state variables and oy, and oy y;

6. From the equilibrium evolution of the price of capital, the sensitivities of the bankers’
leverage to output and liquidity shocks, 0y, and oy, as a function of the state variables
and o, and ogey;

7. From the equilibrium evolution of bankers’ wealth, the sensitivities of the return to holding
risky debt to output and liquidity shocks, o4, and ou¢ 4, as a function of the state variables
and ope; and opey;

8. From the households’ optimal allocation to bank debt, expected excess return to holding
capital, gyt — 75, as a function of the state variables and oy, and oge ;

9. From the households’ optimal portfolio choice, household allocation to funds, 7, as a
function of the state variables and o4+ and oge ¢

10. From the equilibrium evolution of specialists’ wealth, the expected growth rate of special-
ists” wealth share, p, . as a function of the state variables and oy, and opey;

11. From the equilibrium evolution of bankers’ wealth, the expected growth rate of bankers’
wealth share, p,; as a function of the state variables and o4, and oge 4;

12. From the equilibrium evolution of capital, the expected growth rate of banks’ leverage,
o as a function of the state variables and oy, and oge 45

13. From the equilibrium drift of the price of capital, the risk-free rate 74 as a function of
the state variables and o, and oge ;.

Consider now the equilibrium outcomes from the model. Table V reports the coefficients
and the R? of the regression of broker-dealer leverage growth on lagged growth in implied
volatility in the data (first column) and in the model. For the model, we report the mean,
median, 5% and 95% realizations of the coefficients in a sample of 10000 paths. The paths
are simulated at a monthly frequency for 70 years, using the parameters in Table I. As is
the case for risk-neutral intermediaries, higher levels of return volatility (VIX in the data)
tend to precede declines in broker-dealer leverage. Next, in Table VI, we report the results
of regressing the growth rate of the share of intermediated credit on total credit growth,
showing the strong positive relationship in the model and the data. Finally, we show the
negative relationship between excess returns and lagged intermediary leverage growth in
Table VII. Thus, the empirical regularities we demonstrate in the model with risk-neutral,
constrained banks survive even when we introduce a second intermediary sector and allow
banks to optimally choose their asset allocations subject to regulatory constraints.
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Table V: Intermediary Leverage and Lagged Volatility Growth

Data | Mean 5% Median 95%
Bo | 0.01 0.00 -0.01 0.00 0.00
£ | -0.21 | -1.88 -5.08 -1.54 -0.21
R?| 0.05 | 0.21 0.01 0.20 0.46

NOTES: The relationship between the growth rate of leverage of financial institutions and the
lagged growth rate of implied volatility with risk-averse intermediaries. The “Data" column reports
the coefficients estimated using broker-dealer leverage growth as the dependent variable and the
growth rate of the Chicago Board Options Exchange (CBOE) market volatility index (VIX) as
the explanatory variable. The “Mean", 5%, “Median" and 95% columns refer to moments of the
distribution of coefficients estimated using 10000 simulated paths, with realized growth rate of
leverage, 0;, of the intermediaries as the dependent variable, and growth rate of total volatility

of the return on capital, ,/U]%a’t + aié’t, as the explanatory variable. (g is the constant in the

estimated regression, 3; is the loading on the explanatory variable, and R? is the percent variance
explained. Data on broker-dealer leverage comes from Flow of Funds Table L.129.

Table VI: Procyclicality of Intermediated Credit

Data | Mean 5%  Median 95%
Bo | -0.071 | -0.002 -0.017  0.000 0.012
51| 0.756 | 0.013 0.01 0.022  0.097
R? | 0.460 | 0.014 0.000 0.003 0.063

NoOTES: The relationship between total credit in the economy and the amount of credit extended
through the financial intermediary sector with risk-averse intermediaries. The “Data" column re-
ports the coefficients estimated using the growth rate of credit extended by financial intermediaries
to the non-financial corporate sector as the dependent variable, and the growth rate of total credit
to the non-financial corporate sector as the explanatory variable. The “Mean", 5%, “Median" and
95% columns refer to moments of the distribution of coefficients estimated using 10000 simulated
paths, with realized growth rate of capital held by intermediaries, k;, as the dependent variable,
and the growth rate of total capital in the economy, K;, as the explanatory variable. By is the
constant in the estimated regression, 3; is the loading on the explanatory variable, and R? is the
percent variance explained. Data on total credit to the nonfinancial corporate sector and the share
of intermediated finance come from Flow of Funds Table L.102. Data on broker-dealer leverage,
equity, and assets come from Flow of Funds Table L.129.
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Table VII: Excess Returns and Intermediary Leverage

Data | Mean 5%  Median 95%
Bo | 0.118 | 0.044 0.025 0.045 0.062
5p | -0.310 | -0.058 -0.224 -0.030 -0.003
R? | 0.167 | 0.024 0.001 0.019 0.065

NoTEs: The relationship between excess returns and lagged broker-dealer leverage growth with
risk-averse intermediaries. The “Data" column reports the coefficients estimated using the quarterly
return to holding the S&P Financial Index as the dependent variable, and lagged annual broker-
dealer leverage growth as the explanatory variable. The “Mean", 5%, “Median" and 95% columns
refer to moments of the distribution of coefficients estimated using 10000 simulated paths, with
realized quarterly excess return to holding capital, dRy; as the dependent variable, and lagged
annual intermediary leverage growth, df;, as the explanatory variable. [5; is the constant in the
estimated regression, 3; is the loading on the explanatory variable, and R? is the percent variance
explained. Data on broker-dealer leverage come from Flow of Funds Table 1..129 and that on the
return to the S&P Financial Index from Haver Analytics and Barclays.
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