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Abstract

Why were people so unprepared for the global financial crisis, the European debt crisis, and
the Fukushima nuclear accident? To address this question, we study a model in which agents
make state-contingent plans - think about actions in different contingencies - subject to the
constraint that agents can process only a limited amount of information. The model predicts
that agents are unprepared in a state when the state has a low probability, the optimal action
in that state is uncorrelated with the optimal action in normal times, and actions are strategic
complements. We then compare the equilibrium allocation of attention to the efficient allocation
of attention. We characterize analytically the conditions under which society would be better

off if agents thought more carefully about optimal actions in rare events.
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1 Introduction

Recently the world was struck by several events with major consequences: the global financial crisis,
the European debt crisis, and the Fukushima nuclear accident. A common feature of these events
is that people were unprepared for them. How come virtually no one had thought through what to
do if an investment bank like Lehman Brothers collapses? How come virtually no one had thought
through what to do if several governments in the euro area find themselves on the brink of default?
How come virtually no one had thought through what to do if an earthquake and tsunami disable
the cooling system of a nuclear reactor on the Japanese coast? The questions we ask in this paper
are: Why were people so unprepared for these events? Under which circumstances will people be
unprepared again in the future? Would a social planner want people to be more prepared for these
events?

We believe that these are important questions. Had people been prepared to take good action
in each of these events, each of these events would have unfolded less dramatically. For example,
according to a report by the U.S. Nuclear Regulatory Commission the situation at the Fukushima
nuclear power plant would have been substantially less severe if the Tokyo Electric Power Company
(Tepco) had taken better actions following the earthquake and tsunami that hit Japan on March
11, 2011.! However, being well prepared for each contingency is costly. Therefore, it is unclear
whether from an ex-ante perspective a social planner would want people to be more prepared for
these events.

To address these questions formally, we study a model in which agents make state-contingent
plans (i.e., they think about actions in different contingencies) subject to an information-processing
constraint. There are two states. Agents commit today to actions in the different states tomorrow.
This assumption captures the idea that decision-making takes time and once the state realizes
agents have to act quickly. Therefore, agents need to plan ahead. Agents have a prior over what
the optimal action is in each state and they can process additional information. However, agents
can process only a finite amount of additional information. Subject to this constraint, agents decide
how carefully to think about the optimal action in state one and the optimal action in state two.

We embed this decision problem into a setup with a continuum of agents. The payoff of an

agent in a state depends on the agent’s own action in that state, the mean action in the population
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in that state, and a fundamental in that state. The payoff function is quadratic. The uncertainty
about the optimal action in a state is due to uncertainty about the mean action in the population
in that state and the fundamental in that state.

We derive the equilibrium allocation of attention and compare it to the efficient allocation of
attention. Let us first describe the equilibrium allocation of attention and let us turn to efficiency
thereafter.

The model makes the following predictions. If a state is less likely, agents think less carefully
about the optimal action in that state, and thus the mean squared difference between the optimal
action and the actual action in that state is larger. More precisely, agents equate the probability-
weighted expected loss due to suboptimal actions across states. Therefore, the ratio of the expected
loss due to suboptimal action in state one to the expected loss due to suboptimal action in state
two equals one over the relative probability of state one. For example, if the relative probability of
state one is 0.01, then the expected loss due to suboptimal action will be one hundred times larger
in state one than in state two. Agents will take on average worse actions in the low probability
state.

Furthermore, the correlation of optimal actions across states matters for the quality of actions
taken in different states. Suppose one state has a high probability (“normal times”) and the other
state has a low probability (“unusual times”). Agents will think carefully about the optimal action
in normal times and thus will take good actions in normal times. If the optimal action in normal
times and the optimal action in unusual times are independent, thinking about the best action in
normal times fails to improve actions in unusual times. However, if the optimal action in normal
times and the optimal action in unusual times are correlated, thinking about the best action in
normal times also improves actions in unusual times. Thus, agents will take on average good actions
in the low probability state if the optimal action in the low probability state and the optimal action
in the high probability state are highly correlated.

Finally, strategic complementarity in actions makes the allocation of attention more extreme.
Suppose again that one state has a high probability (“normal times”) and the other state has a low
probability (“unusual times”) and thus agents think less about the optimal action in unusual times.
If actions are strategic complements (i.e., the optimal action in a state is increasing in the mean

action in the population in that state), then the fact that other agents are not thinking carefully



about the optimal action in unusual times reduces the incentive for an individual agent to think
carefully about the optimal action in unusual times. As a result, the larger the degree of strategic
complementarity in actions, the less agents think about the optimal action in unusual times. In
fact, for a sufficiently high degree of strategic complementarity in actions, agents do not think at
all about the optimal action in unusual times. Agents are completely inattentive to the rare event.

Let us look at the recent events from the perspective of the model. Why was Tepco so unpre-
pared for the Fukushima nuclear accident? The model proposes the following answer: Humans have
a limited ability to process information and therefore cannot prepare well for every contingency.
A level nine earthquake is a low probability event; thinking carefully about how to run a nuclear
power plant efficiently in normal times fails to improve actions in times when an earthquake and
tsunami disabled the plant’s cooling system;? and strategic complementarity in actions amplifies
the effect of a low probability on the allocation of attention. We think the strategic complemen-
tarity in actions in this case arose because companies tend to be punished less if they fail in times
when other companies are failing too.

Why were policy-makers, financial institutions, and academics so unprepared for the collapse
of Lehman Brothers? The model proposes the following answer: Humans have a limited ability to
process information and therefore cannot prepare well for every contingency. Collapse of one of the
most important U.S. financial institutions seemed a priori unlikely; and thinking carefully about
how to regulate financial institutions in normal times or how to fine-tune open market operations
to achieve a desired level of the federal funds rate helps little when confronted with an imminent
collapse of Lehman Brothers. Furthermore, we believe there is strategic complementarity in actions:
Policy-makers within a government have to push a common agenda to get a bill passed in Congress.
The management of a financial institution is punished less if it fails in times when other financial

institutions are failing too.> Academics like to work on topics that other academics are working

% Financial Times in its May 7-8, 2011, issue quotes Goshi Hosono, a senior aide to Japan’s prime minister, saying
“Tepco’s job is to deliver a constant supply of electricity — extremely routine work. It is a company for stable times.”
In 14 out of 15 leading U.S. and European banks, the chief executive officer in 2010 either was already the CEO
before September 2008 (12 out of 15) or was a high ranking insider before September 2008 (2 out of 15). The only
financial institution with a CEO in 2010 who was an outsider before September 2008 is Royal Bank of Scotland,
effectively nationalized after September 2008. See the June 15, 2011, issue of Financial Times. We think this fact
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on, because then those other academics are more likely to be interested in the work. Strategic
complementarity in actions makes agents focus even more on one contingency.

Would a planner want people to be more prepared for rare events? To answer this question, we
study the following planner problem. The planner can tell agents how to allocate their attention
(i.e., the planner can tell agents how carefully to think about the optimal action in state one and
the optimal action in state two), but the planner has to respect the agents’ information-processing
constraint (i.e., the constraint that agents can process only a limited amount of information). The
planner maximizes ex-ante utility of the agents. We then ask: Does the equilibrium allocation of
attention equal the efficient allocation of attention (i.e., the solution to the planner problem)? In
other words, would society be better off if agents allocated their attention differently? Consider the
case that the economy is efficient under perfect information, that is, inefficiencies, if any, arise due
to agents’ limited attention. We characterize analytically the relationship between the equilibrium
allocation of attention and the efficient allocation of attention. It turns out that a simple condition
on the payoff function of the agents governs the relationship between the equilibrium allocation of
attention and the efficient allocation of attention. If the cross derivative of the payoff function with
respect to the own action and the average action in the population and the second derivative of the
payoff function with respect to the average action in the population sum to zero, the equilibrium
allocation of attention equals the efficient allocation of attention. In this case, society cannot do
better by creating incentives for agents or forcing agents to allocate their attention differently, for
example, by passing a law that requires companies running nuclear power plants to have a precise
plan for actions in the case of an earthquake or tsunami. The equilibrium allocation of attention
already equals the efficient allocation of attention. Thus, ex-ante utility cannot be increased by
changing the allocation of attention. However, if the sum of these second derivatives is negative,
the planner would prefer agents to pay more attention to the state that they are devoting less
attention to. Finally, if the sum of these second derivatives is positive, the planner would prefer
agents to pay even less attention to the state that they are devoting less attention to.

This paper makes contact with several recent strands of literature. The paper is related to the

literature on rational inattention building on Sims (2003).* The first main difference to the existing

other financial institutions do poorly too.
1For theoretical papers, see Sims (2003, 2006, 2010), Luo (2008), Maékowiak and Wiederholt (2009, 2010), Van
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literature on rational inattention is the application. We study how agents make state-contingent
plans. Since agents commit to a contingent plan and have a limited ability to process information,
the probability of a state affects the quality of the action taken in that state. The second main
difference to the existing literature on rational inattention is that we compare the equilibrium
allocation of attention to the efficient allocation of attention. That is, we ask whether society
would be better off if agents allocated their attention differently. To the best of our knowledge, no
one has done this before.

The paper is also related to Angeletos and Pavan (2007). Angeletos and Pavan (2007) study an
economy with a continuum of agents in which each agent observes a noisy private and public signal.
The precision of the two signals is exogenous. Actions are a linear function of the two signals and
Angeletos and Pavan (2007) refer to the coefficients on the two signals as the “use of information.”
They then compare the equilibrium use of information to the efficient use of information, where the
latter is defined as the one that maximizes ex-ante utility. We find that the condition that governs
the relationship between the equilibrium and efficient use of information in Angeletos and Pavan
(2007) also governs the relationship between the equilibrium and efficient allocation of attention in
our model with an endogenous signal precision.

Hellwig and Veldkamp (2009) study a beauty contest model with information choice. The payoff
of an agent depends on his own action, a fundamental, and the mean action in the population.
Agents choose the number of signals that they acquire concerning the fundamental. The main
differences to our model are that there is only one regime, agents face a fixed cost per signal (instead
of a limited amount of attention), and their payoff function is less general. An (unpublished)
working paper version of Hellwig and Veldkamp (2009) contains a subsection studying efficiency of
information acquisition for a very particular quadratic payoff function.? For this payoff function,
there exists an equilibrium which is ex ante efficient. This result is consistent with our result
concerning efficiency of the equilibrium allocation of attention, because the assumed payoff function

satisfies the sufficient condition for ex-ante efficiency described on the previous page.

Paciello and Wiederholt (2011), Tutino (2011), and Yang (2011). For empirical papers, see Maékowiak, Moench,
and Wiederholt (2009), Kacperczyk, Van Nieuwerburgh, and Veldkamp (2011), Melosi (2011), and Coibion and

Gorodnichenko (2011).
The payoff of an agent is a linear combination of the squared distance between his own action and the fundamental

and the squared distance between his own action and the mean action in the population.
SLlosa and Venkateswaran (2011) extend the efficiency result in the working paper version of Hellwig and Veldkamp



This paper also makes contact with the literature on rare large disasters. See for example Barro
(2006), Barro, Nakamura, Steinsson, and Ursua (2010), Gabaix (2010), and Gourio (2010). This
literature investigates the implications of rare large disasters for asset prices and business cycles.
In this literature, agents act perfectly in a rare event. We model agents as acting imperfectly in
a rare event. We then investigate how much incentive agents have to prepare for a rare event. If
people had been prepared to take good action in historical rare adverse events, these events would
have unfolded less dramatically and perhaps would not be called “disasters” today.

The paper is organized as follows. Section 2 presents the model. Section 3 presents the analytical
solution of the model when optimal actions are independent across states. Section 4 studies the
case of correlated optimal actions. Section 5 compares the equilibrium allocation of attention to
the efficient allocation of attention. Section 6 considers an extension: Bayesian learning about the

probability of the rare event. Section 7 concludes.

2 Model

We study an economy with a continuum of agents indexed by i € [0,1]. Time is discrete and
indexed by t =0,1,2,....

Each period the economy is in one of two regimes. The regime follows a two-state Markov chain.
For simplicity, the regime is i.i.d. over time. In the following, we refer to regime one as state one
and regime two as state two. Let p, denote the probability of being in state n. Both states have
positive probability, that is, p; > 0 and p2 > 0.

Every period each agent ¢ commits to a state-contingent plan for the next period. This as-
sumption captures the idea that decision-making takes time and once the state realizes agents have
to act quickly. Therefore, agents need to plan ahead. Let a;; = (ait1,ait2) € R? denote the
state-contingent plan that agent ¢ commits to in period ¢t — 1 for period ¢; where a;; , denotes the
action that agent ¢ will take at time ¢ in state n.

Let U™! denote the cumulative distribution function for action ;¢ n in the cross-section of the
population. The payoff of agent i at time ¢ in state n is given by U" (Gi ¢, Gtn, 2t.n) Where a; .y is

the action of agent 7 at time ¢ in state n, a;, = / ai,tynd\ll”’t (@it n) is the mean of individual actions

(2009) to a somewhat more general payoff function and study in detail a price setting application.



in the population, and z:, is an exogenous payoff-relevant variable. The superscript n indicates
that the payoff function may differ across states. For tractability, we assume that U™ is quadratic
u" (ai,t,na At , Zt,n) = U (07 0, 0) + U(Zaiyt,ﬂ + U;La’tyn + Uznztﬂ

n

U ur U}
a;a; 2 aa 2 2z 2
+ 2 ai,t,n + 2 at,n + 2 ’Zt,’I’L

n n n
+Uaiaai7t1nat1n’ + Uaizai,t,nzt,n + Uazat,nztan‘ (1)

This assumption can also be viewed as a second-order approximation of any twice differentiable
function with these three arguments. We also assume that U™ is concave in its first argument
(Ug.q; < 0), the exogenous variable z;, affects the payoff-maximizing action (U, # 0), and the
degree of strategic complementarity or substitutability does not exceed one (-1 < Ug,/Ug,. < 1).
In the following, we often exploit the fact that the payoff function U™ can be expressed as’

n
n 2 a;a; . * 2
U (ai,t,na At n, Zt,n) =U (ai,tm’ Qt n, Zt,n) + (az,t,n - a@t,n) s

2
where
n n n
a* — Ua,- _ Uaia a _ Ua,-z 2
Btn — Un Un t,n Unr tn-
a;a; a;Gq a;a;

Finally, we assume that the coefficients on a;, and 2, in the last equation sum to one. This
assumption is without loss in generality. If this assumption is not satisfied, one can always redefine
the fundamental z;, by multiplying it with a constant to ensure that this assumption is satisfied.
Defining 6, = —UZ.,./2, ¢, = —UL /U, and v, = =UZ,/Uz ., the last two equations then

become
U™ (@i, G, 2tm) =U" (a;-:t’n, at n, zt,n) —0n (au,n — a;k,t,n)2 , (2)

with

Al 1n = Pn T Vntn + (1= 75) 2n. 3)
For simplicity, the vector of fundamentals z; = (21, 2¢2) is i.i.d. over time. Agents have the

common prior belief that the vector of fundamentals is i.i.d. over time and that the fundamental in

state one and the fundamental in state two are normally distributed with mean zero and covariance

"To obtain this result, compute a Taylor expansion of U™ around a;j ., and notice that the first derivative of U™
with respect to a;¢n evaluated at aj;, equals zero and the second derivative of U™ with respect to aitn. equals

n
Uaiai .



matrix ¥, that is, z; = (24,1, 2,2) ~ 9.9.d.N (0,X). There is prior uncertainty about the fundamental
in both states and the fundamentals in the two states are not perfectly correlated, that is, X is
non-singular. One can think of the prior uncertainty about the vector of fundamentals as reflecting
uncertainty about how the economy functions at time ¢ in the two states.

Agents can process additional information before committing to a plan. However, agents can
process only a limited amount of additional information. Processing information about the optimal
action in state one and the optimal action in state two in the next period is modeled as receiving
a noisy signal concerning the fundamentals in the two states in the next period

2,1 n €it—1,1

Sit—1 = )
2t,2 €it—1,2

where the noise (gj¢—11,€i¢—1,2) is independent of the fundamentals, normally distributed with
mean zero and covariance matrix A, and independent across individuals and over time. Let Q =
T-X(X+ A)_1 > denote the posterior covariance matrix of z; after receiving s;;—1. Following
Sims (2003), we model the fact that humans have a limited ability to process information as a
constraint on uncertainty reduction, where uncertainty is measured by entropy. That is, each agent

faces the following constraint on uncertainty reduction:

1lo @ <

where |X| denotes the determinant of the prior covariance matrix of z; and |€2| denotes the determi-
nant of the posterior covariance matrix of z; after receiving s; ;—1. The parameter £ > 0 indexes the
ability of an agent to process information. A larger x means an agent can process more information
and can therefore reduce uncertainty by more.

Subject to the information-processing constraint, each agent decides how carefully to think
about the optimal action in state one and the optimal action in state two. Agents aim to maximize

the expected payoff in the next period. Formally, agent i solves in period t — 1

2
m/z\ix {;an [U (Cbm,n, Qt,n, Ztn)]} , (4)

subject to

Aitn = E [(pn + YnGt,n + (1 - ’Yn) Zt,n‘sivtfl] ) (5)



and
3o (15) < ». @
and the restriction that A is a positive semidefinite matrix. Objective (4) is the expected payoff in
the next period. Equation (5) states that the agent will commit to the best plan given his or her
posterior. Equation (6) is the signal and constraint (7) is the information-processing constraint.
Note that the covariance matrix of noise A and the posterior covariance matrix of the funda-
mentals © have no subscripts ¢ and ¢. The reason is that the solution to problem (4)-(7) is the
same for each agent ¢ and every period t. This also means that the equilibrium is symmetric and

that agents only have to solve this problem once.®

3 Analytical solution when optimal actions are independent

When the optimal action in state one and the optimal action in state two are independent, the
model can be solved analytically. We use this analytical solution to illustrate how the probability
of state one and the degree of strategic complementarity in actions affect the extent to which agents

think about the optimal action in state one.

Proposition 1 Assume that the optimal action in state one and the optimal action in state two are
independent (i.e., ¥ is diagonal). Consider equilibria of the form as, = 1, + ¢,z n where 1, and
@, are coefficients. Then, each agent decides to receive independent signals about the fundamental
in state one and the fundamental in state two (i.e., the covariance matriz of noise A solving problem

(4)-(7) is diagonal). Furthermore, the information-processing constraint reduces to

K1 K2
where Yy, and $,, denote the prior and the posterior variance of the fundamental in state n and

kn denotes the uncertainty reduction about the fundamental in state n. Assume that v; = v = 7.

®Note also that we have assumed that signals are normally distributed. One can show that Gaussian signals are

optimal given the quadratic objective, the Gaussian prior, and the constraint on entropy reduction. See Sims (2006).



If the parameters k and v satisfy 2% > 1—;% and (1 —~)2% +~27% > 1, the equilibrium is unique

and the attention allocated to thinking about the optimal action in state one equals

" if /L > (1 —7) 2% 4277
K1 =19 35k+35logy (z) if —525;22; € [W’ (1—7)2% + 4275 (8)
1 p1di¥n 1
’ if p202Xi22 < (I—7)2° 2= "
where
p161¥11 29—k
_ p2d2¥a2  1—v
1-— J2LIRIIEE 29—k
p202Xio2 1—y

Furthermore, for any parameters k and -y, the set of equilibria is given by the following results:

(1) k1 = K is an equilibrium if % > (1=7)25+~27"%; (2) k1 = 0 is an equilibrium if

,/Z;(;;g; < (177)2i+72_n; (3) k1 = 3K+ 3logy (z) is an equilibrium if (1 —~)2% +~427% > 1,

P01 1 _ P01 , _
pééézéé € |:(1_7)2,1+72,,{,(1—"}/) 2"“’—’-’}/2 K:i| and péééE;;I_’—L'y < 2)“"’ or (]. _’}/) 2"6 +’y2 K < ].,

612 — 612 .
\/57;5;2;; € [(1 — )28 44278, 7(1_7)2i+v2,ﬁ} and \/%5;2;% > 25 and (/) any k1 € [0, K] is an

equilibrium if / % = 1%;2_“ =1.

Proof. See Appendix A. m

To understand Proposition 1, consider first the simplest case. If v = 0, the payoff-maximizing
action of an agent depends only on the fundamental not on the average action in the population,
that is, actions are neither strategic complements nor strategic substitutes. See equation (3). When

¥ and A are diagonal, the decision problem (4)-(7) then reduces to

2
max — 0nfd , 10
(Hl,fﬁz)ERi [ ;pn nsénn ( )
subject to
an = Z]nn2_2)€n> (11)
and
K1+ k2 = K. (12)
The unique solution to this problem is
. p161%
. it \/ERE > >
515 . 615 _
m= g blom (VERRR) i \/BEEE el 13

: p1d1¥11 —K
0 if \V p2d2X22 <2
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The attention allocated to thinking about the optimal action in state one is increasing in the agent’s
information-processing ability, k, the relative probability of state one, p;/p2, the relative cost of a
mistake in state one, d;1 /02, and the relative prior variance of the fundamental in state one, 311 /32s.
If the probability of state one is sufficiently low, agents do not think at all about the optimal action
in state one; if the probability of state one is in an intermediate range, agents think to some extent
about the optimal action in both states; and if the probability of state one is sufficiently high,
agents think only about the optimal action in state one. Finally, if % = 1 agents think to the
same extent about the optimal action in state one and the optimal action in state two.

The equilibrium allocation of attention affects the quality of actions taken in the two states. If in

equilibrium agents think to some extent about the optimal action in both states (i.e., 0 < k1 < k),

the mean squared difference between the optimal action and the actual action in state one equals

~1
[p101211
Q=3 Qf | )
M " ( P252Z22>

The mean squared difference between the optimal action and the actual action in state two equals

—1
[ p202322

Qoo =X AR ) .
> > ( p151211>

This follows from equations (11)-(13). Combining these two equations yields
p101€1 = p2daflan.

In words, agents equate the probability-weighted expected loss due to suboptimal action across
states. This implies that

= -
028l2

(14)

The ratio of the expected loss due to suboptimal action in state one to the expected loss due to
suboptimal action in state two equals one over the relative probability of state one. Suppose that
state one has a low probability (“unusual times”) and state two has a high probability (“normal
times”). The model predicts that agents decide to take on average worse actions in state one
than in state two. Observing that agents take good actions in normal times does not imply that
agents will take good actions in unusual times! Agents may simply be focusing on normal times.
Quantitatively, the model predicts that if the probability of state one is 0.01, then the expected

loss due to suboptimal action will be ninety nine times larger in state one than in state two.
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Next, consider the case of strategic complementarity in actions. Here strategic complementarity
in actions means that the payoff-maximizing action of an agent depends positively on the average
action in the population, that is, v > 0. See equation (3). Strategic complementarity in actions
makes the equilibrium allocation of attention more extreme. Whatever agents were paying more
attention to in the absence of strategic complementarity, agents are paying even more attention
to in the presence of strategic complementarity (if possible, that is, if the allocation of attention
in the absence of strategic complementarity was not already a corner solution). This result can
be seen from equations (8)-(9). We also illustrate this result with a figure. Figure 1 depicts
the equilibrium allocation of attention as a function of 4/ %; for parameters x and ~y satisfying
2% >~/(1 —+)and (1 —~v)2"+~27" > 1. These parameter restrictions ensure that the equilibrium
allocation of attention is unique (see Proposition 1). In Figure 1 47 = 0 denotes the case of no
strategic complementarity in actions, v >> 0 denotes a value of v close to the value at which
(1—7v)2% 4427 =1, and 7 > 0 denotes a value of v between these two extremes. Pick any
value of 1/% with the property ,/% # 1, for example, a value with 1/% < 1. In
the absence of strategic complementarity in actions (y = 0), agents think less about the optimal
action in state one than about the optimal action in state two (k1 < %m) As the degree of strategic
complementarity in actions increases (from 7 = 0 to 7 > 0 or v >> 0), agents think even less
about the optimal action in state one (k1 falls). The reason is the following. When actions are
strategic complements, the fact that other agents are not thinking carefully about the optimal
action in a state reduces the incentive for an individual agent to think about the optimal action
in that state. This effect of strategic complementarity in actions on the equilibrium allocation of
attention is well understood in the literature on information choice. See, for example, Mackowiak
and Wiederholt (2009) and Hellwig and Veldkamp (2009). In addition, as the degree of strategic
complementarity increases, corner solutions occur more easily. This implies that when the degree
of strategic complementarity is high, small changes in the probability of the two states can have
large effects on the equilibrium allocation of attention. In fact, as v approaches the value of v at
which (1 — )2 +~27% = 1, the parameter region in which the equilibrium allocation of attention
is an interior solution collapses to a single point. Finally, for a sufficiently high degree of strategic
complementarity, there exist multiple equilibria. Namely, whenever (1 — ) 2% 4 ~427% < 1, there

exists more than one equilibrium allocation of attention. See Proposition 1.
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Strategic substitutability in actions has the opposite effect. Strategic substitutability in actions
(i.e., v < 0) makes the equilibrium allocation of attention less extreme. This result can again be
seen from equations (8)-(9).

In Proposition 1 it is assumed that the degree of strategic complementarity in actions is the
same across states, that is, 7; = 79 = v. In Appendix A we also characterize in closed form the
set of equilibria when the degree of strategic complementarity differs across states. Suppose that
actions are strategic complements in both states but the degree of strategic complementarity may

differ across states. The equations given in Appendix A then imply the following results. There

exists a unique equilibrium for all 4 /% € Ry, if and only if

1 Y1 oA 1
< (1—=7y) [2”” + 2 ”] < = (15)
(1= ) |25 + 72227 L=m 52"

The attention allocated to state one then equals

. I Y _
G i \/BEEL > (1) [27 4 122

k1 =4 3K+ 3logy(z) otherwise

. 612 1
0 if P1912411
V p202¥22 — (1_%)[2”_1132 27n]
p1d1¥in M 9=k
p202X22 1-7

1— p1d1¥11 Yo 2—;4'
P202322 1—7,

where

xT

These equations and condition (15) imply that, if the equilibrium allocation of attention is an
interior solution, increasing the probability of a state raises the attention allocated to that state.
Furthermore, increasing the degree of strategic complementarity in a single state (an experiment
we could not do before because we assumed that the degree of strategic complementarity was
the same across states) reduces the attention allocated to that state. Finally, when the degree
of strategic complementarity differs across states, there are many different ways of increasing the
degree of strategic complementarity simultaneously in both states (e.g., one can increase the degree
of strategic complementarity by the same absolute amount in both states or by the same percentage
amount in both states). Multiplying v,/ (1 — ;) and 75/ (1 —75) by the same constant ¢ > 1,

reduces the attention allocated to state one if and only if

Y1
P101211 < I

Y2
p202Xizs T2

13



When the degree of strategic complementarity is the same across states (i.e., 7; = 79 = 7y), this
statement reduces to the statement made earlier that if agents allocate less attention to state one,
then raising the degree of strategic complementarity in both states reduces the attention allocated

to state one.

4 Correlated optimal actions

In this section we relax the assumption that optimal actions are independent across states. We
study how the correlation of optimal actions across states affects the quality of actions taken in the
different states. We consider the special case of no strategic complementarity in actions, that is,
v1 = 79 = 0. In this case the solution to the decision problem of a single agent is also the solution
of the model, because there is no interaction between agents.

The decision problem of a single agent is given by equation (4)-(7). The statement “the optimal
action in state one is correlated with the optimal action in state two” means that the matrix X
appearing in constraint (7) is non-diagonal. We solve the problem (4)-(7) numerically for different
values of the covariance between the optimal actions in the two states, 12.

It is simplest to understand the solution when one supposes that: (i) state one has a low
probability (“unusual times”) and state two has a high probability (“normal times”), and (ii) the
cost of a mistake in each state is the same, d; = d2. The solution has the following feature:
The larger in absolute value the prior correlation of the optimal actions across the two states,
the smaller the expected loss in unusual times. To see why this result arises, start in the case
when there is independence between the optimal action in normal times and the optimal action in
unusual times. Agents then think mostly about the optimal action in normal times, and thinking
about the optimal action in normal times gives no information about the optimal action in unusual
times. Consequently, the expected loss in unusual times is large. Next, suppose the optimal action
in normal times and the optimal action in unusual times are correlated a priori. Now thinking
about the best action in normal times gives some information about the best action in unusual
times. Consequently, the expected loss in unusual times falls. The stronger the prior correlation,
the stronger this effect and thus the smaller the mean squared difference between the actual action

and the optimal action in unusual times.
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Another feature of the solution is that the posterior correlation of the optimal actions across
states is a convex function of their prior correlation. When the prior correlation rises in absolute
value, the posterior correlation stays close to zero at first and then swiftly moves to one in absolute
value. So long as the prior correlation is not too large in absolute value, it is optimal to behave
practically as if the prior correlation were zero.

Consider a numerical example. Suppose that 317 = Y99 = 1, i.e. the prior variance of the
optimal action in each state equals one. Furthermore, let p; = 0.01 meaning that the probability
of unusual times is 0.01. To begin with, suppose that 315 = 0, i.e. the optimal actions are
independent across the states. In this case, A and ) are diagonal. We choose a value of x such
that the posterior variance of the optimal action in normal times, 299, equals 0.01.” Then it turns
out that the posterior variance of the optimal action in unusual times, 211, equals 0.99. Suppose
that X9 rises, i.e. the optimal actions become more and more positively correlated a priori, and all
other parameters remain unchanged.'® Figure 2 shows €21, Q22, and the posterior correlation of the
optimal actions, Q12/ V11099, as functions of X1, Q41 falls and is concave. More prior correlation
in the optimal actions implies that agents do better on average in unusual times, but concavity
means that this effect sets in slovvly.11 Furthermore, Q;2/ V1199 rises and is convex. For values
of X192 as large as 0.8, €219 is as small as 0.1 meaning that it is optimal to behave practically as if

Y19 Were zero.

5 Efficient allocation of attention

Would society be better off from an ex-ante perspective if agents allocated their attention differ-
ently? To answer this question, we study the following planner problem. The planner can tell
agents how to allocate their attention (i.e., how carefully to think about the optimal actions in
the different states). The planner has to respect the agents’ information-processing constraint (i.e.,
the planner has to respect that agents can process only a limited amount of information). Finally,

the planner maximizes ex-ante utility of the agents. The propositions in this section characterize

9This value of Q2o means that thinking about the optimal action in normal times reduces the variance of that

action by a factor of 100.
0Since 11 = ¥a2 = 1, 312 is both the prior covariance of the optimal actions and their prior correlation.
10y, also falls.
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analytically the relationship between the equilibrium allocation of attention and the efficient al-
location of attention (i.e., the solution to the planner problem). When the two coincide, ex-ante
utility cannot be raised by creating incentives for agents to allocate their attention differently, for
example, by passing a law that requires companies running nuclear power plants to have a precise
plan for actions in the case of an earthquake or tsunami. The equilibrium allocation of attention
already equals the efficient allocation of attention. When the two differ, ex-ante utility can be
raised by changing the allocation of attention.

Before stating the planner problem, we derive a simple expression for expected utility in state n,
that is, E [U™ (Gitn, Gtn, 2tn)]- The derivation follows closely the derivation of a similar expression
in Angeletos and Pavan (2007). Let un (atn, 2tm) = U™ (atn, Qtn, 2t,n) denote the payoff in state n

when all agents take the same action a; ¢, = a¢,. It follows from equation (1) that

U™ (@i, 20) = U™(0,0,0) + (UZ + Up) agn + Ul
ur. +20r, +U" yn
+ ;a4 201201 aa a%n + 2ZZ 2152,7’1/ + (UCI?:ZZZ + U;LZ) at’nzt,n, (16)

In the following, we assume that g (@tn, 2t,n) is concave in its first argument, that is,
Usia, +2Ug 4 + Ugy <O. (17)

Let a;n denote the common action a;, € R that maximizes un (@tn, 2tm). It follows from equations
(16) and (17) that

o ur +Ur - U+ U2 1)
tn ur, +20r,+U0r,  Un, 208, + Uz, """

One can show that expected utility in state n equals

. Ur, 4+ 2Un, 4+ U L
B amtimn] = [0 et r)] - L F 2 Bl
‘ (Zai 2
TE [(ai,t,n — Gt ) ] . (19)

The proof is in Appendix B. The last equation implies that expected utility is maximized when all
agents take the action a?,n for all 2y, that is, a;t, = a;n for all z;,. There is a loss in expected
utility when the mean action in the population does not move one for one with a;,, (the second
term on the right-hand side of the last equation) and when there is dispersion in actions (the third

term on the right-hand side of the last equation).
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When ¥ is diagonal and the planner considers equilibria of the form a;, = v¥,, + ¢,,2¢n, the
problem of the planner who chooses the allocation of attention of the agents so as to maximize
expected utility of the agents reads:

+202 .+ U2 . \2 ur..
max Zp { S 2 [(at,n —aiy) } +—5"E [(az',t,n - at,n)z} } (20)

(k1,Kk2) €R2

subject to equation (18),

n — wn + ¢nzt,na (21)
E’/L’I’L
Aon
it = (On + Vn¥n) + (Vnbp +1—17,) % (2t + €it—1,n) 5 (22)
EHJ.L
(1 - Vn) E_rm_
¢n = _n 7¢n = —§w7 <23)
1 Vn 1 _ Ann
T Fan
Enn 2
SE g, 24
A (24)
and
K1+ K2 < K. (25)

Objective (20) is expected utility of the agents minus Zi:l 2 [(7 " (az‘yn, ztn)} , which is a term
that the planner cannot affect. Equation (22) follows from equations (5)-(6) and equation (21).
Equation (23) follows from equations (21)-(22), the definition of at,, and the assumption that
noise washes out in the aggregate. Equation (24) follows from the definition x,, = %logQ <%ﬁ>
and Q= Yo — S (Enn + Am)_1 Yn. Finally, constraint (25) is the information-processing
constraint of the agents in the case of diagonal ¥ and A.

In the following, we focus on the case that the economy is efficient under perfect information,
that is, the equilibrium actions under perfect information equal the welfare-maximizing actions.
It follows from equation (5) and the definition of a;, that the equilibrium actions under perfect

information are given by

n
Aitn = 1 + 2t n-

Tn

The welfare-maximizing actions are given by a;t, = af, where aj,, is given by equation (18).
The condition that the equilibrium actions under perfect information equal the welfare-maximizing

actions thus reads
Us, T U Py
U(Z-ai + 2UaZa + U(?a B 1- ’Vn’

(26)
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and
Ug,» + U
+2U;, + Ud,

~ o = 1. (27)

a;a;

Substituting equation (18), equations (21)-(24), and equations (26)-(27) into the planner’s objective
(20) gives

n

U, 1 (1—7,)% (22 — 1)
max PrOn2 <1 -2y, + == > +
(r102) R Z o [ " Ve ) Gt (L= ) 22502 (o + (1= 7,) 22502

(28)
subject to

K1 + k2 < K. (29)

Increasing the attention allocated to state n reduces the mean squared difference between the mean
action a;, and the welfare-maximizing action aj,, (see the first term in square brackets in the
objective), but may increase or decrease the dispersion in actions in state n (see the second term
in square brackets in the objective). The reason for the second effect is that at x, = 0 dispersion
in actions in state n equals zero and as k,, — oo dispersion in actions in state n goes to zero, while
for intermediate values of k,, dispersion in actions is positive.

Finally, in the following, we focus on the case where the degree of strategic complementarity is
the same across states and the ratio Uy, /Uy, . is the same across states. The planner problem then

reduces to:

1-— 22rn — 1
max and Son <1—2’y+ U““) ! > i) ( 2 , (30)
(r1,i2) ERY Uaia; ) (7 + (1 =7)2%n)" (7 + (1 — ) 2%n)

subject to

K1+ K2 < K. (31)

The next two propositions state results concerning the relationship between the equilibrium allo-

cation of attention and the efficient allocation of attention.

Proposition 2 Assume that ¥ is diagonal, v, = v9 = 7y, and 2% > % and (1 — )28 +~27% > 1.
The equilibrium allocation of attention, denoted k{*", is then given by equation (8). Furthermore,
assume that condition (17), conditions (26)-(27) and (Ul,/Us...) = (U4/UZ..) = (Usa/Ussa;)
hold. The efficient allocation of attention, denoted /-i'f , 18 then given by the solution to problem

(30)-(31). Finally, suppose that the constraint (31) is binding and the problem (30)-(31) is convex.
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Then the following result holds. If v = (Uua/Ussa;) or k31" = %/@, the equilibrium allocation of

eff

qu __
= K1

attention equals the efficient allocation of attention: kS

Proof. See Appendix C. m

Proposition 2 can be interpreted as a welfare theorem for the allocation of attention. The
proposition states conditions under which the equilibrium allocation of attention equals the efficient
allocation of attention. The setup is the following: The conditions of Proposition 1 hold; agents take
the welfare-maximizing actions under perfect information; there is a certain degree of symmetry
across states; and the planner problem is convex. In this case, the equilibrium allocation of attention
equals the efficient allocation of attention if either the payoff function has the property that the
ratio — (Ug,a/Ug,q;) equals the ratio (Uaq/Us,q,), Or in equilibrium agents allocate their attention
equally across states (i.e., % = 1), or both.

A few comments on the setup are in order. The conditions of Proposition 1 imply that there
exists a unique equilibrium and a closed form solution for the equilibrium allocation of attention.
This simplifies the proof of Proposition 2. The condition that the economy is efficient under
perfect information is a natural benchmark. It means that inefficiencies, if any, arise due to limited
attention by agents. The requirement that there is a certain degree of symmetry across states will
be relaxed later.

The following proposition characterizes the direction of the inefficiency when the payoff function
does not have the property — (Us;a/Ugsa;) = (Uaa/Uasa;) and in equilibrium agents do no allocate

their attention equally across states.

Proposition 3 Assume that the conditions of Proposition 2 are satisfied. Then the following result
holds. If v # (Usa/Ussa;), K5 # ik, and x5 € (0,k), the equilibrium allocation of attention
differs from the efficient allocation of attention. More precisely, when v < (Uua/Uq;a;) the planner
would prefer agents to pay more attention to the state that they are allocating less attention to (i.e.,
when v < (Uga/Uyg,a;) then 0 < k1 < %/—i implies kT > knl"). In contrast, when v > (Usa/Uga;)
the planner would prefer agents to pay even less attention to the state that they are allocating less

attention to (i.e., when v > (Uga/Uq,a,) then 0 < k3" < &1 implies kel h < kST,

Proof. See Appendix D. m

19



When agents allocate their attention to some extent to both states, agents do not allocate their
attention equally across states, and the payoff function does not have the property — (Ug,0/Ua;a;) =
(Uaa/Uaua;), the equilibrium allocation of attention differs from the efficient allocation of attention.
In addition, the direction of the inefficiency can be seen directly from the payoff function. If
— (Ua;a/Uqza;) < (Uaa/Ug,a;) the planner would prefer agents to pay more attention to the state
that they are devoting less attention to. If — (Usa/Uaa;) > (Usa/Ua,a;) the planner would prefer
agents to pay even less attention to the state that they are devoting less attention to.

For example, assume that state one has a low probability (“unusual times”) and state two
has a high probability (“normal times”). Furthermore, suppose that W < \/% <1,
implying that in equilibrium agents think to some extent about the optimal action in unusual times,
but less than about the optimal action in normal times. Then, if — (Us,a/Uga;) < (Usa/Uq;a;) the
planner would prefer agents to think more carefully about the optimal action in unusual times and
focus less on the optimal action in normal times than is the case in equilibrium.

Proposition 2 states two conditions under which the equilibrium allocation of attention equals
the efficient allocation of attention. One of the two conditions reads

_h = h (32)
Uaiai Uaiai

This condition is equivalent to a condition that has already appeared in the literature in a different

context. More precisely, this condition is equivalent to the following condition which appears in

Angeletos and Pavan (2007):

Ua-a (Ua-a- Ua-a Uaa )
a2ty g Zdia : 33
Ua,-ai Uaia,- an',ai Uaiai ( )

Angeletos and Pavan (2007) study an economy with a continuum of agents in which each agent
observes a noisy private and public signal. The precision of the two signals is exogenous. Due to the
quadratic Gaussian structure of the economy, actions are a linear function of the two signals and
Angeletos and Pavan (2007) refer to the coefficients on the two signals as the “use of information.”
They then compare the equilibrium use of information to the efficient use of information, where the
latter is defined as the one that maximizes ex-ante utility. For economies that are efficient under
perfect information, it turns out that the equilibrium use of information equals the efficient use of
information if and only if condition (33) is satisfied. We thus arrive at the following conclusion.

The same condition that governs the relationship between the equilibrium use of information and
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the efficient use of information in Angeletos and Pavan (2007) also governs the relationship between
the equilibrium allocation of attention and the efficient allocation of attention in our model with an
endogenous signal precision. Our intuition for this finding is the following. If the use of information
is efficient, then the acquisition of information is also efficient, so long as there is no direct externality
in the acquisition of information (which is the case here).

Proposition 2 assumes that there is a certain degree of symmetry across states. The degree of
strategic complementarity v, = — (UCZQ / U(’]Z_ai) is assumed to be the same across states and the
ratio (U;Za / UrZ-ai) is assumed to be the same across states. When this symmetry requirement is not
satisfied, a sufficient condition for the equilibrium allocation of attention to equal the efficient allo-
cation of attention is that condition (32) holds for each state, that is, — (U2, /U%,.) = (U /UZ,.)
for n = 1,2. The proof is the same as before. The agents’ first-order condition then equals the
planners’ first-order condition, and the conditions for corner solutions are the same for the agents
and the planner.

Finally, Proposition 3 which characterizes the direction of the inefficiency when v # (Uaa/Uq,q; ),
k{1 # 1k, and k™ € (0,k), does not cover the case of corner solutions. We now cover this case.
When v > (Uga/Uga;) and w17 = 0 or £ = &, the equilibrium allocation of attention equals
the efficient allocation of attention. The reason is simple. The planner would prefer agents to pay
even less attention to the state that they are devoting less attention to. However, this is impossible
because the equilibrium allocation of attention is already a corner solution. Hence, the equilibrium
allocation of attention equals the efficient allocation of attention. They are both corner solutions.
When vy < (Uya/Uy,a;) and k57 = 0 or £ = k, the equilibrium allocation of attention may equal
or differ from the efficient allocation of attention. If the efficient allocation of attention is a corner
solution, the two coincide. If the efficient allocation of attention is not a corner solution, the two

differ.

6 Extension: Learning the probability of rare events

We have assumed that the probability of the economy being in any given state at any point in time
is known. In this section we study a version of the model in which the probability of the economy

being in any given state is a random variable.
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Consider a random variable X that has a Bernoulli distribution with an unknown parameter p,

i.e. X can take only the values 0 and 1, the probabilities are
Pr(X=1)=p and Pr(X =0)=1-p,

and p itself is a random variable. We think of X = 1 as “unusual times” and we think of X = 0
as “normal times”. Suppose that: (i) agents observe sequentially random variables Xj, ..., X, ...
that are i.i.d. over time and each has this Bernoulli distribution; (ii) in period 0, the agents’ prior
distribution of p is a beta distribution with parameters o > 0 and 5 > 0; and (iii) in every period
t=1,2,..., agents observe whether X = 1 or X = 0 and agents update their prior distribution of p.
Then the agents’ posterior distribution of p given that X; = a4, t = 1, ..., s, is a beta distribution
with parameters a +y and 8 + s — y, where y = > 7 ; ;. Furthermore, agents still solve the
problem (4)-(7) where the probability of the economy being in any given state has been replaced
by the agents’ posterior expectation of that probability.!?

This version of the model matches what we believe are the following features of reality. When a
rare event fails to occur for some time, agents tend to underestimate the probability of the rare event.
Consequently, agents think even less about the optimal action in the rare event. Furthermore, when
the rare event does occur agents tend to increase significantly their estimate of the probability of
another rare event. Consequently, an occurrence of the rare event causes a significant reallocation
of attention toward thinking about what to do in the rare event.

Consider a numerical example. Suppose that the true value of p is 0.01. In period 0, the
agents’ prior distribution of p is a beta distribution with parameters ¢« = 1 and g = 99. Note
that the agents’ prior expectation of p equals the truth, because the prior expectation of p equals
a/(a+5)=0.01. Let X, =0fort=1,...,s—1, X; = 1 for t = s, and s = 101. In words, the state
turns out to be “normal times” one hundred periods in a row and in period 101 the state turns
out to be “unusual times”.!> The agents’ posterior expectation of p evolves over time as shown in
Figure 3. Note that between period 1 and period 100, the agents’ posterior expectation of p falls

¢

slowly. Just before the state “unusual times” occurs, the agents’ posterior expectation of p equals

12This statement is true because the agents’ prior distribution of p and the stochastic process {X:} are independent

of the stochastic process {z¢,€i¢}.
13The probability that “unusual times” fail to occur in one hundred Bernoulli trials with p = 0.01 equals about

0.36.
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0.005. Agents underestimate the probability of “unusual times” by fifty percent. Furthermore, note
that just after “unusual times” the agents’ posterior expectation of p changes by a large amount.
The agents’ posterior expectation of p doubles to 0.01. Consequently, the occurrence of the rare
event causes a significant reallocation of attention toward thinking about what to do in the rare

event.

7 Conclusion

This paper proposes an explanation for why people were so unprepared for the global financial crisis,
the European debt crisis, and the Fukushima nuclear accident. The explanation has four features:
(1) Humans have a limited ability to process information and therefore cannot prepare well for
every contingency. (2) These events seemed a priori unlikely. (3) Thinking carefully about the
optimal action in normal times does not improve much actions in those unusual times. (4) Actions
are strategic complements. Formally, we study a rational inattention model in which agents decide
how carefully to think about optimal actions in different contingencies, subject to an information-
processing constraint. We find that agents are unprepared in a state when the state has a low
probability, the optimal action in that state is uncorrelated with the optimal action in normal
times, and actions are strategic complements. We then use the model to ask the following question:
Would society be better off if agents allocated their attention differently? To answer this question,
we compare the equilibrium allocation of attention to the efficient allocation of attention. We find
that the same condition that governs the relationship between the equilibrium use of information
and the efficient use of information in Angeletos and Pavan (2007) governs the relationship between
the equilibrium allocation of attention and the efficient allocation of attention in our model with
an endogenous information structure.

In the real world, there exists regulation that affects the allocation of attention. For example,
Federal Aviation Regulations force passengers on airplanes every time they take a flight to think
about the optimal action in the rare event of a water landing. Does this increase ex-ante utility?
At the same time, there does not seem to be regulation in Japan that requires companies running
nuclear power plants to have a precise plan of what to do when an earthquake and tsunami has

disabled a plant’s cooling system. Should this be changed? The efficiency results in this paper help
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understand when regulation that affects the allocation of attention can improve welfare and when
it cannot improve welfare.

The efficiency question asked in this paper - whether the equilibrium allocation of attention
equals the efficient allocation of attention - is new to the best of our knowledge; has a clear answer;
and could be asked in a wide range of other contexts. For example, one could ask whether the extent

to which investors think about payoffs of their assets in different states of the world is efficient.
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A Proof of Proposition 1

Step 1: We consider equilibria where the average action in a state is an affine function of the

fundamental in that state. Formally, for n =1 and n = 2,

tn = P + Pp2tn, (34)

where 11, @1, 19, and ¢y are undetermined coefficients that we need to solve for.
Step 2: The information choice problem (4)-(7) can now be stated as follows. Substituting
equations (2), (3) and (5) into objective (4), deducting a constant that the agent cannot affect from

the objective, and using equation (34) to substitute for a;, in the objective yields

2
2
m/f\iX {_ len(sn <7n¢n +1- 771) an} ) <35)
subject to
Q=2-2(Z+A)'x, (36)
1 %]
— — | <
5 log, (’W) < K, (37)

and the restriction that A is a positive semidefinite matrix. Here €2,,,, denotes the posterior variance
of the fundamental in state n. Furthermore, using the formula for the determinant of a two-by-two

matrix, the information flow constraint (37) can be expressed as

1 311299 — E%2>
Clog, [ZHZ2 T %2 ) o 38
3 b2 <911922 -03,) ~ 38)

where 215 denotes the posterior covariance of the fundamental in the two states.

Step 3: When the optimal action in state one and the optimal action in state two are inde-
pendent (i.e., X9 = 0), it is optimal to receive independent signals concerning the optimal action
in state one and the optimal action in state two (i.e., Aj2 = 0). The proof is as follows. First, the
information flow constraint (38) is always binding. Second, increasing Q3%, for a given Q11 and Qoo
raises the information flow on the left-hand side of constraint (38) without improving objective (35).
Third, when X5 = 0, then 15 = 0 if and only if Aj2 = 0. Hence, when ¥15 = 0, the solution to the
information choice problem (35)-(37) has the property Aja = 0. Next, using 12 = Ajg = Q12 =0
the information choice problem (35)-(37) simplifies to

2
max {_ an(;n (Yn®n +1— 7n)2 an} ) (39)
n=1

(AL AL )eR2
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subject to

and
X1 1 Y22
— - < .
log2<Q >+21g <Q22>_;<a (41)

Let k,, = %logQ (%ﬁ) denote the uncertainty reduction about the fundamental in state n. The

information choice problem (39)-(41) can be written as

2
2
o {1 "
subject to
an = 272”712717” (43)
and
K1+ K2 < K. (44)

The unique solution to this problem is given by

K if x > 2%
K1 =14 2k+3ilogy () ifxe277,25] , (45)
0 if xg <27F
where
§ 1-—~,)2%
.= \/Pl 1 (7101 + 71)2 11; (46)
P202 (7292 + 1 —72)" X2
and
R = K — K1. (47)

The optimal uncertainty reduction about the fundamental in state one is an increasing function
of k and z. Finally, it follows from equation (40) and k,, = %logQ < > that the optimal signal

precisions are then given by

22/{1 -1
A = =, 48
11 211 ( )
222 — ]
Ay = ———. 49
22 222 ( )
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Step 4: Equations (45)-(47) give the optimal allocation of attention as a function of the
parameters of the model and the undetermined coefficients ¢; and ¢5. The next step is to solve
for the undetermined coefficients ¢, and ¢, as a function of the optimal allocation of attention.
Combining results one then obtains the equilibrium of the model. The actions by agent ¢ are given

by equation (5). Substituting the guess (34) into equation (5) yields

Qitn = (Son + 7n¢n) + (’7n¢n +1- Vn) E [zt,n‘si,t—l] :

Calculating the conditional expectation in the last equation using equation (6), 312 = Aj2 = 0,

and equations (48)-(49) yields
Qitn = (Son + f}/nwn) + (fynqsn +1- Vn) (1 - 272’{”) (Ztﬂl + €i,t—1,n) .
Calculating the mean action in the population gives

Atn = (Qpn + 'ann) + (f)/n(pn +1- 'Yn) (1 - 272’{”) Ztn

It follows that, for a given allocation of attention (i.e., for a pair 1 and kg), the guess (34) is

correct if and only if

_ Pn

(1 - ’Yn) (1 - 272&”)

N (P DN oy

The last two equations give the undetermined coefficients ¥, ¥y, ¢, and ¢, as a function of the
allocation of attention ki and ko and the parameters ¢, @y, 71, and v,.
Step 5: An equilibrium allocation of attention is a pair (k1, k2) satisfying equations (45)-(47),

where ¢; and ¢, are given by equation (51). Using equation (51) to substitute for ¢; and ¢, in

5y 1-v
1—y (1272~
x = /pl(slzll 71(1_72 1). (52)
N ()

1=y,

equation (46) yields

Thus, an equilibrium allocation of attention is a pair (k1, k2) satisfying equations (45), (47) and
(52). It is useful to distinguish three types of equilibria: (i) the equilibrium allocation of attention
has the property k1 = 0, (ii) the equilibrium allocation of attention has the property x; = k, and

(iii) the equilibrium allocation of attention has the property k1 = 3x + 3 log, ().

27



First, turn to an equilibrium with the property x; = 0. Substituting k1 = 0 and k2 = & into

p101211 1 — 7 —2k
=R 1=y (1— 2727,
v P202322 1 — vy =72 )

It follows from the last equation and equation (45) that k; = 0 is an equilibrium if and only if

[P161¥11 1 — 74 2 —r
1-— 1-2 < 27F,
P202322 1 — vy 1= ( )=

This condition can be stated as

P101211 < 1 . (53)
| p202%22 (1 — 4,) [Qn 4 Lgf,{}

equation (52) yields

1=,

Second, consider an equilibrium with the property k1 = k. Substituting k1 = k and ko = 0 into

. p161211 1 — g 1
P202Xio 1 — 91—y (1 —272%)°

It follows from the last equation and equation (45) that k1 = & is an equilibrium if and only if

p161X11 1 — 7 1 > o
P202Xion 1 — 7y 1=y (1 —2728) = 7

This condition can be stated as

p101X11 [ Y1 o ]
— > (1- 2" 4 ——=—27F 1, 54
| P202%22 (=) -7 (54

Third, turn to an equilibrium with the property k1 = %/—i + %logQ (x). Substituting k; =

equation (52) yields

36+ 3 logy (z) and kg = K — K into equation (52) yields

11—
_p101X11 1y, (1-27%1)
TN et —
2 Ty,(-2"a)
Rearranging the last equation yields
01X X
1 JPoisnn 02 gok| . [PIO1Z1L 1 9ok (55)
P202322 1 — 74 P02 1—7
If [1 — \/%11—%2_”} = 0, the unique solution to the last equation is
/Plglﬁ _ 19k
- p202¥i22 1-7 ' (56)
1— \/111517211 V2 92—k
Pp202322 1—7,
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Thus, when [1 - ,/p;ggéé 17?&2 ] # 0, it follows from the last equation and equation (45) that

K1 = %Ii + %log2 (x) is an equilibrium if and only if

/p1§1211 _ 19k
p2dads 1—v _
Ry L e [277,27]. (57)
1_ P101311 Y2 9—k
p202X22 1—7,

P101X11 Yo ok
1 2 g9n| 5, 58
[ P202X22 1 — 749 (58)

Furthermore, when

condition (57) is equivalent to

1 v
p161211 c j— 2"+ 27 (59)
P202X22 28 4 122K’ L

—72 1=,

When

P101X11 Yo ok
Y el S S N 60
[ 202322 1 — 7, (60)

condition (57) is equivalent to

1
P101211 c 2"+ 1V1 27" j— (61)
p202¥22 — A e
2

Finally, if

P101X11 Yo ok
- RO T2 o) g 62
[ P202X22 1 — 74 (62)
[p101311 VM o—r
= 2%, 63
p202¥22 1 — (63)

In summary, if conditions (58)-(59) or conditions (60)-(61) hold, a unique equilibrium with the

equation (55) reduces to

property K1 = %Ii-i-% log, (x) exists and in this equilibrium z is given by equation (56). If conditions
(62)-(63) hold, a continuum of equilibria with the property x1 = 3£ + 1 log, (z) exist; namely any
k1 € [0, k] is such an equilibrium.

This completes the characterization of equilibria of the form (34). If v; = v = 7, conditions
(53), (54), (58)-(59), (60)-(61) and (62)-(63) and equation (56) reduce to the conditions and equation

given in Proposition 1.
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B Proof of Equation (19)

Step 1: A Taylor expansion of U™ around a; ¢, = a¢, gives

U™ (@it Qs 2tn) = U™ (arms atn, 26n) + [Ugy + (Ussa, + Ugia) @t + Uglz2tn] (@it — atn)
ur
+—5 (@i — an)?. (64)

Let W™ (atm, T tms zt,n) denote welfare in state n under a utilitarian aggregator
W™ (atn, 0a; s 2tin) = /U" (@it Gty 2e) AY™ (@) - (65)

Combining the last two equations gives

Un
n n aja; 2
w (a/t,na o-al',t,na Zt,n) =U (at,nv at,n> zt,n) + fo-ai,t,n’ (66)
where U?L”n = / (@im — at’n)2 dU"™* (a;1,) denotes the dispersion of individual actions in the

population. Next, a Taylor expansion of W" (atm, Taiyns ztm) around a¢y, = ag,, and oq,,, = 0,
where aj ,, is given by equation (18), yields

Ugia; +2Uaa + Usa Utia; 2
2

(at,n - a:,n)Q + 9 Jaz‘,t,n' (67)

wn (at,’m Oa;tns Zt,n) =w" (a;na 0, Zt,n) +

Here we used equation (66) to compute the first and second derivatives of W™ and exploited the
fact that the first derivative of W™ with respect to a;, evaluated at af,, equals zero.

Step 2: Given any strategy a;n : R? — R, expected utility in state n is given by

E [Un (ai,t,nv At n, Zt,n)] = / / un (ai,t,n (Si,t—l) , At (Zt) 7Zt,n) ar (Si,t—lfzt) ar (Zt) ) (68)
ztd 8541

where atp, (2) = / @it (Sit—1)dP (sit—1|2). Substituting equation (64) into equation (68)
Si,t—1
and using equation (66) gives

E U™ (@ig Gt 22m)] = / W™ (4t (22) 1 Ty s 2tm) AP (22) (69)
Zt

Substituting equation (67) into the last equation yields

. vy, +2070,+U% .
BU" @ity atms 7)) = B (W (05,0, 240)] + 25— 80 B [ (ay,, — af,)°]
un.,
+=29 B (@140 — a10)°] (70)

Noting that W" (a;n, 0,2t5) = ur (a;n, Ztn) gives the desired result.
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C Proof of Proposition 2

Step 1: The first two sentences of Proposition 2 follow from Proposition 1. The next two sentences
of Proposition 2 follow from the text above Proposition 2.
Step 2: Substituting k2 = k — k1 into objective (30) and setting the first derivative of the

objective with respect to k1 equal to zero yields the first-order condition

(1—y)%22m1 (1—y)2*™ Uga  _
P01 [[w(lv)?“l]z * 2[%(1*7)22”1]3 <Uam >] 2In (2)

— (1—7)?22(==%1) (1—y)22(s 1) ( Usa  _ ) —
pa0an [[v+(1v)22(""1)]2 " 2[V+(1ﬂ)22<~*”1)]3 Tuie; —7) | 2(2) =0,

(71)

Let F,,—o and F,,—, denote the value of the left-hand side of equation (71) at k1 = 0 and k1 = &,
respectively. When the constraint (31) is binding and the planner problem (30)-(31) is convex, the

solution to the planner problem is given by

K if Fy—x >0
/"iiff = /ﬁlfoc if FK,lZO >0> FKIZK ’ (72)
0 if ngl:O S 0

where £1"0C denotes the unique solution to equation (71) in the case of Fy,—g > 0 > Fy,—.

Step 3: If v = (Uga/Ua,a, ), the first-order condition (71) reduces to
1 _ 2 22/’%1 1 - 2 22(,{,,{1)
k) 55210 (2) — p2da¥ian (1-7) 5
[y + (1 =) 22m] [7+ (1 = ) 220=r)]

Now the condition Fy,—g < 0 reads

P101211 < 1
p202Xne T 2R 4+ (1 — )28’

and the condition Fy,—, > 0 reads

p1o1¥11 2In(2) = 0. (73)

p151211
p252222

—7) 2%
Furthermore, solving equation (73) for k1 in the case of Fj;,—g > 0 > F;,— yields

p1d1¥iy o 9=k
1 1 p202X22 1—v
K1 = —K+ = logs

2 2 1— p161¥11 9—k
p202¥a2 1—y
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Hence, if v = (Uga/Uq,q, ), the efficient allocation of attention is given by

) 5755, _
K 1f\/£—;532;;272 P (1—n)2¢

ff L1 V Assll — 2w

e _ 1 1 202300 — :

Ki'? =4 5K+ 5logy 1_\/p151211 ERp otherwise . (74)
p2d2Xon 1—v

se /p1613n1 1
0 if p202X22 = Y27 R4 (1—7)2"
Uaa/Ua;a;) then 1% = miff.

(
Step 4: If k(™" = %n, then % = 1. See equation (8). Furthermore, when % =1, the

Comparing equation (74) to equation (8) shows that if v =

first-order condition (71) reduces to

(1—,}/)222f€1 (1_,}/)22111 Usa B
[[v+(1—v)22"1]2 * 2[w+(1—7)22n1]3 <Uaiai 7)]

(177)222(N7N1) + 2 (177)22(117%1) < Uaa _ r}/):| = 0

[+(1—y)22=rD]? T Ty (1—y)22G—rD]% \Uaje,
A solution to the last equation is { oC — %m. When the planner problem is convex, this implies

that /{if F = k. It follows that if k{7 = Zk then {7 = liif t

D Proof of Proposition 3

If K17 € (0, k), then

1
ri = sk + 5 logy (7)) (75)
2 2
where
[p161%511 09—k
T = P2oaiaz 177 , (76)
_ /p10i¥n 29—k
p202X22 1—y
and
ze (277,27). (77)

See equations (8)-(9). Let F _ eauc(q,) denote the value of the left-hand side of the planner’s
first-order condition (71) at k1 = k7" € (0, k). Substituting equation (75) into the left-hand side

of equation (71) gives

2
— 72 (1-7)2" <Uaa )
F _ equ — 5 E — 21 2
e e A AR T o AP |
1-9)? % 1-79)Z Usa
—p262322 kel Sz T2 Slt) o3 < - > 2In(2)
p+a-nE" ra-nF]) \Vuu



Furthermore, equation (76) implies

_ N\29k N2 2k
P101211 (1 =) 2% = p202Xa ko) .
[ 1— 9K 2 25712
v+ (1 =) 2%a] v+ 1= %]

Substituting the last equation into the previous equation gives
(1—v)2%

[+ (1 =) 27a)?

2 2

E—rermeor = P101¥m

( Uaa
(]diai

T+A -2z 4+ (1—q)E

x

- 'y) 2In(2). (78)

Since p101¥11 > 0, v € (=1,1), and = € (277,2%), the last expression equals zero if and only if

%;i =~ or x = 1. Furthermore, when UUT:ZZ > 7y, then z < 1 implies F, _

implies Fo—rermeor) <0 By contrast, when UU‘?“

a;aq

ket e(0,x) > 0 while 2 > 1

< 7, then z < 1 implies Foy—wetieor) <0 while

x > 1 implies Fﬂlzﬂique(oﬁ) > 0. In addition, x < 1 means k1 < %H, and x > 1 means K1 > %m.

See equation (75). Finally, by assumption 7% € (0, %) and the planner problem is convex. Hence,

when % > v, then ,, < % implies kST > K2, By contrast, when
implies welf < geav,
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k1

Figure 1: Attention to state one as function of relative likelihood
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Figure 2: Posterior covariance matrix of optimal actions as function of prior correlation of optimal actions
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Figure 3: Posterior expectation of the probability of unusual times
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