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Abstract

This paper considers nonparametric identification of nonstationary dynamic discrete choice
models when the agent’s time horizon extends beyond the length of the data. We show
conditions under which flow payoffs are identified subject to standard normalizations and,
when the payoff function does not depend directly on time, show identification even when the
time horizon extends beyond the length of the data. We further establish identification for
a class of nonstationary dynamic discrete choice games and show how the nonstationarity of
the problem can be helpful in unbundling the agent’s state-specific payoffs from the expected

payoffs where the expectation is taken over the actions of the agent’s competitors.
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1 Introduction

In this paper we consider identification of dynamic discrete choice models when the environment
is non-stationary, analyzing both single and multi-agent settings. Further, we consider cases where
individual’s are forming expectations about events far beyond what is seen in the data and the
researcher is unwilling to make assumptions about how expectations are formed in time periods
beyond what is seen in the data.

Our identification results build on the insight of Arcidiacono and Miller (2011) who note that
future payoffs can be represented as flow payoffs for any decision rule over the full time horizon
plus correction terms that only depend on the conditional choice probabilities. By exploiting
the structure of the model, a clever choice of which decision rule to write the future value term
with respect to can result in the future value term—or differences in future value terms across two
choices—only depending on a few period ahead conditional choice probabilities and flow payoffs.

For a particular class of models, we show identification, subject to standard normalizations, of a
set of non-stationary flow payoff functions (i.e. the flow payoff depends directly on t) even when the
length of the panel is shorter than the time horizon. The class of models includes renewal problems
such as in Rust (1987) or games where there is an exit decision. Hence, with a short panel we are
able to obtain identification of a class of non-stationary dynamic games.

In cases where the flow payoff function does not depend on time directly but only through the
state variables, we are able to show identification for a much larger class of models, again even
when the time horizon extends beyond what is seen in the data. Here the non-stationarity occurs
either because the transitions of the states depend on time or because the time horizon is finite.

Indeed, our results suggest that non-stationarity can serve as an aid in identification when the

model obeys certain properties. We show, for example, that in some cases the flow payoff for one



choice in one state needs to be normalized as opposed to the flow payoff for one choice in all states.

We further consider identification in non-stationary dynamic games, first considering identifi-
cation of expected payoffs of a particular choice where the expectation is taken over the actions of
the agent’s competitors. Here too finite dependence is helpful in establishing identification and we
show how to obtain finite dependence paths in games. Further, we show how nonstationarity aids
in unbundling state-specific payoffs from the expected payoffs.

The rest of the paper proceeds as follows. First, we consider the single agent setting, covering
both cases where the full time horizon is seen in the data and other cases where the time horizon
goes beyond the observed data. We show identification results in this latter case when there is
either a terminal or a renewal action or when the flow payoff function does not depend directly on
time. Next, we cover games and show how to recover finite dependence paths and how these finite
dependence paths facilitate identification of expected payoffs. Finally, we show nonstationarity can

aid in the unbundling of state-specific payoffs from expected payoffs.

2 Framework

We first develop the framework for single agent case, following closely Arcidiacono and Miller (2011)
section 3. In each period until 7', for T" < oo, an individual chooses among J mutually exclusive
actions. Let d;; equal one if action j € {1,...,J} is taken at time ¢ and zero otherwise. The current
period payoff for action j at time ¢ depends on the state x; € {1,..., X}. If action j is taken at
time ¢, the probability of x;;; occurring in period ¢ + 1 is denoted by fji(ze41|z:).

The individual’s current period payoff from choosing j at time ¢ is also affected by a choice-
specific shock, €;;, which is revealed to the individual at the beginning of the period t. We assume

the vector ¢, = (eyy, ..., €s) has continuous support and is drawn from a probability distribution



that is independently and identically distributed over time with density function g (¢;). We model
the individual’s current period payoff for action j at time ¢ by w;(z;) + €.

The individual takes into account both the current period payoff as well as how his decision
today will affect the future. Denoting the discount factor by § € (0, 1), the individual chooses the
vector dy = (dyy, ... ,d ;) to sequentially maximize the discounted sum of payoffs:

T J
b {Z > B 7 s [uge(we) + €] } (1)
t=1 j=1
where at each period ¢ the expectation is taken over the future values of x4, 1,..., 27 and €41, ..., €r.
Expression (1) is maximized by a Markov decision rule which gives the optimal action conditional
on t, ¥;, and €. We denote the optimal decision rule at t as d7(z, ¢;), with jth element df,(z:, ).
The probability of choosing j at time ¢ conditional on xy, p;¢(z), is found by taking df, (v, ¢;) and
integrating over €;:

piu(y) = / &, (@0, e0) 9 (cr) de 2)

We then define pi(z¢) = (p1e(24), ..., pse(z:)) as the vector of conditional choice probabilities.
Denote V;(z;), the (ex-ante) value function in period ¢, as the discounted sum of expected future
payoffs just before ¢, is revealed and conditional on behaving according to the optimal decision rule:
T J
) = B Y3 o e )|
7=t j=1
Given state variables x; and choice j in period t, the expected value function in period ¢t + 1,

discounted one period into the future is:

X
ﬁ Z V;s+1($t+1)fjt ($t+1|$t)

Tr41=1



Under standard conditions, Bellman’s principle applies and V;(x;) can be recursively expressed as:

Vi(zy) = {Z (24, €) [th(ﬂft) +ei+ 8 Z Vi 33t+1)fgt ($t+1‘xt)] }

Tt41= 1

= Z/ (7€) lugt(l’t)JrthJrﬁ Z Vi (@) e (xt+1|$t)] (€¢) deq (3)

Tt4+1= 1

where the second line integrates out the disturbance vector ¢;. We then define the choice-specific
conditional value function, v;.(z;), as the flow payoff of action j without €;; plus the expected future

utility conditional on following the optimal decision rule from period ¢ + 1 on:!

X

vjt(@e) = wje(w) + B Z Vigr(Tee1) fie (veqa|2e) (4)

Tyr1=1

3 Identification in Single Agent Settings

Let 7 < T denoted the date the panel ends. We differentiate between two scenarios. When
T =T < oo, or when T' = oo and the environment is stationary, we extend the results of and
Thesmar (2002) and Pesendorfer and Schmidt-Dengler (2008), who analyze identification when the
conditional choice probabilities are known. Identification when 7 < T < oo, or T' = oo and the
environment is nonstationary, is trickier. In this case the method of solving and imposing the
solution of the underlying discrete choice problem on the data generating process is not feasible
without making strong parametric assumptions about features of the framework that affect the
flow payoffs and state variable transitions between dates 7 and 7. We show, however, that the
model is partially identified under much weaker assumptions involving specializations of the finite
dependence property.

We adopt several normalizations commonly made in the static and dynamic discrete choice

literature. Since only choices are observed rather than utility levels, we normalize the flow payoff

'For ease of exposition we refer to v;(x¢) as the conditional value function in the remainder of the paper.



function for one of the choices to zero in every time period, setting uy(x;) = 0 for all x; and ¢.2
Absent observations on utility, we also assume the distribution of the transitory vector of shocks,
G (€), is known. Finally because the time-subscripted utility functions depend in an unrestricted
way upon the time period, the subjective discount factor 8 must also be normalized.?

Our identification results follow from the representation theorems given in Arcidiacono and
Miller (2011). Lemma 1 of Arcidiacono and Miller (2011) shows that the value function given in
(3) can be expressed as a function of the conditional choice probabilities, p;(z;) and one conditional
value function, vj(z¢). Specifically they show the there exists a real-valued function ; for every
j€{l,...,J} such that:

Vjlpe(we)] = Vi) — vje(z) (5)

Substituting (5) into the right hand side of (4) we obtain:

V() = uje(2e) + B8 Z [Wkt1 (Teg1) + Un [Per (eg)]] fie (Teqa]me) (6)

Tep1=1

Equation (6) shows that the conditional value function can be expressed as the flow payoff of the
choice plus a function of the one period ahead conditional choice probabilities and the one period
ahead conditional value function for any choice.

Arcidiacono and Miller use this result to show that the value function can be expressed as a
function of the flow payoffs associated with any decision rule that covers period ¢ to T" plus functions
of the conditional choice probabilities. Consider a sequence of decisions from ¢ to T'. The first choice

in the sequence is the initial choice j which sets d,(z¢,j) = 1. For periods 7 € {t + 1,..., T}, the

2As noted by Pesendorfer and Schmidt-Dengler (2008, page 913), in some situations, such when a firm exits
an industry, the future value of the choice to exit may be known, providing an empirical justification for the

normalization.

3Later in the paper we show how exclusion restrictions can be used to recover 3 and components of the utility

levels of the normalized choice.



choice sequence maps x, and the initial choice j into di(z.,j) = {d} (z+,7),...,d5 (z+,5)}. The
choices in the sequence then must satisfy df_(z,,7) > 0 and 3.7_ di (z,,j) = 1. Note that the
choice sequence can depend upon new realizations of the state and may also involve mixing over
choices.

Now consider the probability of being in state x,,; conditional on following the choices in the

sequence. Denote this probability as x¥(x,11|z, ) which is recursively defined by:

) _ fit(zes1|ze) forr =1t
K’T($7+1’$t7]) = (7)

X J o . . .
fozl > ket ir (@3 J) Jrr (@rga|zr )R (2r|2e, §) for 7 =t+1,...,T

The future value term can now be expressed relative to the conditional value functions for the
choices in the sequence. Theorem 1 of Arcidiacono and Miller (2011) shows that continuing to
express the future value term relative to the value of the next choice in the sequence yields an

alternative expression for v;(x;):

T J X
th(xt) = ujt 1) + Z Z Z s t [Ur (77) + Yr[pr (27)]] i (27, )Ry (27|24, ) (8)

Note this expression holds for any decision sequence. It is this representation that we exploit in
showing identification.

Before doing so, however, we slightly relax Theorem 1 of Arcidiacono and Miller (2011). Namely,
the only requirement we place on dj_(z,,7) is that zgzl di (x;,j) = 1. That is, we can place
negative weights on particular choice paths so long as the sum of the weights equals one in every

time period.

Lemma 1 vj(z;) can be expressed as in (8) for all decision sequences such that Z;q]:1 di (xr,7) =1

for all 7.

As shown below, applying negative weights can be useful in establishing identification for some

problems.



3.1 When the setting is stationary or 7 =T

Building on the results of Magnac and Thesmar (2002), we begin by showing how to recover
flow payoff functions when the sampling period is the same as the horizon or when the problem is
stationary. Theorem 2 and Corollary 3 of Magnac and Thesmar (2002, pages 807 and 808) establish
exact identification of the differences in conditional value functions when T is finite. An equivalent
result holds for the identification of flow utilities. Let dj_(z,) = 1 for all 7 in equation (8) and

subtract vy, (z;) from vj(z;) to obtain:

T X

th(It) —v(zy) = th(xt) + Z Z 577%/’1 [pr ()] [’1:71(%’@7]') — Ky (wr |z, 1)} (9)

T=t+1z,=1

An alternative expression for this difference can be obtained by differencing the expressions for

1 (x,) and 9 (x;) given in equation (5):

vje(@e) — vie(@1) = Yi[pe(e)] — jlpe(e)] (10)

As shown in Theorem 1 below, the two expressions for v, (z:) — v14(2:) can then be used to
form expressions for wj(z;) as a function of the transition probabilities, the conditional choice
probabilities, and the discount factor. Further, Theorem 1 shows how the problem simplifies in
the stationary case where the time subscripts are dropped from the flow payoffs and the transition

functions and when the time horizon is infinite.

Theorem 1 For all j, t, and x,, the flow payoff uji(z:) can be expressed as.

wir(@) = ilp(@)] — Wlpe(x)] + D Y BT Wl ()] (K (|, 1) = K5 (2|2, )] (1)

T=t+1 xz,=1

When the environment is stationary, let T denote the X dimensional identity matriz and define

u;(1) fi) o £ (X Y5[p(1)]
u; = : , Fi= : : 7

u;(X) LX) o f(X]X) _%[P(X)]



Then [Z — SJF] is invertible and for all j:
w =V — U+ B(F - F)I- BRI ¥ (12)

Given the assumptions made at the beginning of this section regarding the state transitions,
conditional choice probabilities, the discount factor, and the distribution of the structural errors,
everything on the right hand side of both (11) and (12) is known and, therefore, both systems
are exactly identified. However, by putting further structure on the flow payoff function, the error

distribution can be made more flexible and the discount factor may be identified.

3.2 When the setting is nonstationary and 7 < T

When no data on choices or state transitions are available for the last part of the lifecycle, the
expressions derived above cannot aid identification, because there are no conditional choice proba-
bilities or transition functions past 7. In this section we show two cases where it is is possible to
recover the same flow payoffs as in section 3.1 until time 7 — 1. We then show for an expanded
class of models that it is possible to recover flow payoffs when the flow payoff function does not

depend on time directly, but only through the values of the states.

3.2.1 Renewal and terminal choices

The first case where identification can be restored for payoff functions until 7 — 1 is when there is a
terminal choice—a choice where no future decisions are made. Normalize the payoff of the terminal
choice to zero. Since the value function can be expressed relative to the conditional value functions
for one of the choices plus a function of the conditional choice probabilities, we can express the value
function relative to the conditional value function of the terminal choice. But since the terminal
choice has no future component, the conditional value function is zero.

9



A second case occurs when there is a renewal action, an action which, when taken, resets the
states that were influenced by past actions. An example is the bus-engine replacement problem
in Rust (1987). Replacing the engine resets the bus mileage regardless of when the engine was

replaced previously. Labeling the renewal action as action 1, a renewal action at ¢ + 1 satisfies:

X X
Z f1,t+1($t+2|xt+1)fjt(33t+1|$t) = Z fl,t+1(xt+2‘xtJrl)fj’t(xtJrl‘xt) (13)
Tpr1=1 rpr1=1

for all z; and all {7, 5’} € [1,..., J].
We normalize the flow payoff of the renewal action in each time period to zero. Expressing the
future value term for the flow payoff at time ¢ for action j relative to the renewal choice implies (4)

can be written as:

X
vje(@) = wje(w) + B Z [Wies1 (1) + 1 P (@er)]] fie (2o |2e) (14)
Tip1=1
X X
= uj(z) + Z V1 [pegr(we41)] + Z BViva(weq2) freo (Teqalvea) | fie (Tea]ae)
Tr+1=1 Tr42=1

Expressing vy;(x;) in a similar way implies that the period ¢+ 2 value function on the right hand
side of (14) will enter in the same way in the two expressions. Differencing the two expressions,

rearranging terms, and substituting in for v;(x;) — vi,(z¢) with (10) yields:

wir(ze) = Yalpe(n)] = o)) + D Bebilpear (ween)] [Fus(weialan) = fie(zealz)]  (15)

Ti41=1

Given known functional forms for 1, the conditional choice probabilities through 7, and 3, the
flow payoffs up until 7 — 1 are identified. The reason the flow payoffs for 7 are not identified is
that we need the one-period-ahead conditional choice probabilities and the data only extend until

T.

FExample 1: FExclusion restrictions and identification of 8

10



Note that identification at this point has not relied on the presence of exclusion restrictions:
the same variables that affect the transitions of the states also affect the flow payoffs. Suppose we
can partition the state vector x into a set of variables that affect both the flow payoffs, z;, and
a set that affect both the flow payoffs and the transitions, x,. In this case, we can use exclusion
restrictions to potentially identify discount factor or the normalized flow payoffs as in Norets and
Tang (2012). Here we show that when an exclusion restriction is present and there is a renewal
choice, there is a closed form expression for 5 and f is over-identified.

Consider the set of individuals whose state variables at time ¢ have the same values of zy;. Now
consider two different values of xy, 24 and x5. Differencing (15) across the two different values of
Zop yields:

X
0 = dilp(an,25)] — Gilp (e 25)] + D Brlpea (@) [fre(wealwn, 25) = fi(@malz, 25)]

Te41=1

X
+ Uilp(@re, o)) — i [pe(ww, 25)] + Z B (@41 [fie(@a| @, a5) — fu(ze e, 25)

Tp1=1

Solving for 3 yields:

B = Py [pt(xlta 5U§t)] - wj[pt(xluﬂf?t)] + wj[pt(xlta wi)] — [pt(xltaxg)]
Ziﬂzl (0 [Pt+1($t+1)] [fjt(xt+1’xlt7 9C§4t) - flt(xt+1’x1t7 mzAt) + flt(xt+1|$1ta %B;) - fjt($t+1|$1t, 955:)]
(16)

3.2.2 Under-identification and stability of the payoff function

Absent a renewal or terminal choice, we cannot establish identification of the flow payoffs for the
first 7 — 1 periods. However, we can describe the degree of under-identification. In particular,
similar to Magnac and Thesmar (2002), we show under-identification relative to the value function
at T+ 1.

Given that we do not see state transitions and conditional choice probabilities after 7, we

11



express u;; as in (11) relative to choice 1 (the normalized choice) for the first 7 periods and then

use the value function at 7 4 1. This leads to the following expression for w;:

uje(v) = V1[pe(xe)] — Vylpe ()] Z Z BT "1 [pr ()] [y (wr]ae, 1) — K5 (24|24, )]

T=t+1 xr=1
X
+ Y Vealera)l s (@rale, 1) — 65 (e, )] (17)
$T+1:1

Note that is is the last term that leads to under-identification, the degree of which is specified in

theorem 2.

Theorem 2 Given 3, G(e¢) and uy(x;) = 0 for all t and x;, the degree of under-identification for

the first T flow payoffs is at most X — 1.

Progress can be made, however, when the payoff function is stable over time, u;(z) = ujy(2)
for all ¢, ¢ and for all j € [1,...,J]. In this case the non-stationarity comes from either the state
transitions or the time horizon.

To illustrate the nature of identification in the case where there are incomplete histories, suppose
there are only two choices each period, and the data covers two periods, ¢t and t+1. We now assume
Uge () = Ugpy1(x) = ug(x) for allxz € {1,..., X} and adopt the normalization uy(z) = w1 (z) = 0.

Applying Theorem 1 to the second period:

us(z) = Yr[pes1()] — Yolpesa ()] + Zﬁvza ) e (2]2) = forga (2] 2)]

z’'=1

= 1 [pt+1($)] % Pt+1 + Z 5‘/Q+2 f1t+1( /‘35) - f2t+1(33/‘$)] (18)

12



Applying Theorem 1 to the first and second periods:

u(z) = ilpe(w)] — alpi()]

+ > B pe (@) [fue(@|2) = farla'|2)] + Y B Viga(@') [w7p (@], 1) = w7y (2], 2)]

z'=1 z'=1

= 1[pe(x)] — a[pe(7)]

X-1 X—1

(19)

+ Y Bpe ()] ful@|e) = farl@[0)] + Y BVisa(a') [y (2], 1) — K74 ('], 2)]

z’'=1 =1

Subtracting the first equation (18) from the second (19) yields:

U1[pear (#)] — Pa[praa (2)] + Z BVir2(2) [fr41(2']2) = forsr (]2)]

X-1

= Uilpu(@)] — Yolpe(a)] + Z B [pea ()] [fr(@']x) — for(2|x)]

=1

+ Z B Vo (z "‘ft+1( o', 1) — ki (2|2, 2)}

for each x € {1,..., X}, and collecting terms:

Z Via(z 5f1t+1( "|£) — B forr (2']x) — ﬁsz+1(x’|x, 1)+ 52“:+1($/|377 2)]
= [Pt(fv)] — Ya[pi ()] — 1 [pera ()] + Pa[pri (7))
+ Z Bi[pa ()] [fre(x ’33) - f2t($,‘x)]

13



We write the X — 1 dimensional vectors:

fa(@'[1)]

D]+ alprsr (X = 1)]

Visa (1)
Vipo =
Viga (X — 1)
Uilpe (1)] = dolpe (1)] = r[pers (1] + P2[pera (1)]
+ Zi(/: B [pesa ()] [fuu(2']1) —
U =
wl[pt (X - 1)] - 1?2[2% (X - 1)] - wl[ptﬂ (X -
+ Z§:1 Bibi[pea ()] [fre(2'[X = 1) —

and the X dimensional square matrix:

AGD o ALXED

A
Il

AX-L) A(X-1,X-1)

where:

far ('] X = 1)]

A = [5f1t+1( "|z) — 5f2t+1(95/|x) - 52’f:+1($/|$7 1)+ 52“:+1($/|x= 2)]

In matrix form now:

U= AVips

so if A is invertible

Viga = A7'U

and hence

us(z) = 1[pes1 ()] — Yolprsa (z +Zﬂ‘/¥+2 [fre41(2]2) = farr(2]2)]

= Ulpra(2)] — Yalpri (2 Z B (Fiz — Foy) A




where
Fiow = (fjtr1 () ... fie1(X = 1]))
So the question of identification turns on the invertibility of A. Note the elements of A are solely

mappings from the transitions, model primitives, not conditional choice probabilities.

3.2.3 Finite dependence

While identification may be achieved in non stationary models where the flow payoffs are stable,
establishing identification may be impractical due to having to invert a matrix with dimension
equal to the size of the state space. We next consider a class of models that satisfy an expanded
version of the finite dependence property of Arcidiacono and Miller (2011). We show that exploiting
the finite dependence property can often make it much easier to establish identification as well as
showing how to construct finite dependence paths.

Recall that Arcidiacono and Miller (2011) Theorem 1 established that the future utility term
could be expressed as a sequence of flow payoffs from any decision rule plus a function of the
conditional choice probabilities. Lemma 1 expanded the decision rules such that the weight on a
particular choice in a particular state could be negative as long as the sum of weights on all choices
conditional on a particular state sum to one.

Consider two sequences of decision weights, one that begins with choice ;7 and the other with
choice j'. We say that the pair of choices {j,j'} exhibits p-period dependence at state x; if there

exists sequences of decision weights from j and j’ such that:

’fr+p(l’t+p+1 |24, ) = ’i:+p+1(xt+p+1‘xt7 ) (20)

for all @4, ,41. That is, the probabilities of being in each state are the same across the two paths
after p periods. Under finite dependence, and assuming stability of the payoff function over time,

15



u;(x;) can be expressed as:

t+p J X

uj(w) = vilp(e)]=¢sloe)]+ D > > B funlar) + wulpr (e} [R5 (2|2, §) — w3 (e, 1))
T=t+1 k=1 =1

(21)

We then have the following identification results:

Theorem 3 If there there exists decision sequences for all pairs choices {1,75}, 7 € [2,...,J] and
for all zy, such that for some p (20) holds, then u;(x;) is identified for all j > 1 and all x; subject

to a rank condition when T > p.

Corollary 4 If there exists decision sequences for some pairs of choices {1,7}, 7 € [2,...,J] and
for all z; such that for some p (20) holds and the decision sequences only include choices where there
exists sequences such that (20) holds for p, then the flow payoffs for those choices are identified for

all z; subject to a rank condition when T > p.

The first corollary establishes that when all choices exhibit finite dependence relative to choice
1 then all flow payoff terms can be covered if a rank condition is satisfied. The second corollary
states that identification of some of the flow payoff terms can be achieved even if all choices do
not exhibit finite dependence relative to choice 1. Namely, if the finite dependence paths for the
choices do not involve the choice where there is no finite dependence path, identification of the flow
payoffs for choices that do have finite dependence paths is preserved.

Note that, in contrast to previous examples, flow payoff terms are on both sides of (21). Note
further that there are (J — 1) x (T — p) x X equations but only (J — 1) x X unknowns. Hence, if
a rank condition on the equations is met and conditional on one flow payoff being normalized, the

remaining flow payoff terms may be recovered. Further, since the number of equations exceed the

16



number of unknowns, it may also possible to parameters such as the flow payoffs of the normalized

choice for some states, the discount factor, or the correlation patterns of the structural errors.

Example 2: Identification in a non-stationary search model

To illustrate how non-stationarity helps with identification as well as showing how negative
weights are useful in obtaining finite dependence, we consider a simple search model. In each
period t, t € [1,...,T] an individual receives a job offer with probability \. When the individual
receives an offer, he can either stay home or accept the offer, di; = 1 and dy; = 1 respectively. The
value of the offer depends on the experience of the individual, x € [0,..., X]. If the individual
accepts the offer, his experiences increases by one unit with probability 7; > 0 and remains at
the current level otherwise. Jobs last only one period so the dynamics of the model come strictly
through experience.* An individual who does not receive an offer must set dy; = 1. As above, we
assume that w;(x;) = u;(x;) for all .

This example satisfies the finite dependence property but not through a renewal action. Consider
the sequence of choices doy = 1, d1;11 = 1. Note that this sequence of choices is feasible because
the option of staying home is available regardless of whether the individual receives an offer. Now
consider the sequence beginning with d;; = 1. With probability (1 — A) the individual must choose
dyt+1 = 1. However, we can line up the probabilities of each experience level across the two paths
by weighting do; 41 = 1 by m1/(Am41) along the path where the offer occurs. Note that this weight
can be greater than one, implying a negative weight on dy;;; = 1 along the path where an offer

arrives at t + 1. Using these finite dependence paths, we show that the flow payoff for only one

4The example can easily be extended to the case where the individual can choose to stay with his current job.

We focus on the simpler case here for ease of exposition.
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state-choice combination needs to be normalized. Hence, not only does a finite dependence path

exist, but the non-stationarity results in baseline utilities being recovered for all states but one.

Theorem 5 Given conditional choice probabilities pj;(x,) forallj, t € [1,...,T] andx, € [0,..., X],
gwen the distribution of the €’s and 8, and setting uy(0) = 0, w;(x) is identified for all j, x, as long

as T > 2 and m # mp for some pair {t,t'} € [1,...,T].

The intuition behind the proof is that we can consider two individuals with the same values of x
but in different time periods. By writing out the finite dependence paths for the two time periods,
we can see that the two equations are not redundant and can solve for closed form expressions of the
payoffs for every state-choice combination subject to normalizing the payoffs for one state-choice

combination to zero.

3.2.4 Establishing Finite Dependence

In the previous section we established identification conditional on finite dependence holding. Here
we establish conditions under which finite dependence holds for a pair of choices {j,j'}. In the
process, we also show simple ways of checking for finite dependence.

Define K, (7, ;) as an N’ ,(j,x;) vector containing the probabilities of transitioning to each of
the N* ,(j,z;) attainable states given the choice sequence beginning with j and state z;. Denote

Dj_.1(j) as a vector giving the weight placed on choice k € [1,...,J] for each of the N, ()
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possible states at t + 1. Let D.41(j) be a (J — 1)N-41(j, ;) vector defined by:

D>2kf+1 (j7 xt) o ’CT (.]7 'rt)

DT+1(j) = D;:IT-‘,—I(j’ $t> o ICT(j? mt)

| Dja() oK Gim) |
where o refers to element-by-element multiplication.

Denote Fjr41(j) as an Ny41(j) x (N} , — 1) which gives the probability of transitioning from
each of the N.11(j) attainable states given initial choice j to the N’ , —1 attainable states at 7+ 2
given either initial choice j or j'. Define F,11(j) as an (N, —1) x ((J — 1) N;4+1(j)) matrix given

by:

F2’r+1(j) - F17'+1(j)

Fre1(d) = | Firai(j) — Fira(j)

FJT+1(j) - F17'+1(j)

Theorem 6 If the rank of | F_. (j,2,) —Fr(j,a0) | © Niyo — 1 then finite dependence can

be achieved in T —t + 1 periods.

The proof for Theorem 6 shows that the N, , — 1 system of equations we need to solve can be

expressed as:

Dris (‘7’ xt) ./ T Ny . T :
.FTJrl(j, fﬂt) —.F7-+1(j/, xt) - F17-+1(j 7xt) ’CT(j 7xt) - F17—+1(]7 xt) ICT(]? xt)

DT+1(j/7 xt)
(22)
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4 Games

4.1 Multi-agent framework

In the games setting, we assume that there are I players making choices in periods [1,...,7],
T < oco. The systematic part of payoffs to the i player not only depends on his own choice in period
t, denoted by d; @ = (d;), . ,df]iz ) , the state variables z;, but also the choices of the other players,
which we now denote by dgfi) = <d§1), e ,dgifl), d§i+1), e ,dgl)). Denote by UJ(? (xt, d( )) + e(l)
(i)

the current utility of agent ¢ in period ¢, where €

4 1s an identically and independently distributed

random variable that is private information to the firm. Although the players all face the same
observed state variables, these state variables will affect each of the players in different ways. For
example, a characteristic of player ¢ may affect the payoff for player ¢ differently than a characteristic
of player i’. Hence, the payoff function is superscripted by i.

Players make simultaneous choices in each period. We denote P, ( ) |xt> as the probability
firm 7’s competitors choose di_i) at time ¢ conditional on the state variables x;. Since egi) is
independently distributed across all the firms, P, (dg_i) \xt> has the product representation:

P, (dﬁ‘“ |xt) = H (Z G ) (23)

i'=1 \j=1
i'#i
We impose rational expectations on the player’s beliefs about the choices of its competitors
and assume a Markov-perfect equilibrium is played. Hence, the beliefs of the firm match the
probabilities given in equation (23). Taking the expectation of U ](Z) (xt, di‘i)) over dﬁ‘i), we define

the systematic component of the current utility of firm ¢ as a function of the firm’s state variables

as

W @)= Y B(d_z m) Ul (mt,d( ) (24)

dVegi-1
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The values of the state variables at period ¢ 4+ 1 are determined by the period ¢ choices by all

the players as well as the period ¢ state variables. Denote FJ, (xtﬂ Ty, d,gfi)> as the probability of
Ty occurring given action j by firm ¢ in period ¢, when its state variables are x; and the other

firms in its markets choose dg_i). The probability of transitioning from z; to z;,; given action j by

firm ¢ in then given by:

fj(z) ($t+1 ’$t) = Z Pt (dgil) ’$t> th (.’L’tJrl

dVegi-1

24, dS ) (25)

The expressions for the conditional value functions for player ¢ are then no different than what
was described in Section 3 subject to the fact that we are now working with expected flow payoffs
where the expectation is taken over the decisions of the other palavers. Equation (6) is modified

in the games environment to:

X
o @) = u) @) + 8 3 [l @) + o o @en)|| 17 @) (26)
Ti41=1

where k indexes any feasible choice in period t + 1.

As in Section 3, we can then consider a sequence of decisions by player ¢ from ¢ to 7" and the
corresponding probabilities of being in each state given this sequence. Denote the first choice in
the sequence as j and denote dl:(:) (z,,7) as the mixing weight placed on choice k at time 7, given
that the sequence began with choice j and the state is x,. The probability of being in state x4
conditional on following the choices in the sequence can then be defined recursively in a similar

manner to equation (7):

«(i) . fﬁ)(ﬂ«“m!wt) fort=t
Kr (:L‘T+1|xt7.]) =

Ziil ZZ:I dl:S'Z) (xThj) fé?<x7'+1|x7')ﬁj'(j)l<x7|xt7j) for 7 =1 + 17 st 7T
(27)

Our discussion of identification in multi-agent settings is then broken down into two parts.
First, is non-parametric identification of the expected payoffs. Here, the same results as in the
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single agent setting apply, though satisfying finite dependence may be more difficult. Second is

disentangling the state-specific payoffs from the expected payoffs of a particular action.

4.2 Identification of expected payoffs when the environment is station-
ary

When the environment is stationary, identification of expected utility can be shown as a simple
extension of Theorem 1 , assuming that only one equilibrium is played in the data. As in the
single agent setting, we normalize the expected payoff for one of the choices to be zero.> Without
loss of generality, label this assumption as choice 1. Given this normalization, we can express the
conditional value function for any choice as the flow payoff for that choice plus functions of the

conditional choice probabilities and state transitions, yielding the following theorem:

Theorem 7 Let I denote the X dimensional identity matriz and define

u (1) Aapy P ¢ [p(1)]

u; = : Fj(i)

)

—~
~
~

W) (X) alx) Lo fPX)X) vy [p(X))]

Then [I — B]:l(i)] is invertible and for all j:
@) _ g _ g i) _ ) IR0
o) =00 — w4 g (FO - FO) [T 870w (28)

where FO and W9 are evaluated using the choice probabilities for the equilibrium played in the

data.

5We relax this assumption in some of the non-stationary cases we describe below.
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4.3 Terminal and renewal actions

When the environment is non-stationary, the infinite horizon implies immediately that the problem
is severely under-identified. However, as in the single agent case, there are two scenarios under
which a subset of the expected payoff functions can be identified: where there is a terminal or a
renewal action. Many problems in industrial organization have a terminal choice such as games
where there is an exit decision. For renewal, there must be a way for one of the agents to reset the
state for all players. As in the single agent setting, label the renewal action as action 1 where a

renewal action at time ¢ + 1 satisfies:

X X
> Ainmale) 7 eale) = 30 fila@eolzen) fl@ealn) (29)
Z't+1:1 $t+1:1
for all z; and all {7, '} € [1,...,J]. When there is either a terminal or renewal choice, a subset of

the expected payoff functions are identified, subject to standard normalizations.

Theorem 8 When (29) holds or when there is a choice such that no further decisions are made,

J—1xT —1x X expected payoffs are identified.

Note that embedded in fl(? +1(@442|7i41) are how the state transitions are affected by the deci-
sions by the other players. Renewal can still occur, however, when a decision by the agent makes
the past decisions of the other players irrelevant. An example is making a decision to adopt a

frontier technology, rendering the technologies of the other firms obsolete.

4.4 Finite dependence and games

We now apply our finite dependence results to games. Similar to the single agent case, a pair of

choices {7, 7'} exhibits p-period dependence at state x; if there exists a sequence of choices from j
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and j’ such that:
“t+p($t+p+1|$t>3) = /ft+p($t+p+1’33t7] ) (30)

Showing a model exhibits finite dependence becomes complicated because the decisions of a
player today affects the decisions of the other players tomorrow. However, for many games settings
the structure of the game gives a natural way of obtaining finite dependence. The structure we
have considered is one in which the current action of the player does not affect the choices of the
other players. The basic idea for games is to first line up the states of the other players through
the period t 4 1 action and then line up the agent’s state at ¢ + 2, assuming the agent can line up
his own state in one period.

Note that «7:1:(-?1 (j) contains transition probabilities from ¢ 4+ 1 to ¢ + 2 given initial choice j by
player i. Note also that the choice of one’s competitors at ¢t + 2 does not depend on the player’s
choice at t + 2 except through expectations over the choice conditional on the state. What we
would like is that the choice at t + 2 of one’s competitors lines up the competitors’ states at ¢t 4+ 3.
Denote N;5 as all possible competitor states that can result from choice sequences beginning with
j or j'. Denote Py}, as the transpose of the transition matrix from Nj,, feasible period 2 states to

the N — 1 competitor states at ¢ + 3.

@) ¢

; , , Dt+1(]) , ; ; ; ;

He| FaG) —FRG || o | SR PG F @) = FOLG FS )] 61)
Dt+1(Jl>

This leaves us with an N} — 1 system of equations. If the rank of P, ‘Ft(i)l () — _;L‘t(jr)l () ] =
N7y — 1, then we have a sufficient condition for competitor states lining up at ¢ + 2. If we further

assume that one’s own state can be lined up with the period ¢ + 2 decision, we are done.

Example 4: Finite dependence in a coordination game
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We now give an example of how to construct finite dependence sequences in a games environ-
ment. The game we consider has two players, each of whom can decide whether or not to compete
in the market. When dgit) = 1 player ¢ does not compete at time ¢ and the flow payoff ¢ receives is

egt) Note that this payoff does not depend on the other player’s choice, nor does it depend on past

choices of player i. The expected payoft for entering at time ¢, dg? = 2, is given by ugt) (x¢) where
x; are the relevant state variables. In this case, the dynamics come through the expected payoffs

depending on the decisions to compete in the previous period, z; = {d2t 15 th 1} The expected

payoffs for competing are given by:

th ) ZP (¢ U2t ( gt) 17]) +€ét) (32)

where the flow payoff for entering is allowed to vary over time.

Per the discussion above, the first step in establishing finite dependence is choosing weights on
the decisions at t + 1 such that after the ¢ 4+ 2 decision the competitor’s states will be the same
across the two choice paths. In this case, there is only one competitor state variable which is
whether or not the competitor will be in the market at t + 2. Hence, the number of rows in Pt(i)g
is one, implying that as long as the one of the columns of Pt(i)Q Fip1(1) —Fi1(2) | s not zero,
there exists a choice path such that the expected probability of the competitor begin in the market
after the period ¢ + 2 decision in the same across the initial choice of being in or out of the market
at period t. Further, we can ensure that player 1’s state is the same after the ¢t + 2 decision by
normalizing the ¢ + 2 choice to be the same across the two paths. This has no effect on player 2’s
choice at t + 2 since it is not one of player 2’s state variables at ¢t + 2. The following theorem then

establishes that a finite dependence path does indeed exist.

Theorem 9 Finite dependence can be achieved after two periods for all x;
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4.5 Recovery of flow payoffs

Ezample 5: Unbundling state-specific payoffs in an entry/exit game

To illustrate how non-stationarity aids in the recovery of flow payoffs, we consider an entry /exit
game. Markets can have at most two firms. An incumbent firm can choose to remain in the market
or exit. Exit is a terminal choice. An exiting firm is replaced by a potential entrant in the next
period who faces the choices: remain in the market (enter) or exit. Let dg-? =1 if action j is taken
by player ¢ at time ¢ and is zero otherwise. Label exit as action 1 and entry as action 2. The time
horizon is infinite.

The flow payoff of exiting is normalized to egi), a transitory shock that is private information

to player 7. Since it is a terminal choice, there are no future payoffs for exiting. Current period

payoffs for entering or remaining in the market depend on three state variables:
1. whether there is another firm in the market d5,
2. whether the firm is an incumbent and therefore does not have to pay the entry cost, di,,

3. and a discrete market state variable z1; € X with state transitions given by fi(z1441|214)i0

for all z1;41 € X.

Note that the transitions on the market state variable depends on time.

Conditional on the other player’s action, the flow payoff for ¢ at time ¢ for entering the market
is UQ(i) (dé:i), dﬁ)l, x1;). The expected payoffs of entering depends on the z; = {dg:f)l, dg?ﬁl, xlt}. It
is then defined as:

ulf () = >0 (@) UL (5. dSy) 1, w1e) (33)
J
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The total expected payoff for taking action 2 are then given by ug? (1) +e§? where eg? is a transitory
shock to the payoff for action 2 that is private information to player .

Given exit is a terminal choice, we can express the conditional value function for entering the
market as:

Ué?(xt) = Uzt Tt) +5Z ZP(M t+1 ja17x1t+1)ft($1t+1|mlt)

J T1t+1

= ulf (z, )8 > P 1, [pt-i—l 7, 17517175—1-1)} fe(zres|zae) (34)

J Tit41

imolvi (4) .
plying we can express us, (x;) as:

Ugt)(xt) Y [Pgi)(ft)] — [pgi)(xt)] - BZ Z Pg-;i)?/}z [pi%(ﬁ 1;$1t+1)] fi(@ialzn)  (35)

J o Tle41
Note that under our assumptions everything on the right hand side of (35) is known. Substi-
tuting in on the left hand side with (33) yields:
>0 @)Us” (i) = [pft ( )} — [pt ] DI [ P (s L 2ren) | fil@nlow)
J J Tit1
(36)
There are then two unknowns on the left hand side of equation (36). By evaluating this expression
at a particular value of z; and then using those same values just in a different time period, we

obtain two equations and two unknowns. The following theorem then establishes identification of

the U2i)’s:

Theorem 10 Given a known distribution for € where € is independent across players and time, [3,

ugi) (x) = egi), and pgit)(xt) # péi)ﬂ(xt), then UQi) <j, dg?_l, :L‘lt> is identified for all j if T > 2.
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5 Conclusion

A  Proofs

Proof of Theorem 1. Substituting in for v;;(z;) —v1.(2) in (9) with the corresponding expression

n (10) implies:

Uilpe(ze)] — jlpe(20)] = wje(ze) Z Z B s (20)] (W51 (2|26 7) — W5 (2020, 1)

T=t+1 z:=1

Solving for w;;(2;) completes the first part of the theorem:

wjy(2) = P1lpe(20)] — ¥j[pe(21)] Z Z BT " [pr(z0)] Wiy (2rl2e, 1) — K7y (2|20, 5)] (37)

T=t+1 z;=1

To prove the second part, note that the two decision sequences set the initial choices such that
djy = 1 or dy; = 1 and then both decision sequences set dy = 1 for all ¢ > ¢t. From the definition
of Fi, the columns of FY gives the probabilities of being in each state after 7 periods conditional
choosing alternative 1 in each of those periods. The rows indicate how these probabilities differ
given the initial state. Hence, for 7 > 1, the (z, 2') element of FT is sy, _,(2'|z,1). Similarly, the
(2,2') element of F;F'7 is ky, . (2|2, 7).

Using the matrix notation defined in the theorem, we can express u; as:

_\1/_\1/1+25 (Fy — F)) F ', = \I/j—\111+ﬁ(F1—Fj)(ZBTF{>\P1 (38)

7=0

Noting that 5f;(2'|z) > 0 for all (7, 2, 2") and BZZZ,:l fi(#'|z) = B < 1 for all (j,2), the existence

of [ — ﬁFl]_l follows from Hadley (page 118, 1961) with:

Q= ZBTFT T+pQF =[T—pRA]"

7=0

Substituting the expression for @) into (38) we obtain:

uj =V, — U+ B(F— F) [T - B
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which proves the theorem. m
Proof of Theorem 5.

We first write down the conditional value function for working at time ¢ with zero years of work
experience, vy (0), normalizing the flow payoff for not working with zero years of work experience

to zero.

ve(0) = uz(0) + B [AVia (1) + (1 = MNorera ()] 4 B(L = m) [AVig1(0) + (1 = Av1i41(0))]
= u(0) + B [M1 (prer (1)) + vra (1)] + B(1 — ) (M1 (41 (0)) + v1¢41(0)]
= u(0) + Arur (1) + B(1 — m)ur (0) + Bt (pera(1) + B(L — 7)1 (pe41(0))  (39)
+7m1 [AWVera (1) + (1 = Norgea(1)] + B2(1 = 1) [AVira(0) + (1 = Avig42(0)]
After expressing the corresponding finite dependence path for an initial decision of staying home,

differencing the two expressions will result in the bottom line of (39) canceling out.

We can express v1;(0) as follows, again treating u;(0) as zero:

oul0) = m( T [w2<pt+1<o>>+v2t+1<o>1+(1— m )wxptH(o»ﬂmxon)+5<1—A>vm1<o>

T A T A
S [©2(pe11(0)) +uz(0)] + B2(1 = A) [AWVira(0) + (1 = Avi42(0)]

Tt41
527&(1 - 7Tt+1)

B Wia(1) + (1= Nonesa(D)] +

[AVir2(0) + (1 = A)v1442(0)]

#00 (1= =75 ) Wl (00) + A0Visa(0) + (1= Noisal0)]
_ 57'[’,5’&2(0) + ﬂ,ﬂth(pH-l(O)) +6 (/\ o i) ¢1(pt+1(0)) (40)
Tyl 41 Ti+1

+0°m [AVia (1) + (1 = Nvrea(1)] + B%(1 = m) [AVir2(0) + (1 = A)v1e42(0)]

Differencing (40) from (39) and recognizing that vy (0) — v1(0) = ¢1(p:(0)) — 12(p:(0)) yields:

G1(pr(0)) = a(pi(0)) = us(0) (1 - fj ) + B (L) + Brdapuna(L) »
+B <1 — A=+ Ty ) 1/11<pt+1(0)) B ﬂﬂt¢2(pt+1<0))
41 o
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Forming the similar difference at ¢’ yields:

67%'

T 41

Y1(pr(0)) — ¥2(pr(0)) = ux(0) (1 - ) + Brpui (1) + By by (pr41(1)) (42)

_ Bryibs (Pt/ﬂ(()))

Ty 41

+8 <1 —A—Ty + v ) V1(pr+1(0))

T +1
Since by assumption 7, > 0 for all £ and 7 # 7, the system of equations defined by (41) and (42)
is of full rank and both uy(0) and u;(1) can be recovered. Then, proceeding by induction we can
recover the remaining flow payoff for experience levels of one and above. m
Proof of Theorem 9. We can establish that a finite dependence path exists by showing that
the rank of:

Ptz“ [ ]:t(Jlr)l(z) _]:t(Jlr)l(l) }

is one.

We begin by defining the terms in the above expression:

(2 _
¢%+z-—-[p$12<2,2> Pika(2,1) piha(1,2) p$12<1,1>} (43)

2 2 2 2
pSa(2,2)  p(2,1) —pii(1,2) —psa(1.1)
P (2.2) P21 —pia(L2) —pina (1)
]_—(1) (2) _]_—(1) (1) = (44)
o o @) ) @) )
—P2t+1(27 2) _p2t+1(27 1) p2t+1(1, 2) p2t+1(1a 1)

2 2 2 2
p0(2,2) P21 pii(1,2)  pihi(1,1)

These terms will then multiply:

N 2
D2t+1(2a 2)pét) (fft)

1 % 2

Dih2a) || D (2,09 (@) .
1 « 2

Dih (1) D4 (1,2)p5) (22)

* 2
D2t+1 (L 1)p§t) (xt)
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Since the D3, ,’s are weights on choices, we can set the weights on D3, ,(1,2) and D3, ,(1,1) to
zero. Now consider the other two weights. Multiplying the matrices and rearranging terms yields

the following expression:

* 2 2 2 2 2 2 2 2
Diya (2,205 (00) (P22, = pa(1,1) + 95 (2,2) [p)2(2,2) + p00(1,1) = pa(2,1) = p(1,2)))

* 2 2 2 2 2 2 2 2
D302 00 (@) (P550(2.1) = P (1) + 501 2, 1) [p0(2.2) + P (1, 1) = p5)0(2,1) = p2a(1,2)] )

*

Note that the expression multiplying each of the D3,  ,’s are the same except for the weights on the
terms in brackets. Since we have assumed all the states are relevant for the decision, then the term
multiplying D3, ,,(2,2) and the term multiplying D3, ,(2,1) cannot both be zero. Hence, there
exist decision weights at ¢t 4+ 1 such that the probability of each of player 2’s states is the same on
both choice paths. Since player 1’s state will be the same if the same action is chosen on each path
at period t + 2, the theorem is proved. m

Proof of Theorem 10. Denote P as a 2 x 2 matrix given by:

o | @ @)
PO =1 ] (46)
P (@) phla(e)

Noting that x; provides all the relevant state variables expect for the choice of the competitors,

define Uz(i) as:

, U(i)(l, x)
vl =| (47)

U;"(2,2)
Finally, define A as:

(T [pgl)(x)] — Yoy [pgl)(f’;)] - 5Z]~ Zzlt+1p§;i)¢2 [P,E?l(jv 1,$1t+1)] fe(x1e412)

A (48)
(e} [pl(tzzl(‘r)] — Yo [p§21(95)} —p Zj mez p;;i)ﬁ/& [piﬁz(L L, $1t+2)] frs1(T1042]7)
The system of equation is then:
POUS = A (49)
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Since by assumption the choice probabilities vary between ¢ and ¢t + 1, the rank of P@, implying

we can invert P and solve for Uz(i). |
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