
(Anti-)Coordination Problems with Scarce Water
Resources∗

Katrin Erdlenbruch†, Raphaël Soubeyran‡, Mabel Tidball§

Agnes Tomini¶

Abstract

This paper extends the previous literature on di�erential games of groundwater

pumping in two directions. First, we take up the often claimed necessity to model the

physical interactions between groundwater and rainwater, instead of analyzing these

water sources as non-connected systems, and con�rm the crucial importance of this

hydrological aspect. Next, considering strategic interaction between resource users,

we show that there may exist multiple equilibria, which may occur simultaneously.

Moreover, we prove that farmers may opt for opposite irrigation strategies, one group

choosing groundwater extraction, the other rainwater storage. This is a typical

feature of anti-coordination games. Open-loop and feedback equilibrium have been

computed to characterize these equilibria.

JEL Classi�cation: Q15, Q25, C72

Keywords: groundwater management, rainwater harvesting, water productivity, asym-

metric equilibrium, multiplicity of equilibria, drought.

∗We acknowledge �nancial support from the ANR project �RISECO�, ANR-08-JCJC-0074-01.
†Irstea, UMR G-EAU, 5361 Rue J.F. Breton - BP 5095 34196 Montpellier cedex 5 France; ka-

trin.erdlenbruch@istea.fr.
‡INRA, UMR1135 LAMETA, F-34000 Montpellier, France; soubeyra@supagro.inra.fr.
§INRA, UMR1135 LAMETA, F-34000 Montpellier, France; tidball@supagro.inra.fr.
¶Irstea, UMR G-EAU, 5361 Rue J.F. Breton - BP 5095 34196 Montpellier cedex 5 France;

agnes.tomini@istea.fr.

1



1 Introduction

Many papers in water resource economics have focused on one single aquifer and have
dealt with the question whether policy intervention was necessary. While Gisser and
Sanchez showed that the di�erence between the laisser-faire case and the case with policy
intervention was possibly small (Gisser and Sanchez [6], see also Koundouri [8] for a
literature overview), more recent papers pointed out the necessity of policy intervention
in the presence of additional externalities, such as drought risk (see Provencher and Burt
[14]) or pollution (see Roseta-Palma [15]) or when resource users adopt strategic behavior
(see Negri [12] or Rubio and Casino [17],[18]). In this paper, we analyze another case of
policy intervention which may be necessary when several long-term equilibria exist.

The need to deal with water as a system of di�erent water bodies has been recog-
nized early in the literature. Three strands of literature can be distinguished in water
resource economics. The �rst deals with the problem of saltwater intrusion into coastal
aquifers that are connected to the sea (see for example Cummings [3], Moreaux and Rey-
naud [10],[11]), the second deals with the optimal management of multiple groundwater
resources (see Roumasset and Wada [16] or Zeitouni and Dinar [23]), the third studies
the conjunctive use of ground and surface water (see Burt [1], Chakravorty and Umetsu
[2], Gemma and Tsur [5], Knapp and Olson [7], Krulce, Roumasset and Wilon [9], Pongk-
ijvorasin and Roumasset [13], Stahn and Tomini [19], [20] or Tsur and Graham-Tomasi
[21]).

The way the physical link between di�erent water bodies is modeled is crucial to
understand the optimal management strategy. Consider �rst the case where resources are
not linked. Roumasset andWada [16] showed in the case of several non-linked groundwater
resources that the optimal management depends on their marginal opportunity cost: only
the resource with the lowest marginal opportunity cost is used in the �rst place, but all
resources are used in the stationary Nash equilibrium. When resources are linked the
optimal management has to consider the interactions among costs. Zeitouni and Dinar
[23] studied the case of two interrelated aquifers: water �ows from one aquifer to the other,
depending on the relative height of the water tables. This may potentially contaminate
the aquifer with the better water quality. Optimal water management is then de�ned
by the joint management of these interrelated resources, the threat of contamination
representing an additional externality that has to be taken into account. Stahn and
Tomini [19] considered the joint use of groundwater and rainwater and showed that the
introduction of rainwater harvesting may lead to a greater depletion of the groundwater
aquifer in the long-run. This results from two di�erent externalities: �rst the fact that
the groundwater recharge rate is negatively a�ected by rainwater harvesting and second
the fact that the e�ciency of water use depends on the relative size of evapotranspiration
in the storage reservoir and in�ltration to the groundwater aquifer.

In this paper, we analyze a model in which rain (thereafter RW) and groundwater
(thereafter GW) are physically linked: rainwater may either be harvested before it in-
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�ltrates into the soil or it may replenish the aquifer. All resource users, farmers in our
case, have access to the same aquifer but can opt to use either rainwater or groundwater,
or both. Whereas rainwater collection has a marginal constant cost, groundwater pump-
ing depends on the height of the water table: the deeper the water height, the higher
is marginal pumping cost. We can therefore expect that there exists a trade-o� based
on the di�erence in costs of groundwater extraction and rainwater storage. Furthermore,
beyond this di�erence in costs, we introduce a di�erence in terms of productivity. For
example, evaporation may be greater for rainwater than for groundwater and hence the
consumptive use of groundwater may be greater. On the other hand, groundwater may
be salty or charged with other toxic substances (e.g. chloride) and hence the consumptive
use of rainwater may be greater. We will consider both possible cases.

We are interested in qualifying the management of this interrelated water resource sys-
tem, given strategic interactions between N homogeneous resource users (Dockner et al.
[4]). We suppose in the �rst place that resource users make consistent commitments. We
focus on the role of the cost and productivity di�erences between rain and groundwater
use (we do not consider other externalities such as the bu�er value of groundwater use).
Because resources are physically interlinked, we cannot merely compare marginal (extrac-
tion and user) costs of separate use, as proposed by Pongkijvorasin and Roumasset [13]
but we compare all possible equilibria of joint and separate uses. The optimal choice of
one or the other resource depends on the ratio of their cost and productivity parameters.

We show that there are multiple equilibria. In particular, there is an asymmetric
equilibrium, similar to those in anti-coordination games, although our players are ho-
mogeneous in all their characteristics (see Vives [22] for conditions on the non-existence
of asymmetric equilibria). This is linked to the pumping cost externality, i.e. the fact
that pumping becomes more costly when the water-table has been reduced by another
resource-user. Some farmers try to avoid this pumping cost externality by adopting rain-
water harvesting (where this externality does not exist). As we show in a numerical
example, they thereby generate higher gains than those players, who continue to use the
groundwater resource. For all players, the overall gain of such a strategy can be greater
or smaller than the gain from another equilibrium (for example the groundwater equilib-
rium), depending on the initial resource stock and the approach path chosen.

Furthermore, we show how the number of equilibria depends on the magnitude of the
recharge rate of the resource. For large recharge rates, it is optimal to use both resources
when the productivity of rainwater is high or the cost is low (relative to groundwater). On
the other hand, when the productivity of rainwater is low or the cost is high (relative to
groundwater), it is optimal to use only the groundwater resource. For small recharge rates,
many equilibria coexist. For example, for intermediate values of groundwater productivity
and costs, some users opt for rainwater-use and others for groundwater use, which is
the asymmetric equilibrium. For low and high groundwater productivity (compared to
rainwater), resource users may either opt for groundwater use or for conjunctive use of
rain- and groundwater. Overall, the type of equilibrium depends on the ratio of marginal
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productivity and marginal costs of both resources and the strategic decisions of the other
players.

In terms of policy implications, our results suggest that policy intervention may be
necessary to make users switch from those equilibria that are socially sub-optimal (because
joint welfare is lower or because the resource stock is smaller) to those equilibria that are
better for all users. Our results also suggest that it may be di�cult to de�ne a policy
for a resource with low recharge rates, because many di�erent equilibria can occur. In
addition, it might be impossible to infer the outcome of a situation with low recharge rates
from the outcome of a situation with high recharge rates, as resulting equilibria are very
di�erent. In the context of climate change, where temperature may raise and precipitation
may become more variable (that is mean recharge rate may decrease in many areas), the
above analysis highlights all the di�culties of predicting future equilibria and designing
sound policy interventions.

The rest of the paper is organized as follows. In section 2, we introduce the un-
derlying model, in section 3, we provide necessary conditions for both, symmetric and
asymmetric open-loop Nash equilibria, emphasizing the interactions between the two wa-
ter sources. In section 5 we discuss the coexistence of these equilibria and the problem of
anti-coordination. In section ??, we discuss the case of feedback Nash equilibria. Finally,
in section 6, we conclude and discuss our results.

2 The Model

We consider a continuous time strategic interaction problem where a �xed number N ≥ 2
of farmers needs water as an input and can use rainwater and groundwater.

2.1 Groundwater Dynamics

We consider a single-cell, uncon�ned and �bathtub� type aquifer with �at bottom and
perpendicular sides in which the water table increases because some part of rain (net of
rainwater harvesting) soaks into the soil and reaches the ground to replenish the aquifer
and decreases because of farmers' withdrawals. We denote R the quantity of rain and
ρ ∈ [0, 1] the in�ltration rate. In line with the wider part of literature (e.g. Gisser and
Sanchez [6], Koundouri [8], Rubio and Casino [18]), the natural recharge is exogenously
determined (i.e. not stock dependent). Moreover, for simpli�cation, we do not take into
account the local percolation and discharge.1

Let the subscripts g and r denote respectively groundwater (GW) and rainwater (RW),
the two irrigation water sources that farmers can use. On the one hand, farmer i pumps a

1When the water table is near the ground surface, there will be little opportunity for recharge and
shallow aquifers are thus recharged by local percolation of surface water and discharged by crops that
use the water out of the ground. But the great aquifers run deep and are highly dependent on rain and
melting snow.
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quantity wig(t) directly in the aquifer at time t and therefore the decline of the level of water

table results from the total pumping :
∑N

i=1w
i
g(t). On the other hand, he can directly

collect some part of rainwater, wir(t), before a drop of water could seep into the ground
and collect this water quantity at the surface. Consequently, rainwater harvesting reduces
the amount of water that can replenish the aquifer by the total quantity of rainwater that
resource users have stored, that is

∑N
i=1w

i
r(t). Thus, when the farmers collect rainwater,

the quantity of water that reaches the aquifer is ρ
(
R−

∑N
i=1w

i
r(t)
)
.

Combining these assumptions all together, the change in the water table is de�ned by
the following GW dynamics:

ḣ = ρ

(
R−

N∑
i=1

wir(t)

)
−

N∑
i=1

wig(t) (1)

where h is the water table elevation.

This simple formulation allows us to account for the connection between the two water
sources and emphasizes the hydrological aspect.

2.2 Net Farmers' Bene�ts

Farmers use only a combination of the two water irrigation sources, wig(t) and wir(t), at
each period t, for production. We assume that each water source has various properties
and impacts di�erently the output. Namely, the productivity of GW is denoted µ > 0
and the productivity of RW is denoted θ > 0. We assume that both types of water are
perfect substitutes:

W (t) = µwig(t) + θwir(t). (2)

We then denote F (W (t)), a concave production function.2

The use of both irrigation water is costly. On the one hand, the cost of extraction of
GW depends on the head level h(t) and the rate of pumping, Cg(h(t), wg(t)). Since we
assume a �bathtub� type aquifer, it is the same at each point of the aquifer. It increases
with withdrawal and decreases with the head of water table.

∂wgCg(h(t), wg(t)) > 0, ∂hCg(h(t), wg(t)) < 0

On the other hand, the collection of rainwater (e.g the cost of transport from the
point of the reservoir to the irrigation area) does not depend on the head of the water
table but only on the quantity which is collected, Cr (wr(t)). This cost is increasing,
∂wrCr (wr(t)) > 0.

Finally, farmer i's net bene�t at time t is then:

F
(
µwig(t) + θwir(t)

)
− C(h(t), wig(t))− Cr

(
wir(t)

)
.

2An example is given in subsection ??
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We assume that agents behave non-cooperatively, they maximize the present value of
their stream of pro�ts given the extraction path of others with a common discount rate
δ. The ith farmer faces the following dynamic optimization problem:

max
{wig ,wir}

∫ ∞
0

(
F (W (t))− C(h(t), wig(t))− Cr

(
wir(t)

))
exp−δt dt

w.r.t

∣∣∣∣∣∣∣∣∣∣∣

ḣ = ρ
(
R−

∑N
i w

i
r(t)
)
−
∑N

i w
i
g(t)

wig(t) ≥ 0
wir(t) ≥ 0
lim
t→∞

exp−δt pi(t) ≥ 0 lim
t→∞

exp−δt pi(t)h(t) = 0

h(0) given and h(∞) free

(3)

where pi(t) is the shadow price of groundwater for farmer i.

3 The Open-loop Stationary Nash Equilibria

The resource users solve the same dynamic problem simultaneously. They choose simul-
taneously their irrigation strategies at the beginning of the game and commit to their
actions over the entire planning horizon. We can de�ne N current-value Hamiltonian
functions such as:

Hi = F (W (t))− C(h(t), wig(t))− Cr
(
wir(t)

)
+ pi

[
ρ

(
R−

N∑
i=1

wir(t)

)
−

N∑
i=1

wig(t)

]
(4)

and the N corresponding Lagrangian functions3:

Li = Hi + λigw
i
g(t) + λirw

i
r(t) (5)

3We are only interested in the study of equilibria in which the water table is strictly positive in order
to compare the various steady states in di�erent situations where the aquifer is not depleted. However, we
consider the di�erent cases in which farmers can use only one of the two water sources or a combination
of both.

6



The �rst order conditions are:

∂Li
∂wig

= µF ′ (W (t))−
∂C(h(t), wig(t))

∂wig
− pi(t) + λig(t) = 0 (6)

λig(t) ≥ 0 λig(t)w
i
g(t) = 0 (7)

∂Li
∂wir

= θF ′ (W (t))− C ′r
(
wir(t)

)
− ρpi(t) + λir(t) = 0 (8)

λir(t) ≥ 0 λir(t)w
i
r(t) = 0 (9)

ṗi = δpi(t)− ∂Li
∂h

= δpi(t) +
∂C(h(t), wig(t))

∂h
(10)

ḣ = ρR− ρ
N∑
i=1

wir(t)−
N∑
i=1

wig(t) (11)

Equation (6) and (8) are the two optimality conditions stating that the marginal
bene�t for using one additional unit of water (resp. GW or RW) in each period must be
equal to the total marginal cost (that is the sum of costs, extraction or storage, with the
opportunity cost of removing one unit of water from the ground), if the irrigation strategy
(resp. GW or RW) is used by farmers. The shadow price of player i, pi represents the
e�ect that the depletion of the water table in the current period has on future pro�ts.
Equation (10) characterizes the time variation of this price along the optimal extraction
path of player i. It is positively a�ected by the discount rate, the current price and the
marginal e�ect of the water table depletion on pumping cost. Equations (7) and (9) are
the complementary slackness conditions.

To completely characterize the scope of the paper, we observe that, along the optimal
path, farmers may adopt di�erent irrigation strategies. In particular, they can use only
groundwater or only rainwater but they can also use simultaneously both water sources.
In the following, we focus on the analysis of the stationary Nash equilibria (if they exist)
in these various regimes.

It is convenient to notice that because all farmers are identical, we can easily show
that when they use the same resource, they choose the same level of resource extrac-
tion/collection, i.e. they pump the same amount of groundwater and/or collect the same
amount of rainwater. For instance, in an asymmetric stationary Nash equilibrium where
a subset of the farmers uses groundwater only and the others use rainwater only (and we
show this stationary Nash equilibrium exists), all the farmers who use groundwater only
will use the same amount of groundwater and all the farmers who use rainwater only will
use the same amount of rainwater.

We now show that there is no stationary Nash equilibrium such that all agents use
rainwater and do not use groundwater and then turn to the characterization of the other
possible stationary Nash equilibria.
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3.1 Symmetric Stationary Nash Equilibria

This model may have various symmetric stationary Nash equilibria, that is stationary
Nash equilibria in which all farmers choose the same irrigation strategies : (i) the pure
RW harvesting stationary Nash equilibrium where all the farmers use RW only, (ii) the
pure GW pumping stationary Nash equilibrium where all the farmers use groundwater
only and (iii) the conjunctive use stationary Nash equilibrium where each farmer uses
both water sources.

In a symmetric equilibrium we have wig = wjg = wg and wir = wjr = wr. Conse-

quently, the aggregate amount of GW is
∑N

i=1w
i
g = Nwg and the total amount of RW

harvested is
∑N

i=1w
i
r = Nwr. Therefore, the 5 × N equations de�ned by (6) to (??) re-

duce to 5 equations. In the following we use the superscript RW , GW and c for denoting
stationary Nash equilibria variables in the RW harvesting stationary Nash equilibrium,
the GW pumping stationary Nash equilibrium and the conjunctive use stationary Nash
equilibrium, respectively.

3.1.1 The Pure Rainwater Harvesting Stationary Nash Equilibrium

Let us �rst consider the stationary Nash equilibrium where farmers use rainwater only.
This implies that the slackness condition is : wg = 0, λr = 0 and λg ≥ 0. Taking into
account that at the stationary Nash equilibrium we must have ḣ = ṗ = 0, from equation
(10) it is straightforward that:4

pRW = 0. (12)

Then, conditions (8) and (11) lead to two solutions for rainwater collection wRWr , which
is impossible. We conclude that a stationary Nash equilibrium where only rainwater is
used fails to exist.

3.1.2 The Pure Groundwater Stationary Nash Equilibrium

Let us now consider the state where all the farmers withdraw groundwater only. This
implies that the variable wr is equal to zero and, from the slackness condition (9), we
have λr ≥ 0 while the slackness condition (7) gives λg = 0.

Taking into account that ḣ = ṗ = 0, equations (10) and (11) can be used to �nd
the characterization of the extraction rate and the shadow price in the stationary Nash
equilibrium:5

wGW∗g =
ρR

N
(13)

pGW∗ = −1

δ
· ∂C∂C(·)

∂h
(hGW∗, wGW∗g ) (14)

4One can easily check that all the farmers face the same steady sate shadow price.
5One can easily check that all the farmers face the same steady sate shadow price.
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In the long-run, farmers use an identical share of the recharge of the aquifer, as we can
see in condition (13), which is in line with the literature on groundwater management
(see for example Negri [12].

By substituting these two conditions into equation (6), we obtain an implicit charac-
terization of the water head in the stationary Nash equilibrium, hGW∗ :

µF ′
(
µwGW∗g

)
=
∂C∂C(·)

(
hGW∗, wGW∗g

)
∂wg

− 1

δ

∂Cg
(
hGW∗, wGW∗g

)
∂h

. (15)

Then, combining these equations with equation (8), we obtain the stationary Nash
equilibrium value for the Lagrangian multiplier,

λGW∗r = C ′r (0)− ρ

δ
·
∂C(hGW∗, wGW∗g )

∂h
− θF ′

(
µwGW∗g

)
. (16)

Condition (16) and λGW∗r ≥ 0 imply that the full marginal rainwater cost in the
long-run must be greater than the long-run marginal productivity or rainwater.

C ′r (0)− ρ

δ

∂Cg(h
GW∗, wGW∗g )

∂h
> θF ′

(
µwGW∗g

)
(17)

Finally, combining (15) and (17) enables us to characterize a necessary condition
to have a pure GW stationary equilibrium that will help us to study the coexistence
of several stationary Nash equilibrium in section 5. This result is summarized in the
following proposition.

Proposition 1 If there exists a pure GW stationary Nash equilibrium, then the ratio of
the marginal productivity of the two water sources (the productive ratio) is higher than the
ratio of the full marginal cost (cost ratio).

µ

θ
≥
MCGW

(
hGW∗, wGW∗g

)
MCRW

(
hGW∗, wGW∗g

)
with MCGW = ∂Cg(·)

∂wg
− 1

δ

∂Cg(·)
∂h

and MCRW = C ′r (0)− ρ
δ

∂Cg(·)
∂h

.

Proposition 1 shows that the pure GW equilibrium, if it exists, that if the relative
productivity gain of groundwater use, compared to rainwater use, exceeds the additional
relative costs of GW use, compared to rainwater use, farmers will use groundwater only.
In simplifying terms, given the respective characteristics of the two water sources, rain-
water remains "too costly" in the long-term, compared to groundwater. In contrast with
Roumasset and Wada [16], optimal extraction is not only driven by extraction costs, but
also by di�erences in the water sources' productivity (µ and θ). Moreover, the physical
interaction between GW and RW plays a very important role here in the sense that the
long-run marginal cost of RW depends on water head, ∂h∂Cg(·). This comes from the
impact of RW collection on the water table level. In other terms, the choice of using one
resource or the other depends on the di�erence in long-run marginal costs (capturing the
�rainwater e�ect� on the aquifer) and the relative weight of productivity.
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3.1.3 The Conjunctive Use Stationary Nash Equilibrium

Now, we turn to a second possible stationary Nash equilibrium in which each farmer uses
both water sources. In this case, the complementary slackness conditions (7) and (9)
require that the two Lagrangian multipliers are zero, λr = λg = 0.

Let us consider the stationary Nash equilibrium conditions, ṗ = ḣ = 0 and deduce that
the rainwater harvesting level and the shadow price depend on the quantity of groundwater
pumped:

pc∗ =
wc∗g
δ
, (18)

wc∗r =
ρR−Nwc∗g

Nρ
. (19)

Then, by substituting these expressions into conditions (6) and (8), condition (2), we
get a system of two equations depending on the groundwater extraction rate and the
water head : {

µF ′ (W c∗)− ∂C(hc∗,wc∗g )

∂wcg
+ 1

δ
· ∂C(hc∗,wc∗g )

∂hc
= 0

θF ′ (W c∗)− C ′r (wc∗r ) + ρ
δ
· ∂C(hc∗,wc∗g )

∂hc
= 0

with W c∗ = µwc∗g + θwc∗r .

This system enables us to fully characterize the stationary Nash equilibrium in the
conjunctive use situation. At this stationary Nash equilibrium, the productive ratio must
be equal to the cost ratio as it is stated in the following proposition.

Proposition 2 If there exists a conjunctive stationary Nash equilibrium, then the ratio of
the marginal productivity of the two water sources is equal to the ratio of the full marginal
cost.

µ

θ
=

∂Cg(hc∗,wc∗g )

∂wcg
− 1

δ
· ∂Cg(h

c∗,wc∗g )

∂hc

C ′r (wc∗r )− ρ
δ
· ∂Cg(h

c∗,wc∗g )

∂hc

(20)

This condition simply means that farmers are indi�erent between the two water
sources. They will use indi�erently both water sources as long as the sum of these two
quantities of water is equivalent to the available water in the long-term, ρR.

3.2 Asymmetric Stationary Nash Equilibria

We now consider the various possible forms of asymmetric stationary Nash equilibrium :
(i) the entire specialization of farmers (a group of farmers use only GW while another
group use RW), (ii) a group which is specialized either in GW or in RW and the other
group use both irrigation strategies and (iii) one subset of farmers uses GW, another one
uses RW and a third group use GW and RW. We can therefore identify four forms of
asymmetric stationary Nash equilibrium. However, as we have argued before, the farmers
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always use the same amount of a resource (groundwater or rainwater), provided that they
use it.

The analysis of these asymmetric stationary Nash equilibria entails to distinguish the
�rst order conditions for two or three groups of farmers and to repeat this exercise for
all the forms of the identi�ed asymmetric equilibria in order to characterize the di�erent
steady state, if they exist. In order to avoid a wordy discussion and without loosing
generality, we choose to present step-by-step the entire specialization of farmers. This is
thereby an illustration of a situation where players have an incentive to choose di�erent
strategies as it is the case in anti-coordination games. Here, given the existence of a
negative externality through groundwater pumping costs, some farmers may choose to
"escape" from this externality by directly harvesting rainwater and thus only face the
exogenous rainwater collection cost.

Let us therefore assume that M ≥ 1 agents use GW only (group G) and N − M
farmers use RW only. Formally, for every given path for the other farmers, the choice of
farmer i ∈ G is characterized by the following necessary conditions (with the slackness
conditions being λGg (t) = 0):

µF ′(µwg(t))−
∂Cg(h(t), wg(t))

∂wg
− pg(t) = 0 (21)

θF ′(µwg(t))− C ′r (0)− ρpg(t) + λGr (t) = 0 (22)

ṗg = δpg(t) +
∂Cg(h(t), wg(t))

∂h
(23)

where pg denotes the shadow price of farmers who use GW only.6

Similarly, for every given path for the other farmers, farmer i /∈ G is characterized by
the following necessary conditions (with the slackness condition being λRWr (t) = 0):

µF ′(θwr(t))−
∂Cg(h(t), 0)

∂wg(t)
− pr(t) + λRWg (t) = 0 (24)

θF ′(θwr(t))− C ′r (wr(t))− ρpr(t) = 0 (25)

ṗr = δpr +
∂Cg(h(t), 0)

∂h
(26)

where pr is the shadow price for the farmers who use RW only.7

Finally, the water table dynamics is a�ected by the resource use of all the farmers
(11):

ḣ = ρR−Mwg(t)− ρ(N −M)wr(t) (27)

We still considering the stationary Nash equilibrium, i.e. ṗg = ṗr = ḣ = 0.

6One can easily check that all the farmers in group G face the same shadow price.
7One can easily check that all the farmers not in group G face the same shadow price.
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First consider the group of farmers who use rainwater. Remark that pr = 0 because
∂Cg(h(t),0)

∂h
= 0. In other words, farmers who use RW only do not care about the aquifer

because it does not a�ect their pro�ts. Hence, they do not give any value to the aquifer.
Using (25) and pr = 0, we �nd that the marginal bene�t of rainwater must equal its

marginal cost:
θF ′(θw∗r) = C ′r (w∗r) (28)

and using (24), pr = 0, and λRWg ≥ 0, we �nd that the marginal cost of groundwater must
be larger than its marginal bene�t:

∂Cg(h
∗, 0)

∂wg
≥ µF ′(θw∗r) (29)

We use equations (28) and (29) and obtain a necessary condition for the choice of the
group who uses RW only. This condition is:

µ

θ
≤

∂Cg(ha∗,0)

∂wg

C ′r (wa∗r )
(30)

This condition states that the productivity ratio has to be smaller than the marginal
cost ratio. The choice of this group is driven by short term e�ects only. Indeed, players
who use rainwater do not take into account future costs associated to the exploitation of
the aquifer, their shadow price is nil, because they do not pump groundwater.

Second consider the groupG (farmers who use groundwater). Using equations (21) and
(23) and the stationary Nash equilibria values for groundwater pumping and collection
of rainwater, we �nd that the marginal bene�t of groundwater must be equal to the long
term marginal cost of groundwater:

µF ′(µwa∗g ) =
∂Cg(h

a∗, wa∗g )

∂wg
− 1

δ
·
∂Cg(h

a∗, wa∗g )

∂h
(31)

and using condition (22) and λGr ≥ 0, we observe that the long term rainwater marginal
cost must be larger than the marginal bene�t:

C ′r (0)− ρ

δ
·
∂C(ha∗, wa∗g )

∂h
≥ θF ′(µwa∗g ) (32)

Combining equation (31) and (32) leads to a necessary condition so that some farmers
prefer choose to use GW only if :

µ

θ
≥

∂Cg(ha∗,wa∗g )

∂wg
− 1

δ
· ∂Cg(h

a∗,wa∗g )

∂h

C ′r (0)− ρ
δ
· ∂Cg(h

a∗,wa∗g )

∂h

(33)

This condition states that the relative marginal productivity of groundwater, compared to
rainwater, is larger than its relative marginal costs, compared to rainwater. This condition
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is similar to the condition for the pure GW stationary Nash, as resource users do not use
rainwater in both cases. As we can see in equation (33), the cost ratio contains the e�ect
of water harvesting today on the cost of water-use tomorrow. Likewise, it contains the
e�ect of the depletion of the water-table, due to rainwater collection by the other group
of resource users. In this sense, the choice of this group of groundwater users is driven by
long-term considerations.

Combining condition (30) and (33), we obtain the condition that characterizes the
asymmetric equilibrium. We observe that it may exist when a subset of farmers has an
incentive to use only GW, similarly in the pure GW equilibrium while another group of
farmers has incentive to use RW, not considering the dynamic e�ect of water use.

Proposition 3 If an asymmetric equilibrium where farmers are fully specialized exists,
then the productive ratio between GW and RW must be lower-bounded by the long run cost
ratio and upper-bounded by the instantaneous cost ratio.

∂C(ha∗,wa∗g )

∂wg
− 1

δ
· ∂C(ha∗,wa∗g )

∂h

C ′r (0)− ρ
δ
· ∂C(ha∗,wa∗g )

∂h

≤ µ

θ
≤

∂C(ha∗,0)
∂wg

C ′r (wa∗r )

To complete the discussion on asymmetric equilibria, we can easily verify that this
kind of proposition can be speci�ed for the other forms of asymmetric equilibria. We
thus de�ne some necessary conditions which characterize the di�erent forms of other
asymmetric equilibria. The following proposition summarizes all the result.

Proposition 4 If the other forms of asymmetric equilibria exist, we can claim that :

1. If an asymmetric equilibrium where one group of farmers is fully specialized in the
GW irrigation strategy and the other group uses both sources of irrigation, then the
productive ratio between GW and RW must be lower-bounded by the long run cost
ratio of the group using GW and equal to the long run cost ratio of the group using
GW and RW.

∂C(h∗,w∗g)

∂wg
− 1

δ
· ∂C(h∗,w∗g)

∂h

C ′r (0)− ρ
δ
· ∂C(h∗,w∗g)

∂h

≤ µ

θ
=

∂C(h∗,wc∗g )

∂wg
− 1

δ
· ∂C(h∗,wc∗g )

∂h

C ′r (wc∗r )− ρ
δ
· ∂C(h∗,wc∗g )

∂h

2. If an asymmetric equilibrium where one group of farmers is fully specialized in the
RW irrigation strategy and the other group uses both sources of irrigation, then the
productive ratio between GW and RW must be upper-bounded by the long run cost
ratio of the group using RW and equal to the long run cost ratio of the group using
GW and RW.

∂C(h∗,0)
∂wg

C ′r (w∗r)
≥ µ

θ
=

∂C(h∗,wc∗g )

∂wg
− 1

δ
· ∂C(h∗,wc∗g )

∂h

C ′r (wc∗r )− ρ
δ
· ∂C(h∗,wc∗g )

∂h
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3. If an asymmetric equilibrium where one group of farmers is fully specialized in the
GW irrigation strategy, another one is fully specialized in the RW irrigation strategy
and a last one uses both sources of irrigation, then the productive ratio between GW
and RW must be upper-bounded by the long run cost ratio of the group using RW.

∂C(h∗,0)
∂wg

C ′r (wr∗r )
≥ µ

θ
=

∂C(h∗,wc∗g )

∂wg
− 1

δ
· ∂C(h∗,wc∗g )

∂h

C ′r (wc∗r )− ρ
δ
· ∂C(h∗,wc∗g )

∂h

≥
∂C(h∗,wGW∗

g )

∂wg
− 1

δ
· ∂C(h∗,wGW∗

g )

∂h

C ′r (0)− ρ
δ
· ∂C(h∗,wGW∗

g )

∂h

The analysis of the optimality conditions leads us to characterize various admissible
steady states : the interior solution where farmers use the two irrigation strategies si-
multaneously, and two other kinds of stationary Nash equilibria at the boundary : either
with no RW or no GW (in the asymmetric equilibria). Each of these possible equilibria
are characterized by conditions comparing a productive ratio with a cost ratio. There is
therefore no evidence that these equilibria coexist or not.

4 Anti-coordination and Coordination Problems

We now focus on possible (anti-)coordination problems. The previous characterization
of various admissible steady states raise the question about the coordination if some of
them coexist and the possibility to have asymmetric equilibria raise the question about
anti-coordination. We do not enter the discussion of equilibria but, in terms of policy
implications, it is �rst signi�cant to understand under which conditions these problems
may appear.

Let us tackle this discussion in a special simple case, where closed-forms solutions for
all these steady state values are found and some necessary conditions on GW productivity
parameter, µ, and on the recharge R are identi�ed to check if there exists a non-empty
set of steady states. First, we present a quadratic production function

F (W (t)) = W (t)− 1

2
(W (t))2 (34)

and the two cost functions, pumping cost and RWH cost, are respectively the following :

C(h(t), wig(t)) = (c− h(t))wig(t) with c > 0 (35)

Cr
(
wir(t)

)
= Kwir(t) with K > 0 (36)

The two �rst implications of this speci�cation is that the water table is upper-bounded,
that is if the aquifer reaches its maximum height (c = h), use of GW is free of charge.
Second, to avoid unrealistic cases where the net bene�t is always decreasing in the amount
of rainwater used, we assume that θ > K, i.e. the marginal contribution of RW in the
production process must be higher than its marginal cost.
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With these functional forms, the steady state conditions (14), (15) and (16) for the
pure GW stationary Nash equilibrium are given by :

pGW∗ =
ρR

δN

hGW∗ = c− µ+
ρR

N

(
1 + δµ2

δ

)
λGW∗r =

ρR

N

(
δθµ+ ρ

δ

)
− (θ −K)

Hence, if a pure groundwater stationary Nash equilibrium exists, the GW produc-
tivity must be satis�ed a necessary condition ensure positive values for the Lagrangian
multiplier, λGWr :

Remark 1 If there exists a pure GW stationary Nash equilibrium, then :

µsep ≡ N

ρR

(
θ −K
θ

)
− ρ

δθ
< µ (37)

This condition states that the productivity of groundwater µ must be su�ciently
large and/or the productivity of rainwater θ must be su�ciently small (because the LHS
is increasing in θ).

Still going on with the speci�cation, the closed-formed solution to the conjunctive use
stationary Nash equilibrium can be shown to result in the following steady state values8 :

wc∗g =

(
δρ

θµδρ− θ2δ + ρ2

)(
N(θ −K)− θ2R

N

)
(38)

wc∗r =
R

N
− 1

N

[
δ (N(θ −K)− θ2R)

θµδρ− θ2δ + ρ2

]
(39)

pc∗ =
ρ (N(θ −K)− θ2R)

N (θµδρ− θ2δ + ρ2)
(40)

hc∗ = c− µ+
µ

N

[
wc∗g

(
ρµ− θ
ρ

)
+ θR

]
+
wc∗g
δ

(41)

This expression implies that there are two situations that ensure positive values of this
extraction rate.

Contrary to the case of the pure GW stationary Nash equilibrium, the level of precip-
itation plays a crucial role in the characterization of the conjunctive use stationary Nash
equilibrium. It is straightforward that equation (38) implies two situations depending on
the value of R that ensure positive values of this extraction rate. In the �rst situation,

8A formal derivation of this and other unproven statements can be asked to the authors.
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the productivity of groundwater is su�ciently small (and/or the productivity of rainwa-
ter is su�ciently large) and the recharge is su�ciently large, in the second situation the
productivity of groundwater is su�ciently large (and/or the productivity of rainwater is
su�ciently small) while the recharge is su�ciently small9

Since all the other critical points {wcr; pc;hc} also depend on the parameters of µ and
R, we thus have to check the various ranges allowing to have positive values in the long
run for rainwater collection, the shadow price and the water table.

Remark 2 If there exists a conjunctive use stationary Nash equilibrium, then :

µ < µsep ; R̆ > R > R ; ρ2 − δθ2 > 0

µ > µsep ; R < R

with µsep ≡ N
ρR

(
θ−K
θ

)
− ρ

δθ
, R ≡ N(θ−K)

θ2
and R̆ ≡ δN(θ−K)

ρ2
.

Remark 2 highlights that farmers may use the two water sources conjunctively only in
two speci�c situations : the �rst one corresponds to a case where there is a high recharge
but GW is not very productive and the second one corresponds to the reverse, i.e. a small
recharge with a highly productive GW.

Finally, we can rewrite the asymmetric stationary Nash equilibrium characterization.
Conditions (28), (29), (31), and the two Lagrangian multipliers can now be written as
follows :

wa∗r =
θ −K
θ2

wa∗g =
ρ

M

[
R− (N −M)

(
θ −K
θ2

)]
ha∗ = c− µ+

(
1 + µ2δ

δ

)
ρ

M

[
R− (N −M)

θ −K
θ2

]
λa∗r =

(ρ
δ

+ µθ
) ρ

M

[
R− (N −M)

θ −K
θ2

]
− (θ −K)

λa∗g = µ
θ −K
θ
−
(

1 + µ2δ

δ

)
ρ

M

[
R− (N −M)

θ −K
θ2

]
As previously, some supplementary necessary conditions have to be checked in order to

ensure positive values for the two Lagrangian multipliers λa∗r and λa∗g . The investigation
of these conditions (provided in the Appendix) outlines that the asymmetric stationary
Nash equilibrium requires that the GW productive parameter belongs to a critical interval
and the recharge has to be su�ciently small.

Remark 3 If there exists an asymmetric stationary Nash equilibrium then

9see equations 43 and 45 in the appendix.
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(i) The productivity ratio must be higher than the share of precipitation that does not reach
the ground10, µ

θ
> 1

ρ
. In particular, if µ = θ, there is not asymmetric equilibrium

because ρ ∈ [0, 1].

(ii) Moreover, we must have {
µinfa < µ < µa
R < min{Rsup;R}

where µinfa and µa are given in the appendix.

For intermediate levels of GW productivity, the characteristics of the aquifer remain
su�ciently good such that some farmers have incentives to use it; it is also su�ciently
small such that some farmers prefer to use RW. Likewise, the recharge is su�ciently large
to make groundwater use interesting and su�ciently small to allow also for other resource
use. This drives the fact that a group of farmers will only use GW while another group
will turn to RW.

To conclude we can summarize the necessary conditions required by the various sta-
tionary Nash equilibria, if they exist, in table 1.

Table 1: The equilibrium's necessary conditions

GW Productivity parameter Recharge level

Groundwater µ > µsep

equilibrium

Conjunctive use µ > µsep R < R
Asymmetric µinfa < µ < µasym R < min{Rsup;R}
equilibrium

Before turning to the numerical examples, it is relevant to notice that the long run
water table in the pure groundwater strategy is always greater than the stationary Nash
equilibrium water table level in the asymmetric regime for the required level of recharge.

Remark 4 Since the asymmetric equilibrium exists when the recharge is small enough, i.e.
R̂ < R < R with (R < R), we observe that the water table in the groundwater is higher
than the long run water table in the asymmetric regime.

hGW∗ − ha∗ > 0⇔ R < R

10The share 1
ρ gives us the quantity of water that falls into the water basin for one drop of precipitation

(net of RWH or not) soaking into the soil.
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4.1 A Large Recharge

The previous discussion shows that there may exist two stationary Nash equilibria when
the recharge is su�ciently large. Indeed, Remark 1 states that the pure groundwater
equilibrium may exist regardless of the level of the recharge but the groundwater produc-
tivity must be high enough, that is higher than the threshold µsep. Remark 2 outlines
that the conjunctive use equilibrium may exist when the recharge is high enough and the
groundwater productivity is lower than the same threshold µsep. Therefore, according to
the level of the productivity parameter µ, we could obtain a unique equilibrium.

Proposition 5 When the recharge is large, R > R = N(θ−K)
θ2

, (i) there can exist only the
pure groundwater equilibrium.

Proposition 5 states that there is no (anti-)coordination problem when the recharge
is large. The intuition of this result deserves some comments. Remember the case of
a simple groundwater management problem, with a single resource. In the long run
equilibrium, extraction is such that the recharge is shared among the N resource users.
In addition, marginal bene�ts from resource use equal marginal costs of extraction which
in turn determines the steady state level of the resource stock. It can be shown that the
greater the recharge, the higher the steady state level of the stock, all other things being
equal.11

If there were an asymmetric equilibrium, some farmers would use rainwater only. These
farmers make their choices by comparing short-term marginal bene�ts and marginal costs
of rainwater collection.12 The quantity of rainwater they collect does not depend on the
recharge of the resource.

At the stationary equilibrium, the "real" recharge of the aquifer, ρR, is fully extracted.
Suppose an increase in the level of the recharge. This increase must be pumped from the
aquifer by the farmers who use groundwater only, because rainwater users are not a�ected
by changes in the recharge. As in the simple groundwater case, when the recharge is
higher, the head of the water table must be higher than before.

Now for a su�ciently large increase in the recharge, the head of the water table
would become su�ciently large so that no farmer would have incentives to use rainwater
anymore. Consequently, there cannot be any asymmetric equilibrium when the level of
recharge is su�ciently large.

11This results depends on the assumptions on marginal bene�ts and costs. The intuition is the following:
the smaller the resource stock (or the head of the water table), the greater the extraction costs and the
greater the marginal bene�ts derived from resource extraction. The greater marginal bene�ts from
extraction, the smaller extraction. But small extraction implies a small recharge rate, as the recharge is
equally shared among resource users. Hence, when the resource stock is small, the recharge rate is small
and when the resource stock is high, the recharge rate is high.

12In other words, as the head of the water table does not a�ect their costs, they do not take the
dynamics of the aquifer into account (pRW = 0).
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4.2 A Small Recharge

Investigating the stationary Nash equilibria is somehow more di�cult when the level
of precipitation is limited. This case is nevertheless relevant in a context where water
becomes scarce and adaptive solutions are required. Thus, in terms of public policy, the
implications could be more ambiguous than expected.

4.2.1 Low Productivity of Groundwater

According to Remark 1 and 2, we know that there is no symmetric equilibrium when the
productive parameter of groundwater is su�ciently low. Similarly, remark 3 shows that
the asymmetric equilibrium fails to exist when the productive parameter of groundwater
is su�ciently low. Consequently, we can assert the following:

Proposition 6 When the recharge R and the productive parameter of groundwater µ are
small enough, i.e. R < R and µ < µsep, there is no equilibrium.

Proposition 6 shows that there can exist no equilibrium when the recharge is low and
GW is not productive enough (µ < µsep = N

ρR

(
θ−K
θ

)
− ρ

δθ
). Obviously, this result comes

from our speci�cation and the fact that we claim that the shadow price of the aquifer is
zero to ensure a stationary Nash equilibrium.13 Beyond this technical observation, this
proposition captures real situations in arid areas or in areas under severe drought. In
fact, some parts of the world are characterized by little rain (e.g. the Sahel belt) and also
su�er from a high concentration of salts in GW. That is why farmers have no incentives to
extract GW in the long run. The only remaining possibility is that farmers use rainwater
only, but this is not an equilibrium (because we excluded situations where the resource is
exhausted in the long run).

4.2.2 High Productivity of Groundwater

We now turn to the situation in which the productive parameter is su�ciently high. From
Remark 1 and 2, we know that, if they exist, the pure GW equilibrium and the conjunctive
equilibrium require that the value of this parameter falls in a critical interval and Remark
3 requires values for µ that are higher than a threshold. Consequently, it is clear that the
asymmetric equilibrium does exist simultaneously with the pure GW equilibrium and the
conjunctive equilibrium as soon as µ > µsep. We can therefore claim the following :

Proposition 7 When the recharge is smaller than the threshold R < R and the productive
parameter of groundwater is such that µ ∈

]
µsep;µinfa

[⋃
]µa; +∞[, the asymmetric equi-

librium does not exist simultaneously with the pure GW equilibrium and the conjunctive
use equilibrium.

13Remember that we obtain the di�erential equation ṗ = δp(t) when we analyze the RW regime and in
the case of the asymmetric equilibrium when farmers do not use any GW. Because we study the steady
state ṗ = 0, we conclude that p = 0.
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Proposition 7 shows that the three stationary Nash equilibria may coexist for inter-
mediate productive values of GW. In fact, with this kind of limitation, GW should not
too negatively a�ect crop production to remain attractive but should not have too good
characteristics to leave RW su�ciently attractive, at least for a group of farmers. More
precisely, it is obvious that as long as the productive ratio is higher than the long term
cost ratio, we may observe that the pure GW equilibrium and the asymmetric equilibrium
coexists. Furthermore, if this productive ratio is smaller than the short term cost ratio,
then these two stationary Nash equilibria may occur simultaneously. Finally, since the
conjunctive use equilibrium occurs when these two ratios (in terms of production and
cost) are equal (cf. equation (20)), we can therefore observe these three stationary Nash
equilibria simultaneously.

Figure 4.2.2 summarizes all the above discussion.

Figure 1: Co-existence of open loop steady state equilibria
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4.3 Co-existence of the three equilibria: a numerical example

We conclude this section by providing a numerical example of the above steady state
values when the three stationary equilibria exist, i.e. when the recharge is low and the
GW productivity is high.

We assume a hypothetical situation in which there two farmers, N = 2 and one of them
may choose to specialize in the GW irrigation strategy, M = 1. For the cost parameters,
we use c for GW extraction and K = 2.2 for RW harvesting. The hydrological parameters
are as follows : the exogenous recharge level is R = 0.1, the in�ltration rate is ρ = 0.2,
and the GW productivity and RW productivity are respectively µ = 27 and θ = 2.7. For
the time preference rate, we choose δ = 0.02. Table 2 presents the result for the three
steady state equilibria14.

Table 2: Steady state values for the three possible equilibrium

The pure GW The conjunctive use The asymmetric
equilibrium equilibrium equilibrium

Water head 30.790 27.854 27.894
GW Extraction rate 0.001 0.003 0.006

RW collection × 0.035 0.069
shadow price 0.500 0.146 0.314

λg × × 0.106
λr 0.329 × 0.021

This numerical example may be illustrative of the the preceding discussion outlining
the situation in which all the equilibria may exist. Given our speci�cation, this example
shed light on a situation in which we face with a question of (anti-)coordination problem.
We can therefore wonder which equilibrium agents will select. In a line with policy
implications, but without entering an exhausted answer, we know that additional criteria
have to be adopted for selecting one equilibrium from among the total number. One
criterium could be to select the equilibrium in which the water table steady state is the
highest. We can therefore remark that the stationary equilibrium water table in the pure
GW regime is higher than the steady state water table in the asymmetric equilibrium,
which is itself higher than the steady state water head in the conjunctive use equilibrium.

hGW∗ > ha∗ > hc∗.

Given our hypothetical situation, we observe that the use of RW leads to increase the
pressure on the aquifer by decreasing the long-run level.

14Values are rounded.
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5 Stability properties and Comparative Statics

5.1 Stability properties

We now examine the types of steady states that can arise in the system. To that e�ect, we
use the situation described in section ??and we linearize the system around each steady
state, and analyze the resulting Jacobian matrix given by :(

∂ḣ
∂h

∂ḣ
∂p

∂ṗ
∂h

∂ṗ
∂p

)
|(w∗g ,w∗r ,h∗,p∗)

Figure 3 shows the di�erent types of equilibrium.

Table 3: Types of steady state equilibrium

The pure GW The conjunctive use The asymmetric
equilibrium equilibrium equilibrium

Saddle-point Degenerated equilibrium Saddle-point

5.2 Comparative statics

This subsection investigates the comparative statics of the model with respect to local
changes in the hydrological parameters : the in�ltration rate, ρ and the recharge, R. We
namely focus on the impact of changes in those parameters on the GW extraction rate
and the amount of RW collected for each irrigation strategy. We easily observe that a
higher in�ltration rate as well as a higher level of precipitation increases the GW pumping
rate in the pure GW regime and the asymmetric regime.

∂wGWg
∂ρ

> 0
∂wGWg
∂R

> 0

∂wag
∂ρ

> 0
∂wag
∂R

> 0

However, the signs of the comparative statics are ambiguous in the conjunctive regime.
The signs vary according the particular range in which the recharge falls.

∂wcg
∂ρ

< 0
∂wcg
∂R

< 0 IfR < R

6 Conclusion and Further Discussion

This paper extends the literature on groundwater management in the presence of strategic
behavior, namely the part of the literature focusing on conjunctive use between two water
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sources, by providing evidence that there may exist a multiplicity of equilibria. This
multiplicity occurs because resource users can choose to use either only one of the two
water sources or the two sources simultaneously. Depending on di�erence between the
productive ratio and the cost ratio, they will opt for one of these three irrigation strategies :
(i) the pure groundwater strategy, (ii) the conjunctive use strategy and (iii) the asymmetry
strategy (a group of resource users opts for rainwater storage while the other group opts
for groundwater extraction). However, this comparison can leave the selection of an
equilibrium undetermined, meaning that several equilibria can occur simultaneously. The
comparison of the gains provided by each of these equilibria allows us to suggest a ranking
of irrigation strategy.

Moreover, the second cornerstone of this study is the possibility to have an asymmetric
equilibrium whereas all economic agents are symmetric in terms of their productive activ-
ity. This framework is similar to that of anti-coordination games. Some of the resource
users may want to avoid the usual cost pumping externality, i.e. avoid to be subjected to
an increase in pumping cost because of withdrawals by all other users. To this end, they
directly harvest some part of rainfalls for irrigation instead of extracting groundwater
beneath to their land. Others continue to exclusively pump water from the ground. We
can �nd in numerical simulations that sometimes the �rst group gets a higher payo� than
the group of GW users.

We want to point out that in this paper we consider a simpli�ed groundwater dynamics.
We namely assume that there is no irrigation return �ow to the aquifer. It is usual to
consider that some proportion of the water that is not consumed by crops percolates to
the aquifer. In that case, we could generate an intermediate water productivity resulting
from the irrigation percolation of potentially clean irrigation water to potentially brackish
GW. The productive ratio may be therefore modi�ed leading to extend the interval of the
occurrence of one of the equilibria.

Moreover, we want to complete, like in the open loop case, the feedback analysis
and to provide a comparison between the various equilibria with more relevant economic
intuitions and to present the stability results for both cases.
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Appendix

Proof of Proposition 1

It is straightforward by combining equation (15) and equation (17).

Proof of Proposition 2

We have to check the necessary conditions on µ to obtain wcr > 0.

1. If {A < 0; B < 0},

wc∗r > 0⇒ µ <
N

ρR

(
θ −K
θ

)
− ρ

δθ
≡ µsep

With equation 43, we know that : µ < µg

Since B < 0, here, we observe µsep − µg < 0

Therefore µ < µsep

With equation 43, we know that B < 0⇔ R > R

But µ < µsep requires µsep > 0⇔ R̆ ≡ δN(θ −K)

ρ2
> R

Compute R̆−R =
N(θ −K)(ρ2 − δθ2)

ρ2δθ2

We need ρ2 − δθ2 > 0 to ensure a solution
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2. If {A > 0; B > 0},

wc∗r > 0⇒ µ >
N

ρR

(
θ −K
θ

)
− ρ

δθ
≡ µsep

With equation 45, we know that µ > µg

Compute : µsep − µg =
N

ρθR
B > 0

Therefore µ > µsep

Proof of Proposition 3

It is straightforward by combining equation (33) and equation (30).

Details of Remark 2

Consider two situations:

wcg > 0 ⇔ {A < 0;B < 0} (42)

⇔
{
µ <

θ

ρ
− ρ

θδ
≡ µg; R >

N(θ −K)

θ2
≡ R

}
(43)

and

wcg > 0 ⇔ {A > 0;B > 0} (44)

⇔
{
µ >

θ

ρ
− ρ

θδ
≡ µg; R <

N(θ −K)

θ2
≡ R

}
(45)

Proof of Remark 3

(i) Remember that

λa∗r =
(ρ
δ

+ µθ
) ρ

M

[
R− (N −M)

θ −K
θ2

]
− (θ −K)

λa∗g = µ
θ −K
θ
−
(

1 + µ2δ

δ

)
ρ

M

[
R− (N −M)

θ −K
θ2

]
λa∗r > 0 ⇒ − ρ

M

[
R− (N −M) θ−K

θ2

]
< − θ−K

ρ
δ
+µθ

, then λa∗g <
[
µ
θ
− 1+µ2δ

ρ+δµθ

]
(θ − K).

This last quantity must be positive (otherwise λa∗g < 0) i� µρ− θ > 0.

(ii) First, one can easily check that λar > 0⇔ µ > 1
θ

[
M(θ−K))

ρ[R−(N−M) θ−K
θ2

]
− ρ

δ

]
≡ µ

a
. Second,

notice that λag is a polynomial equation of second degree that can be rewritten as
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λa∗g = (µ̂a − µ) (µ− µa) with

µ̂a =

(
θ −K
θ
−
√

∆

)
M

2ρ
[
R− (N −M)

(
θ−K
θ2

)] > 0,

µa =

(
θ −K
θ

+
√

∆

)
M

2ρ
[
R− (N −M)

(
θ−K
θ2

)] > 0,

where ∆ =

(
θ −K
θ

)2

− 4ρ2

δM2

[
R− (N −M)

(
θ −K
θ2

)]2

A necessary condition such that the two critical values to exist is ∆ > 0⇔ Rsup ≡(
θ−K
θ2

) [
N −M

(
2ρ−θ

√
δ

2ρ

)]
> R. We conclude that λa∗g > 0 ⇔ {Rsup > R and

µ ∈ ]µ̂a, µa[}.
Now, let us show a necessary condition for the interval

]
µ
a
, µa

[
to be non empty.

We have:

µa − µa > 0

⇔
√

∆ >
θ −K
θ
− 2ρ2

δθM

[
R− (N −M)

(
θ −K
θ2

)]
⇔

{
2ρ2

δM

[
R− (N −M)

(
θ−K
θ2

)]
> θ −K or

∆ >
(
θ−K
θ
− 2ρ2

δθM

[
R− (N −M)

(
θ−K
θ2

)])2

⇔

 R̂ ≡ (θ−K)
θ2

[
N −M

(
1− δθ2

2ρ2

)]
< R or

R < (θ−K)
θ2

(
N −M ρ2

ρ2+δθ2

)
≡ R

Remember that the recharge has to be R < Rsup, therefore we the recharge must be
R < min{Rsup, R} or R̂ < Rsup. It is however obvious that Rsup − R̂ < 0 therefore,
the recharge must be such that R < min{Rsup, R}.

Proof of Proposition 5

It is clear from propositions 1, 2 and 3.

Proof of Proposition 6

From Proposition 1 and 2, it is straightforward that the pure GW equilibrium and the
conjunctive equilibrium cannot coexist.

Proposition 3 requires that µ ∈
]
max

{
µ
a
; µ̂a

}
;µa

[
if an asymmetric equilibrium
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exists. Let us check:

µ
a
− µsep =

1

θ

[
M (θ −K))

ρ
[
R− (N −M) θ−K

θ2

] − ρ

δ

]
−
(
N

ρR

(
θ −K
θ

)
− ρ

δθ

)

=

(
θ −K
ρθ

)(
M

R− (N −M) θ−K
θ2

− N

R

)

=

(
θ −K
ρθ

)
(N −M) (N(θ −K)−Rθ2)

R [Rθ2 − (N −M) (θ −K)]

Remember that R < R, therefore N(θ −K)− Rθ2 > 0 and Rθ2 − (N −M) (θ −K) > 0

because wag > 0. We conclude that µsep
a

> µsep which entails max
{
µ
a
; µ̂a

}
> µsep.

Proof of Proposition 7

By observing remark 3, it is straightforward that the asymmetric equilibrium cannot exist

simultaneously within the interval µ ∈
]
µsep; max

{
µ
a
; µ̂a

}[⋃
]µa; +∞[ when R < R.
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