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Abstract

Linear Vector AutoRegressive (VAR) models where the innovations could be
unconditionally heteroscedastic and serially dependent are considered. The
volatility structure is deterministic and quite general, including breaks or
trending variances as special cases. In this framework we propose Ordinary
Least Squares (OLS), Generalized Least Squares (GLS) and Adaptive Least
Squares (ALS) procedures. The GLS estimator requires the knowledge of
the time-varying variance structure while in the ALS approach the unknown
variance is estimated by kernel smoothing with the outer product of the
OLS residuals vectors. Different bandwidths for the different cells of the
time-varying variance matrix are also allowed. We derive the asymptotic
distribution of the proposed estimators for the VAR model coefficients and
compare their properties. In particular we show that the ALS estimator is
asymptotically equivalent to the infeasible GLS estimator. This asymptotic
equivalence is obtained uniformly with respect to the bandwidth(s) in a given
range and hence justifies data-driven bandwidth rules. Using these results we
build Wald tests for the linear Granger causality in mean which are adapted
to VAR processes driven by errors with a non stationary volatility. It is also
shown that the commonly used standard Wald test for the linear Granger
causality in mean is potentially unreliable in our framework. Monte Carlo
experiments illustrate the use of the different estimation approaches for the
analysis of VAR models with stable innovations.
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1. Introduction

In the recent years the study of linear time series models in the context of uncon-
ditionally heteroscedastic innovations has become of increased interest. This interest
may be explained by the fact that numerous applied works pointed out that uncon-
ditional volatility is a common feature in economic data. For instance Doyle and
Faust (2005), Ramey and Vine (2006), McConnell and Perez-Quiros (2000), Blanchard
and Simon (2001) among other references, pointed out a declining volatility for many
economic data since the 1980s. Sensier and van Dijk (2004) found that 80% of 214
U.S. macroeconomic time series they considered exhibit a break in volatility.

In the univariate time series case Busetti and Taylor (2003), Cavaliere (2004),
Cavaliere and Taylor (2007) and Kim, Leybourne and Newbold (2002) among other
references, considered the test of unit roots with non stationary volatility, while Sanso,
Arago and Carrion (2004) proposed tests to detect volatility breaks in the residuals.
Robinson (1987) and Hansen (1995) studied univariate linear models with a non sta-
tionary volatility. Phillips and Xu (2005) investigated the Ordinary Least Squares
(OLS) estimation of univariate stable autoregressive processes. Xu and Phillips (2008)
considered the same model and proposed an Adaptive Least Squares (ALS) approach
which are based on nonparametric estimation of the volatility of the innovations using
OLS residuals. The main conclusion of Xu and Phillips (2008) is that the ALS
estimating approach could be much more effective than the OLS estimation. They also
found that the asymptotic behavior of the ALS estimator does not dependent on the
volatility structure. Multivariate processes are often used in econometric applications
because they allow to study cross-correlations between variables. In the multivariate
framework Boswijk and Zu (2007) and Cavaliere, Rahbek and Taylor (2007) studied
cointegrated systems in presence of non stationary volatility.

In this paper we study the inference in linear vector autoregressive (VAR) models
with volatility changes and possibly serially dependent innovations. Three methods
for estimating the VAR coefficients are investigated: OLS, infeasible Generalized Least
Squares (GLS) based on the knowledge of the time-varying volatility structure, and
ALS which is defined like the GLS but using a kernel estimate of the volatility structure.
The kernel smoothing could be used with a single bandwidth for the whole volatility
matrix or with different bandwidths for different cells. In some sense, we extend the
approach of Phillips and Xu (2005) and Xu and Phillips (2008) to the VAR framework.
In particular, we see that in the multivariate case the asymptotic distribution of the
GLS and ALS estimators is no longer free from the time-varying volatility structure.
Moreover, our asymptotic results are uniform with respect to the bandwidth in a given
range. This opens the door to data-driven choices of the smoothing parameter, for
instance by cross-validation. Such uniformity results seems new even for the univariate
case.

As an application of the new estimation methodology, we also consider the problem
of test linear causality in mean. The linear causality in mean, introduced by Granger
(1969), is often used to investigate causal relations between subsets of variables. For
instance Sims (1972), Feige and Pearce (1979) or Stock and Watson (1989) studied
the money-income causality relation. Bataa et al. (2009) studied the links between
the inflations of different countries by testing linear causality relations. This can be
explained by the fact that linear causality in mean can be easily tested by considering
tests of zero restrictions on the parameters of VAR models. However, the existing test
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procedures for checking the linear causality in mean are based on the iid innovation
assumption, while several empirical analysis contradict this setting. For instance, Bataa
et al. (2009) underlined the presence of volatility breaks in their data set. In this paper,
we use our theoretical results on the OLS and ALS estimation to propose new Wald
tests for linear causality in mean adapted to the framework of non-stationary volatility.
The asymptotic chi-square distribution of the new Wald type statistic obtained from
the ALS approach is derived uniformly with respect to the bandwidth(s).

The structure of the paper is as follows. Section 2 outlines the heteroscedastic VAR
model, introduces the assumptions and the definitions of OLS and GLS estimators.
Section 3 contains the results on the asymptotic behavior of the OLS and the infeasible
Generalized Least Squares estimators. We also propose an estimator for the asymptotic
variance of the OLS estimator. The ALS estimator based on kernel smoothing of
OLS residuals is proposed in Section 4 as a feasible asymptotically equivalent version
of GLS estimator. The asymptotic equivalence between ALS and GLS estimators is
proved uniformly in the bandwidths involved in volatility estimation. To prove this
equivalence we use, among other technical arguments, a recent version of a uniform
CLT for martingale differences arrays obtained by Bae et al. (2010), Bae and Choi
(1999). A procedure for estimating the asymptotic variance of the ALS estimator is
also provided. The application of the new inference methodologies to the test of the
linear Granger causality in mean in the presence of time-varying volatility is presented
in Section 5. The benefit from using our new Wald type test statistics and the failure
of the classical Wald test designed for iid innovations is illustrated through an example.
In section 6 the finite sample properties of the different tests considered in this paper
are studied by mean of Monte Carlo experiments. The better precision of the ALS
estimator when compared to the OLS estimator is also highlighted. The proofs are
relegated to the appendix.

The following notations will be used throughout in the paper. We denote by A ® B
the Kronecker product of two matrices A and B, and A ® A by A®2. The vector
obtained by stacking the columns of A is denoted vec(A). The symbol = denotes the

convergence in distribution and we denote by L the convergence in probability. We

denote by [u] the integer part of a real number u. The determinant of a square matrix
A is denoted by det A.

2. The model and least squares estimation of the parameters

Let us consider the observations X_,1,..., X0, X1,..., X7 generated by the fol-
lowing VAR model

Xt = AlXt—l + -+ ApXt—p + U (21)

up = Hyey,

where the X;’s are d-dimensional vectors. The stability condition on the matrices A;,
det A(z) # 0 for all 2| <1 with A(z)=1;—> % A;z" and I; denotes the d x d identity
matrix, is assumed to be hold. For a random variable z we define || z ||,= (E || = ||")/",
where || x || denotes the Euclidean norm. We also define F; as the o-field generated
by {es : s < t}. The following assumption on the H;’s and the process (e;) gives the
framework of our paper.
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Assumption Al: (i) The d x d matrices H; are invertible and satisfy Hr,) =
G(r), where the components of the matrix G(r) := {gw(r)} are measurable deter-
ministic functions on the interval (0, 1], such that sup,.¢ (g 1) [9x(7)| < 0o, and each gx
satisfies a Lipschitz condition piecewise on a finite number of some sub-intervals that
partition (0,1]. The matrix X(r) = G(r)G(r)" is assumed positive definite for all r.
(ii) The process () is a-mixing and such that E(e; | Fi—1) = 0, E(ee} | Fro1) = Iy
and the components ex; of the process (&) satisfy sup; || ept ||4,< oo for some p > 1
and all k € {1,...,d}.

The assumption A1l generalizes the assumption of Xu and Phillips (2008) to the
multivariate case. From the assumption E(e; | Fi—1) = 0, the innovations are possibly
serially dependent. However since G(r) is deterministic and E(ete) | Fr—1) = I4, we do
not allow the error process to follow a multivariate GARCH model. Cavaliere, Rahbek
and Taylor (2007) considered similar volatility structure to ours. Their assumption is
slightly different from A1 in the sense that they do not require a Lipschitz condition
and allow for a countable number of jumps. Boswijk and Zu (2007) allow the matrix
H; to be possibly stochastic, but requires the volatility process to be continuous with
other additional assumptions, which in particular excludes important cases like abrupt
shifts. Hafner and Herwartz (2009) assumed no structure on the volatility of the error
process (u;) and allow for conditional heteroscedasticity. Nevertheless their framework
excludes the use of information on the volatility structure and could result in a loss of
efficiency in the statistical inference of the model. In addition Hafner and Herwartz
(2009) also assumed

T—o0 T—o00

T T
lim 77'Y "%, =%, and  lim 771 B{(X,1X/_)) @ (wuj)} =W,
t=1 t=1

where ¥, = E(uu}), Xoo1 = (X]_4,... , X[ ) € R and W, % are positive definite
matrices, and this could be viewed as too restrictive. If we suppose that the volatility
matrix H; is constant, we retrieve the standard homoscedastic case. However the
assumption of standard errors is often considered to be too restrictive for macroeco-
nomic or financial applications. Indeed many applied studies pointed out that such
data may display unconditional non-stationary volatility (see e.g. Kim and Nelson
(1999), Warnock and Warnock (2000) or Batbekh et al. (2007)). Staricd and Granger
(2005) found that when large samples of stock returns are considered, taking into
account shifts for the unconditional volatility instead of assuming a stationary model
as a GARCH(1,1) improve the volatility forecasts.

Let us denote by 6y = (vec (41)',...,vec (4,)") € RP4 the vector of the true
parameters. The equation (2.1) becomes

Xt = (Xt171 [ Id)eo =+ Ut
ur = Hiey,
where we keep the notation X, _; = (X/_,,... , Xi_,)'. Using this expression we first
define the OLS estimator
éOLS = f]}lvec (ix) s
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where

T T
-t Z Xi1 X[, ®I; and Sy =T"" ZXtXé—l'
t=1

Next, let us define the unconditional variance ¥; := H; H] and the Generalized Least
Squares (GLS) estimator that takes into account a time-varying 3, that is

R el .
GGLS = ZX vec (E&) y (22)

with

T T

Sg = ZXt X @8 and Sx=T"") N7'X,X[ .

=1 t=1
Note that since H is assumed invertible, X is positive definite for all ¢. If we suppose
that the volatility matrix 3; is constant in time, it is easy to see that OGLS = 00 LS-
However the GLS estimator is in general infeasible since the true volatility matrix
appears in the expression (2.2). In the next section we compare the efficiency of the
OLS and GLS estimators.

3. Asymptotic behaviour of the estimators

In order to state the first result of the paper, we need to introduce the following
notations. Since we assumed that det A(z) # 0 for all |z| < 1, it is well known that

= i, (3.1)
i=0

where 1y = I; and the components of the ;’s are absolutely summable (see e.g.
Liitkepohl (2005, pp 14-16)). From the expression (3.1) we also write

X = Z I;iuijfia
i=0
uf is given by u} = 1, ® ut, where 1, is the vector of ones of dimension p and
Y; 0 0 0
- 0 i1 O 0
0 0 Ry 0
0 0 0 Yips

taking ¢; = 0 for j < 0. Let us define by 1,«, the p X p matrix with components equal
to one. The following proposition gives the asymptotic behavior of the OLS and GLS
estimators. For the sake of brevity we only investigate the asymptotic normality, the
consistency is in some sense an easier matter and is hence omitted.

Proposition 3.1. If Assumption A1l holds true, then:

1.
T3 (Bars — 00) = N(0,A7Y), (3.2)
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where
b= 3 (o st o s

18 positive definite;

) T3 (BoLs — 0o) = N'(0,A5 Az A5 ™), (3.3)
where
n= [ Z{wz Lyp © 2(01))0 | © 2(r)dr
and Lo
o= | 2_% {30y © D)1} © Ludr

are positive definite;

3. The asymptotic variance oféGLs is smaller than the asymptotic variance of éOLS;
that is the matriz A3 'AgAt — AT! is positive semidefinite.

If we suppose that the error process is homoscedastic, that is ¥y = ¥, for all ¢, and
since we assumed E(ese; | Fy—1) = I4, we obtain

M=E {th(;} @Yl Ay=F [th(g} ® %, and Ay = E [)”(tf(;} ® I,
so that we retrieve the standard result of the iid case (see e.g. Liitkepohl (2005, p 74))
AT = ASTAGAS = {E[X: X[} @ B,

although here the error process is assumed dependent. Note that in the homoscedastic
case the OLS and ALS estimator have the same efficiency.
In the univariate case (d = 1), X(r) belongs to the real line so that A; simplifies to

A= Zﬂ;ilpxpl&i, (3.4)
i=0

where the 1;’s are p x p diagonal matrices. This expression corresponds to the asymp-
totic covariance matrix obtained in equation (10) of Xu and Phillips (2008). Moreover,

1 o0 1 00
to= [ 80ParY {Sitpii}. Aa= [ S0y {Gi10d).
0 i=0 0 i=0

and then we retrieve equation (5) in Xu and Phillips (2008).

A nice feature of the GLS estimator in the univariate case is that the covariance
matrix of the asymptotic distribution does not depend on the volatility function 3(r).
In the multivariate case the simplification (3.4) is still possible if X(r) = 02(r)1,, with
o2(r) a scalar function. Nevertheless, we show in Example 3.1 below that (3.4) does
not hold in the general multivariate framework and the asymptotic covariance matrix
in (3.2) depends on the volatility function ¥ (r). Moreover, our example shows that
the covariance matrices in (3.2) and (3.3) can be equal in some particular cases of
heteroscedasticity but in general they could be very different.
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Example 3.1. Consider the bivariate model (2.1) with p =1 and

(3 1) 0= (%0 41,

In this simple case let us compare the asymptotic variances

-1

Vars (fs.615) = (1 - a3) x ( /0 ) /Eg(T)dT)

and
p)
(fol El(r)dr)

that is the asymptotic variances of the GLS and OLS estimators of the second com-
ponent of the vector 8y = (a1,0,0,a2) (which corresponds to the element (2,1) of the
matriz Ay ).

Varys (éQ’OLS) =(1- a%) X

First we notice that Vargs (ég’GLS) depends on the volatility structure when 31 (r) #

Yo(r). In order to illustrate the difference between the variances of ég’OLS and ég)GLs,
we plot the ratio

Var,s (éz,OLs) / Varas (92,GLS> (3.5)

in Figure 7.1 taking
S1(r) = ot + (011 — 010) X L )(r)  and  Ba(r) = 05y + (031 — 059) X 17, 11(r),

where and 1; € [0,1] with i € {1,2}. This specification of the volatility function is
inspired by FExample 1 of Xu and Phillips (2008) (see also Cavaliere (2004)). On the
left graphic we take 71 = 7o and 03y = 03y = 03 = 1 but 03, > 1, so that only
(Xo;) is heteroscedastic in general. When o3, =1 or 7y € {0,1}, the process (X;) is
homoscedastic. On the right graphic we take 0%, = 03, = 1 and 0}, = 03, = 3 but
T1 # T2 in general. When 71 = T2, we have X1(r) = Xa(r) and hence we retrieve the
case studied in Example 1 of Xu and Phillips (2008).

As expected the ratio (3.5) is equal to one in the homoscedastic case in the left
graphic. Howewver, departure from this case clearly shows that the difference between
the variances of the two estimators is increasing with 03,. In the right graphic we
can see that when 7o = 0 or 1 the ratio in (3.5) is equal to one although (X3) is
heteroscedastic. The variances Varas(é2,0LS) and Varas(é27GLS) are different when
7o € (0,1) and the largest relative difference is attained when we set the volatility shifts
in the middle of the sample.

It appears that the GLS estimator is more efficient than the OLS estimator in general
when the matrix ¥; is time-varying. Nevertheless the assumption of known volatility
structure needed to construct the GLS estimator could be unrealistic in practice.
Moreover, the asymptotic distribution of the GLS estimator depends on the unknown
volatility. In the OLS estimation approach only the asymptotic distribution of the
coefficients estimator depends on the unknown volatility. In addition, we can provide
simple consistent estimators of Ao and Az, which could be further used for instance to
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build confidence intervals for the OLS estimators. For the purpose of estimation of A
and A3 let us consider the matrices 5 := f01 Y(r)®2dr, Qg := fol ¥ (r)dr and denote
the OLS residuals by ;.

Proposition 3.2. Under Assumption A1l we have

T
Qo o=T71 ity @ tyity = Dy + 0,(1), (3.6)
t=2
T
Qg =T ity = Q3+ 0,(1), (3.7)
t=1
T ~ ~
Ay =T X 1 X[ @ ity = Ay + 0p(1). (3.8)
t=1
[\3 = XA:X =A3+ Op(l)7 (39)

Using (3.6) and (3.7) and some additional algebra, we can define alternative consis-
tent estimators of A; and As. Indeed, it is shown in the appendix that

- Q O 2 _ 2
vee (Ag) = { I g2y2 — (A ® 1,)®? 1vec( 2 dx(p=1)d ) 3.10
(A2) = {puy2 = ( 2%} Op—1ya2xaz  Op—1)a2x(p—1)a2 (310)
and
- Q3 ® Iy 042« (p—1)a2
ec (A3) =11 — (A ®1,)®? ! ec< 3 x(p=1) , (3.11
¥ ( 3) { (p?)? ( d) } v O(pfl)d’é‘xd2 O(P*l)d2><(l7*1)d2 ( )

where 042 (,—1)qz is the null matrix of dimension d* x (p—1)d? and

A .. A, A,
I, 0 ... 0
A= ,
0 I, 0

is a matrix of dimension pd x pd. Therefore replacing Qs and Q5 by respectively ) and
Q3, and the A’s by their OLS estimates in the expression of A in (3.10) and (3.11), we
obtain consistent estimators of Ay and A3. These estimators will be denoted by Agg
and Ass, where the subscript § refer to the use of the OLS estimator of A.

4. Adaptive estimation

In the previous section we pointed out that the GLS estimator is generally infeasible
in applications. Therefore we consider a feasible weighted estimator obtained using
nonparametric estimation of the volatility function. Our approach generalizes the
work of Xu and Phillips (2008) to the multivariate case. Let us denote by A ® B the
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Hadamard (entrywise) product of two matrices of same dimension A and B. Define
the symmetric matrix

T
0 NN
X = E Wy © Uy,
i=1

where, as before the 4;’s are the OLS residuals and the kl—element, k < [, of the d x d
matrix of weights wy; is given by

- -1
wy; (brr) = <Z Kti(bkl)> Kyi(bra),
=1
with by; the bandwidth and

K(XL) if ¢ +#1,
K”(bkl):{ (gbmi)f t:i%

The kernel function K (z) is bounded nonnegative and such that [*_ K(z)dz = 1. For
all 1 < k <1 < d the bandwidth by; belongs to a range Br = [¢minbT, Cmazbr] With
Cmin, Cmaz > 0 some constants and by | 0 at a suitable rate that will be specified
below.

When using the same bandwidth by; € Bp for all the cells of 2?, since ;, 1 =
1,...,T are almost sure linear independent each other, 2? is almost sure positive definite
provided T is sufficiently large. A similar estimator is considered by Boswijk and Zu
(2007). When using several bandwidths by; it is no longer clear that the symmetric
matrix 2? is positive definite. Then we propose to use a regularization of 2?, that is
to replace it by the positive definite matrix

5= {(£9) +vrra}

where vy > 0, T > 1, is a sequence of real numbers decreasing to zero at a suitable rate
that will be specified below. Our simulation experience indicates that in applications
with moderate and large samples v could be even set equal to 0.

In practice the bandwidths bg; can be chosen by minimization of a cross-validation

criterion like
T
SO —avd |,
t=1

with respect to all by € Br, 1 < k <1 < d, where || - | is some norm for a square
matrix, for instance the Frobenius norm that is the square root of the sum of the
squares of matrix elements. Our theoretical results below are obtained uniformly with
respect to the bandwidths by; € Br and this brings a justification for the common
cross-validation bandwidth selection approach in the framework we consider. To our
best knowledge, this justification is new and hence completes previous procedures of
Xu and Phillips (2008) and Boswijk and Zu (2007).
Let us now introduce the following adaptive least squares (ALS) estimator

éALS = E}lvec (ié) ,
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T T
Sg=T""Y X X[, @%", and Sx=T""Y N'X. X[ .
t=1 t=1

Assumption A1’: Suppose that all the conditions in Assumption A1(i) hold true.
In addition:

(i) inf,c(0,1] Amin(3(r)) > 0 where Ay, (I') denotes the smallest eigenvalue of the
symmetric matrix I

(ii) supy |lext|ls < oo for all k € {1,...,d}.

Assumption A2: (i) The kernel K(-) is a bounded density function defined on
the real line such that K (-) is nondecreasing on (—o0, 0] and decreasing on [0, o0) and
Jg VK (v)dv < co. The function K(-) is differentiable except a finite number of points
and the derivative K'(-) is an integrable function. Moreover, the Fourier Transform
FIK](:) of K(-) satisfies [, [sF[K](s)|ds < co.

(ii) The bandwidths by, 1 < k <1 < d, are taken in the range Br = [CiminbT; CmazbT]
with 0 < ¢min < Cmaz < 00 and by + 1/Tb2T+'Y — 0 as T — oo, for some v > 0.

Assumption A1’ and A2(ii) are natural extensions to the multivariate framework
of the assumptions used in Theorem 2 of Xu and Phillips (2008). The conditions on
the kernel function are convenient assumptions satisfied by almost all commonly used
kernels. These conditions allow us for simpler technical arguments when investigating
the rates of convergence uniformly with respect to the bandwidths. The condition on
the sequence by, T' > 1, is slightly more restrictive than the one imposed by Xu and
Phillips (2008) in the univariate case, that is by 4+ 1/7b32. — 0, and this is the price we
pay for obtaining the results uniformly in the bandwidths in a range Br.

Let Qq := fol Y(r) ® ©(r)~ldr. In the sequel, we say that a sequence of random
matrices Ay, T > 1 is 0,(1) uniformly with respect to (w.r.t.) by € Br as T —

oo if Supy<<j<qSUPs,, e, [IVec (Ar) || L, 0. The following proposition gives the

asymptotic behavior of the adaptive estimators uniformly w.r.t the bandwidths.

Proposition 4.1. Under A1’ and A2 and provided Tvz — 0, uniformly w.r.t. by €
Br as T — oo
[\1 = EX = A1 + OP(I),

T
Ql = T_1 Zit X 2;1 = Ql + 0p(1)
t=1

and
VT(0ars —Ocrs) = 0p(1).

Proposition 4.1 shows that the ALS and GLS estimators have the same asymptotic
behavior, that is the ALS estimator is consistent in probability and v/T —asymptotically
normal as soon as the GLS estimator has such properties. The results remains true
even if the bandwidths by; € By are data dependent.
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On the other hand, similarly to (3.10) and (3.11),

— Q 0 2 _ 2
ec (A1) ={] —(A®I,)®? ! vec ( ! d*x(p=1)d ) 4.1
v ( 1) {(pd2)2 ( d) } ¥ 0(p—1)d2xd2 O(p—l)d2><(P—1)d2 ( )

T hen we also obtain an alter{lative consistent estimator (uniformly w.r.t. by € Br)
Ays of Ay by replacing €y by ©1, and the Als by their ALS estimates in the expression
of A in (4.1).

5. Application to the test of the linear Granger causality in mean

In this section we propose tests for linear causality in mean in our framework using
the OLS and the adaptive approaches. Let us consider the subvectors Xi; and Xo;
such that X; = (X{,, X4;)" where X3, is of dimension d; < d, and dy = d — d;. It is
said that (Xo;) does not cause linearly (X7;) in mean if we have

EL(X1 | Xip—1,...) = EL(X1¢ | X1e—1, Xot—1,.-.),

where EL(Xy; | ...) is the linear conditional expectation. In our framework since we
assumed that (e;) is a martingale difference, the linear predictor is optimal. Therefore
we have EL(X1: | ...) = E(X1¢ | ...), where E(Xj¢ | ...) is the conditional expecta-
tion, and we simply refer to the linear Granger causality in mean as Granger causality
in mean in the sequel. We test the null hypothesis that (X5;) does not Granger cause
(X1¢) in mean. It is well known that this amounts to test the null hypothesis that
Ai12 =0 for all 1 < < p versus the alternative that there exists i € {1,...,p} such
that A; 12 # 0, where the A; 12’s are the matrices given by the d; first rows and ds
last columns of the A4;’s (see e.g. Liitkepohl (2005)). Define the block diagonal matrix
R = diag(C,...,C) of dimension pdids x pd?, where C is a didy x d*-dimensional
matrix given by

Og, xdara  1a, 04, xds 0
C= 0 0
0 0 1q, 0d; xdsy

The matrix R is such that we have Rfy = r with r is the null vector of dimension
pdids under the null hypothesis. Therefore the tested hypotheses can be written as

Ho : R00 =0 VS. Hl : R@Q 75 0.

In this paper we focus on the Wald type tests, because they are the most commonly
used tests by the practitioners. We first consider the ALS estimator to build tests for
Granger causality in mean. Let us introduce the adaptive Wald test statistics

Qars =T04 R (RAT'R) ' RAars and Q%pg=T0, sR (RA;R) 'Rlars.

The following proposition gives the asymptotic distribution of the ALS test statistics
as a simple consequence of Proposition 4.1. We say that a sequence of random variables
Ar, T > 1, converges in law to a chi-square distribution x2 uniformly w.r.t. by, € Br
as T — oo, if there exists a sequence of random variables Az, T > 1, independent of
b, € By such that Ap = X2 and A — Ap = 0p(1) uniformly w.r.t. by € Br.
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Proposition 5.1. Under the assumptions of Proposition 4.1, uniformly w.r.t. by €
Br as T — oo

QarLs = X;deldQ, (5.1)
QilLS = X;zmlldg (5.2)

and
Ars = max{QaLs, Q6ALS} = X;z27d1d2' (5.3)

Based on Proposition 5.1 we propose the following procedure for testing Granger
causality in mean: for a fixed asymptotic level «, reject the null hypothesis Hy if

max

X?)dld%l_a < Q4%%, where x?)dld%l_a is the (1 — a)th quantile of the X[2)d1d2 law.
Similar procedures could be defined using @ ars or Q‘i g instead of QU%¢, but the
latter statistic is expected to yield a more powerful test. The tests based on the ALS
estimation will be denoted Wars, W3, 5 and W% with obvious notations.

Let us now consider the following Wald test statistics based on the OLS estimation

Qors = T0h s R (RA;'AsA5 ' R') " Ro s,
Qdrs = T06,5R (RAG AosAg R)) ™ Rio s,
and the commonly used standard Wald test statistic

T
Qs =T0h sk (RJT'R)  Riors, with J= {T‘l ZthXgl} ® Q3L
t=1

The following proposition gives the asymptotic behavior of the OLS and standard test
statistics.

Proposition 5.2. Under A1 we have as T — o0

QOLS = Xpdydy» (5.4)
QdLs = Xondydy> (5.5)
ors = max{Qors, QéoLs} = vadldw (5.6)
and
pdids
Qs = Z(0) = > riZ}, (5.7)
i=1
where the Z;’s are independent N'(0,1) variables, § = (K1, ..., Kpdyd,) s the vector of
the eigenvalues of the matrix
U = (RJ'R) "7 (RA; "AoAS'R)(RJ'R)) 2, (5.8)

with

/Z By @ D)) dr @ 957
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It is easy to see from (3.7) and (3.9) that J is a consistent estimator of J. The
results (5.4), (5.5) and (5.7) are direct consequences of Proposition 3.1 and 3.2, so that
the proof is omitted. In the Appendix we only give the proof of (5.6). Similarly to the
tests built using the ALS approach, tests using the results (5.4), (5.5) and (5.6) can be
proposed.

When the errors are homoscedastic (X; = %, for all t), we obtain J = E[X,X]] ®
>, Recall that in this case we also have Az ' AyAz! = {E[X, X/}~ ® %, so that we
obtain ¥ = I,,4, 4, and hence we retrieve the standard result Qg = ngl dy- However the
ki’s in (5.7) can be quite different from 1 if the volatility of the errors is not constant
as illustrated in the following example.

Example 5.1. Consider the bivariate VAR(1) process X; = AXy_1 + wp with true
parameter A = 0. Such a model may be used to test Granger causality in mean between
the components of an uncorrelated process. Like in Example 3.1, let us take

S(r) = ( Elo(r) EQO(T) )

Suppose that one is interested in testing if (Xa:) Granger causes (X1t) in mean. Then
R =1(0,0,1,0) and the matriz ¥ is a scalar such that

U= (/01 El(r)dr) x (/0122(r)d7~>

As a consequence the sum in (5.7) reduces to a single term corresponding to the
coefficient Kk, = V. If we suppose that the error process is homoscedastic, we obtain
k1 = 1. However in the general heteroscedastic case we have k1 # 1. To illustrate this
let us take

—1 —1

1
X /0 31 (r)Xa(r)dr.

S1(r) = oy + (1) — aip)r
and

Sa(r) = ad + (03, — o)1,
as in Ezample 2 of Xu and Phillips (2008). The values of k1 are plotted in Figure
7.2 for ¢ = 1, 0190 = 020 = 1 and 0?,,03, € [0.25,16]. It can be seen that in the
heteroscedastic case k1 can be quite different from 1 and therefore in this case using
the standard Wald procedure based on Qg for testing if (Xa2t) Granger cause (X1¢) in
mean could be quite a bad idea.

The tests based on the results (5.4), (5.5) and (5.6) will be denoted Wors, WS, s,
WET%, and the standard test based on the statistic Qg and the Xf) d,d, distribution will
be denoted Wy.

6. Monte Carlo experiments

We investigated the finite sample properties of the OLS, GLS and ALS estimating
approaches for VAR analysis using simulations and several real data sets. For the
sake of illustration we report here a small part of the results obtained using simulated
data. More details are provided in Patilea and Raissi (2010). Consider bivariate AR(1)
processes X; = (Xy¢, Xot)" simulated using the model X; = AX;_1 + u; with

A= ( a2 ) and u; = Hyey, et ~N(0,I3) iid, (6.1)
a1 Aa22
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and taking as; = 0.1 in all the experiments. In this framework (Xs;) Granger causes
(X1¢) in mean iff aja # 0. The volatility structure considered is given by

S(r) = ( o (1 +mr)(1+p?) p(1+mr)E(1+ or)3 ) 7

1+mr)2(1+7r)2 1+ or
so that the variances of the error components have a linear trending behavior. Inspired
by the various real data series that we investigated, we set p = 0.6 and v; = 20,

~v2 = 20/3. For the ALS approach the bandwidth is chosen by cross-validation in a given
range as described in Assumption A2, and we take v = 0 in all the experiments. In
the sequel the results for the GLS estimation are given only for the sake of comparison,
this method being infeasible in practice. In each experiment N = 1000 independent
trajectories are simulated using (6.1).

First we examine the properties of the estimation methods presented in the previous
sections. The Root Mean Squared Error (RMSE) of the OLS, ALS and GLS methods
of the autoregressive parameters is considered in Figure 7.3. In this experiment only
a11 = age vary and we set az; = 0.1, ajo = 0. The length of the simulated series is
T = 100. As expected the infeasible GLS estimation outperforms the other methods.
However the ALS procedure clearly better estimate the autoregressive parameters when
compared to the OLS estimation.

Next we study the empirical size of the Wald tests under comparison. Therefore
we take a;a = 0, so that (Xo;) does not Granger causes (Xi;) in mean. We set
a11 = age = 0.2. The simulated processes are of lengths T' = 50, T' = 100, T" = 200 and
T = 400. We test the null hypothesis a5 = 0 at the asymptotic nominal level 5% in
Table 1.F Since N = 1000 replications are performed and assuming that the size of the
tests is 5%, the relative rejection frequencies should be between 3.65% and 6.35% with
probability close to 0.95. In Table 1 the relative rejection frequencies are displayed in
bold type when they are outside these size bounds. We first compare the Worg, W,
Wars and Wgps. In accordance with our theoretical results, the Wy test could be
far from the nominal level even for large samples. The relative rejection frequencies
of the Wors, Wars and Wgrs tests converge to the asymptotic nominal level as the
samples increase. However we note that the W4 g test have better results than the
Wors test for T = 50. It also appears that the infeasible Wgp g test have a better
control of the error of first kind than the other tests for 7' = 50. We remark that the
tests W2, g, Wirg: Wipg and WESX WHaX WX are more liberal than the other
tests for small samples.

A further set of Monte Carlo experiments has been conducted to analyze the empiri-
cal power of the studied tests. For each value a;2 € {£0.8,40.6,- - ,40.2,0}, a number
of N = 1000 independent trajectories of the VAR(1) defined in (6.1) are simulated with
a11 = a2 = 0.2. The null hypothesis a15 = 0 is tested at the asymptotic nominal level
5%. We only consider samples of length 7 = 100. The results are given in Table
2. The Wg s tests appear more powerful than the other tests. It also emerges that
the ALS tests are more powerful than the OLS tests in presence of unconditional
heteroscedasticity. This can be explained by the fact that the ALS tests are slightly
more sophisticated than the OLS tests. We note a substantial gain of power for the

TSeveral other values of the autoregressive parameters and specifications of the heteroscedasticity
were experimented, the conclusions were similar but are not reported here.
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WEES, WRES, and WEES when compared to the other tests.

The conclusion of this small simulation experiment is that when the process is non
stationary but stable, the ALS estimation procedure give significant improvements
in the estimation of VAR models when compared to the standard OLS estimation
method. We also noted significant improvements of the ALS based tests in the analysis
of the Granger causality in mean when compared to the OLS based tests in the
unconditionally heteroscedastic case. Indeed from our simulation results the ALS tests
have a better control of the error of first kind and a greater ability to detect the
causality in mean than the OLS based tests in our framework. Finally, as expected
we found that the standard Wald test is not reliable for the test of autoregressive
parameter restrictions when the process is stable but not stationary.

7. Appendix: Proofs

We first state some intermediate results. Define the linear processes

oo oo
9p =Y Ciuf , and (=Y Dl
=0

=0

where the components of the C;’s and D;’s are absolutely summable. The vector u is
given by uf = 1; ® u;, where 1; is the vector of ones of dimension k. Let us introduce
vy = vec (94(;). The following lemmas are straight extensions of the results obtained
in Xu and Phillips (2008) and Phillips and Xu (2005) to the multivariate case. The
proof is omitted, but could be found in Patilea and Raissi (2010).

Lemma 7.1. (a) If supr<i<r(|| €t |l2p) < 00, 1 < < oo, forallie{1,...,d},
then we have supi<i<7(|| Vnt ||u) < 00.
(b) If supi<i<r(|| €t ||ap) < 00, 1 < p < oo, foralli € {1,...,d}, then we have
supi<t<r (|| 5t ||lap) < oo forall j € {1,... kd}.
(c) If supi<i<r(|| €t ||ap) < 00, 1 < p < oo, for alli € {1,...,d}, then we have
supi<t<r (|| Dje—10n—1ujeuwpy ||p) < oo forall ,5', 1,1 €{1,... kd}.

Lemma 7.2. Under A1 we have

i B [Ur-16frn 2] = 32 i (g © 200} 2 (7.1)

for values v € (0,1] at which the functions g;j(r) are continuous, and where 1yy, is
the matriz of ones of dimension k X q.

We introduce y; = vec (9;_19,_; @ X 'uus X1 and 2 = vec (V19 ® ugul).

Lemma 7.3. Under A1 we have

T T
'Y LTnm T3 E(w). (7.2)
=1 e t=1
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1Zyti> hm T 1ZEyt = hm T 1ZU6C {Eﬂt 101 @27 1}
t=1

T T
Tﬁlzzt L5 lim T IZE z) = lim T~ 121)66 {E@—10,_) @5 }. (74)
=1

T—o0 T~>oo

Lemma 7.4. Under A1 we have

T 1 oo
TN 019 087 | Y {Ci (L @ S(r)C @ S(r) e, (7.5)
t=1 0 =0

T 1 oo
TN 00 @1y / > {Ci(Akur @ B(r)Cl} dr @ 1. (7.6)
= 0 =0
In addition we also have
T
7723 vee (S, ud)_ ) = N(0,5)) (7.7)
t=1
T
T 2 Z vec (ugdy_;) = N(0,E2), (7.8)
t=1
where L o
2= [ Gt S0  2(r)
0 =0
and

=, = /O S {CilLir ® S(r)C1} & S(r)dr.
1=0

Now we have the ingredients for proving our results.

Proof of Proposition 3.1 1) and 2). For the proof of (3.2) we write using (2.1)
and (2.2)

T3 (Bars — fo) = 53 vee (Sxu), (7.9)

with
T
1
xu=T72Y S 'uX] .
t=1

Since we have X; = . bl _,, it follow from Lemma 7.4 that

= [ 3 {lhyes & ZOD} 0 500+ 0,(1) = Ay 0,00,
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Using (7.7) we obviously have
2& = N(O, Al),

so that we obtain the result (3.2).
For the proof of (3.3) we write similarly to (7.9)

T3 (foLs — fo) = 53 vec (Sxu),

with
T ~
Sxu=T"%Y wX/ ;.
t=1
From (7.6) and (7.8) we write
S = / Z Di(Lpxp @ B(r ))z[;g} dr @ Iy + 0,(1) = Az + 0,(1), (7.10)
and
vec (Xxy) = N(0,Az),
with

n=[ Z {51y © 200} } @ 2(r)ar,

so that we obtain the result (3.3).

In this part we show that Ag is positive definite. To this aim it suffices to show that
the matrix As = Yoco Vi(1pxp @ 2(r))3b} is positive definite for all 7. Let us consider
a pd-dimensional vector \ # 0. If A3 is not positive definite we have

3N 4 00 = SRR = 55 =
- i=0 =0
where A, = (N4, G(r), ... Apthi— p+1G( )) with obvious notations. Therefore we have

X = 0 for all ¢ € N. First cons1der Xo. In this case we have Yo =Igand Y_1 =¢Y_o =
.. = ®;_pt1 = 0. Since we assumed that X(r) is positive definite we can deduce that
A1 = 0. Similarly 5\1 implies that Ay = 0, 5\2 implies that A3 = 0 and so on. Thus
A = 0, which shows that A3 is positive definite. Using similar arguments and since
the Kronecker product of two positive definite matrices is positive definite, it can be
shown that the matrices A1 and Ay are positive definite.

3) Using the Cholesky decomposition for positive semidefinite matrix we can write

i{ (Lpxp ® B(r))¥; } = Z(r)Z'(r),

=0

and let
Bi(r) ={Z(r)@SF 32}, k=1,2 re(0,1].
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Then, by the properties of the Kronecker product we have

Ay = /01 By.(r)By(r)dr, k=1,2,
and ) )
Az = /0 BLy(r)By(r)dr = /0 B! (r)Ba(r)dr.
Define ) oo
A= {/0 B;(T)Bg(r)dr} /0 Bh(r)By(r)dr = A As.

Following the idea of Lavergne (2008) we can write

0 K ; {B1(r) — B2(r)A}Y{B1(r) — Ba(r)A}dr

1 1

= A —A'/ B4(r)By(r)dr —/ B (r)Ba(r)drA + A’ As A
0 0

= Ay —AsA;A3

and this prove the stated result. Notice that the equality between the two asymptotic
variance holds if and only if By (r) = Ba(r)A for almost all r € (0,1]. O

Proof of Proposition 3.2 For the proof of (3.7) we write

T T p T
TN ady = T - [Z {Tl Zutxt’_i} (APLS — Ay
t=1 t=1

t=1 =1
P T
— Z(AZOLS — Az) {T_l Zthui}l
=1 t=1
P T
— D o(AP5 - Ay {T_l ZXt—iXt/z} (APFS — A |,
i=1 t=1
= 1 +cCo+c3+ g, (7.11)

with obvious notations. Using similar arguments to that of the proof of (7.8), it is easy
to see that we have

T T
T wX] = 0,(T7%) and T7'> X] = 0,(T7%).

t=1 =1
Then since APS — A; = Op(T’%), we write ca = o0p(1) and ¢z = 0,(1). From
relation (7.6), it is also easy to see that we have cs = op(1). Let us define w, =
vec(uruy — vec(G(t/T)G(t/T)"). Since {wi,Fi—1} is a-mixing by Theorem 14.1 in
Davidson (1994), and E || w; ||?*< oo by A1, we have by the law of large numbers for
L!'-mixingales (Andrews (2008))
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T T
T vec(uwup) = lim T E{vec(usu})} + op(1)
t=1

T—o00
t=1

T—o00

= lim 77! Zvec(G(t/T)G(t/T)’) + 0,(1)

= vec/ X(r)dr + o,(1),
0

and we obtain (3.7). For the proof of (3.6) we have similarly to (7.11)

T T

-1 ~ ~ 1 ~ont -1 U /
T E Up1 Uy @ Uiy =T E Up—1Uy_1 @ upty + 0p(1).
t=2 t=2

From the Cauchy-Schwartz inequality and by Assumption A1 we have

E | it 1w quggtigy |P< {E(uig—1) " E(uj—1) " E(ug) * B(uy )} < oo.

Then using again the law of large numbers for L'-mixingales and since

E(ui—1u)_q @ upuy) = E(ui—quy_q @ E(uguy | Fee1)) = Sioq @ 3y,

we write
T T
Ty w ®uup = lim T Y8 @5 +o0,(1)
t=2 t=2
T
= lim 7'y S(t-1/T)X(t/T 1).
Jim ; (t—=1/T) @ E(t/T) + 0p(1)

Finally noting that

T 1
Jim 7'y N(t-1/T) @ S(t/T) = / B(r)®2dr + o,(1).
— 00 O

t=2

we obtain (3.6). The proof of (3.9) follows from (7.10). For the proof of (3.8), we write
as above

T T
T’_1 Z Xt,l)thl ® ’at’&; = T_l Z Xt,1X£71 & utu; + Op(l),
t=1 t=1
so that we obtain the desired result from similar arguments used for the proof of (7.7).
O

Proof of (3.10), (3.11) and (4.1) We only prove (3.11). The proofs of (3.10) and
(4.1) are similar. From the proof of Theorem 3.1 we have

S = Az +o,(1). (7.12)
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Using Lemma 7.3 we also obtain

T
vee {£¢} - Jim T vee {B(X 1 X{ 1) © Lo}

Straightforward computations show that

vee {E(X 1 X1 ) @ I} = g{m@zd)@}ivec K Z(t_oii“_l) 8 ) ®Id} .

Then considering similar arguments used in the proof of Lemma 7.2 we write

TIEI;Q vec {E(X[Tr]le[/T'r]—l) ®Iq}

{Tpaey: = (A @ 17} vee K Z(T)()@ " )] ’

so that we obtain

vee {Sg} = {Iparye — (A ® 1)®2} " vec K folz(’“%dm“d 0 )] + 0p(1).

by using similar arguments of the proof of (7.5). Therefore the result (3.11) follow
from (7.12). O

Proof of Proposition 4.1 In the following, ¢, C, ... denote constants with possibly
different values from line to line. First, let us focus on the asymptotic equivalence
between éALS and éGLS uniformly w.r.t. the bandwidths by; € Br. We extend the
arguments of Theorem 2 in Xu and Phillips (2008). Consider the notation

T

T
AD) =T X, 1 X[, ®I;", and o) =T""2> T, 'u X ;.
t=1 t=1

Then
VT(Bars —fors) = A vee (a(S)) — AE)vee (a(X)

= A(E) " {vec (a(2)) — ve Q(E))}
CAE)THAR) - AS )} A(X) tvec (a(R)).

By our result (7.5), A(X) L, Ay which is positive definite. Moreover, a(X) is bounded
in probability by Markov’s inequality, Lemma 7.1-a) cons1dered with ¢ > 2 and the
linear processes ¥; = u; and (; = Xt 1, and the fact that ¥; ~ is bounded. Hence, like
in the proof of Theorem 2 of Xu and Phillips (2008), to prove that V(0415 —Ogrs) =
0p(1), uniformly w.r.t. by € Br, it suffices to check

A(X) = A(Z) =0,(1) and a(X) — a(X) = o0py(1), (7.13)
uniformly w.r.t. by € Bp. As a direct by-product we also obtain A; — Ay = op(1)
uniformly w.r.t. the bandwidths by;. Let us define

T T
Y= Z wy O uu; and Xy = Zwm— ® X, (7.14)
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and, following Xu and Phillips (see also Robinson, 1987), notice that the results in
(7.13) are consequences of the following eight rates obtained uniformly w.r.t. by € Br:

() a(3%) — a() = 0p(1); (2) a() = a(X°) = 0,(1); (b) a(%) — a(2) = 0,(1); (c)
a(X) — a(X) = op(1); (d) A(XY) — A() = 0p(1); (d") A(X) = A(X%) = 0p(1); (e)
A(z) — A(D) = 0,(1); (f) A(S) — A(S) = 0,(1). In this proof the norm || - | is
the Frobenius norm which in particular is a sub-multiplicative norm, that is [|AB]| <
| A|[||B]|, and for a positive definite matrix A, ||A]| < C[Anin(A)]~! with C a constant
depending only on the dimension of A. Moreover, ||[A ® B = ||A||||B||. To simplify
notation, let b denote the d(d + 1) vector of bandwidths by, 1 < k <1 < d. Below we
will simply write uniformly w.r.t. b instead of uniformly w.r.t. by, 1 <k <[ <d, and

sup,, instead of SUDy,, By 1 <k<I<d-
(a) Using the identity A=! — B~t = A=Y(B — A)B~! we can write

. [e] T - —_ [e] = 0_1 ~
a(£°) —a(s) = 7723 (£9) {zt _zg} S, wXl .

t=1

Take the norm on the right-hand side and apply Lemma 7.6(fh,i), Cauchy-Schwarz
inequality and the fact that 71 Zthl |ueX]_1]|?> = Op(1) by Lemma 7.1-a).

(a’) Use the same decomposition to write

T
a(S%) —a(£) = T7V2 37 (89) {5 - 50} 5w Xy (7.15)
t=1
Now, if || - ||2 denotes the spectral norm, use the inequality

1 _ _ 1/2
B2 — A2y < 5 [max{]|A Hlzo 1B 2] 7 1B — All2

(see for instance Horn and Johnson (1994), page 557), and deduce that

A

Now, if r € (0,1] and Ajp,) — B = 0,(1) with B positive definite, it is easy to check
that ||A[_T1T]||2 <{140,(1)}||B7!|2. Use Lemma 7.5 and Assumption A1’(i) to deduce
that the spectral norms of [(2?)2 +vrly]~! and [(2?)2]_1 are bounded in probability.
Finally, take spectral norm on the right-hand side of (7.15), use the fact that vy =
o(T~'/?) and deduce (a’).

(b) Consider the identity

[(20)°]

P § -1
17 = 5fl2 < Z%T {maX{H {(E?)Q + I/de}

2

At - B =B Y B-AB'+B Y (B-A)A(B-AB!
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and write

o] _ T 0_1 — ~
a£) —a(®) = T3, -5 wX]

T
= T71/2 Zit_l[it* Et]it_lut)zt'_l

T o 071 — o] — ~
T2 SIS 2] S (B DS ue X

t=1
T T
= T2 Au(b) + T2 Ag(b)
t=1 t=1

Note that by equation (22) in Xu and Phillips (2008),

{AL(b), B} = {E7 ' [Se— B S e X] oy, Fo}

is a martingale difference (m.d.) sequence indexed by the bandwidths b.} To prove
that A1(b) = 0p(1) uniformly w.r.t. b we show that this uniform rate holds cellwise.
For this purpose it easy to see that it suffices to prove that

T
Sr(h) = % Z erwiwgi(h) = 0,(1)

uniformly w.r.t. h € By where {e;, F;} and {w;, F;} are univariate m.d. sequence
satisfying suitable moment conditions and

sup B{e +w}? | Fi_1} < oo. (7.16)
t>1

More precisely, €;w; could be any cell of

S — wd| S e XL

Tt is important to notice that for a fixed bandwidth the sequence (A14(b)) is not adapted to
the filtration (F¢). As a consequence, the expectation E{A14(b)’A15(b)} is not necessarily zero and
therefore the equality E{||A1(b)||?} =T~ 23:1 E{||A1£(b)||2} does not necessarily holds.
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Using the Inverse Fourier Transform and a change of variables, we rewrite

Se(h) = T\/lfh Z e [Nt/ Ts WK (= )/ Th) — Ag(h)

St ()T h)exp(%F ) [K](u)du—Ar(h)

Ryi=1

1 = e(l4]s)~" —
{ TZ,\)exp<2wﬁTs>}

=1 T(t/T;h

I

Il

>
H‘H
%\

X {\/1? Zwi(l + [s]) 7T exp (QW\/T % 5)} mds — Ar(h)

where

fr(t/Tih) = T7'h=' 21 K((t — 5)/Th) and 7 is any (arbitrary small) positive
constant. It is easy to see that Assumption A1’(i) and inequality (7.22) imply

sup [Ar(h)| = Op(T71/2b51> = 0p(1).
heBr

Since

~1/2
\/»/ 1_’_‘ ‘ ds < bl+27’/‘8‘7: s)|ds=0 ((Tb?w) )

provided 7 is sufficiently small, it suffices to prove

T
1 .
sup sup |— S s)| = o0,(1 7.17
heBr s€R \/Tt:Z1 ) p(1) (7.17)
and
T
su S9i(s)| = o,(1 7.18
up |7 3 (5] = on(1) (7.19

Let us notice that

Fr(t)T:n) = h™ 12[ - ( )drzzé/h[i‘f(([:;z:])dz.

<9 <c,} define

For 0 < ¢}

max

Fr(t/T;br/9) = [ K (2)de
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Then, if K(-) is differentiable, for any 1 < ¢ < T and h € By

Th

!/
/_OO /M |K' (v)] dvdz
/ / |K’(v)\dvdz
/ K (v \/ dedv < Q.
_ Tby

When the K (-) is differentiable except a finite number of points, the same type of upper
bound can be derived after minor and obvious changes. Hence, with the notation

Frtrin - gryin| < [ |- (T

IN

IN

ec(1+s])77 l 1
-1 — <9<
S1¢(9, 8) Fr(/T; br ) exp | 27V -1 = s |, 0<cpe <V <cins S ER,

since for any real numbers a and b, a~! = b=+ (b—a) /ab and knowing that fr(-; by /9)
and fr(-;br/9) are uniformly bounded away from zero (see inequality (7.22) below),
we obtain

sup sup
9 s

Z{suﬁs —S1y(br /9, s)}‘ be Z|gt|_ T2 = 0, (1).

Therefore is suffices to prove

sup sup
Cmbe <0<c, 3, SER

=0,(1) (7.19)

% > S0, 5)
t=1

in place of (7.17). For proving (7.18) and (7.19) we use a uniform CLT for m.d. indexed
by a class of functions, see Bae et al. (2010) Bae and Choi (1999). Here our indexing
classes functions depend on ¢, <9 < ¢ ! and s € R, respectively on s € R, and we
prove that their covering numbers are of polynomial order independent of 7. Now we
can explain the unique role of the (14 |s|)” function: it cuts the high frequencies of the
complex exponential function and allows one to obtain polynomial covering numbers.
Consider the family of functions Fi; = {p11(-;9) : [0,1] — [0,1] : ¢;;L, <9 < ¢}
and Fi2 = {p12(;5) : [0,1] — C: s € R} where

exp(27r\/j1 TS)

o1 (r; 0)=fr(r;br/0)=Fx(Ir/br) — Fx(J(r —1)/br), ¢12(r;s)= T

where F (+) is the cumulative distribution function associated to the density K(-). By
Lemma 22-ii) and Lemma 16 of Nolan and Pollard (1987), the class F11 is a VC—class
(also called Euclidean) for a constant envelope. The VC'—property for Fio is proved
for instance in Lopez and Patilea (2010).

Now we check the conditions of Theorem 1 of Bae et al. (2010) in order to derive
(7.18) and (7.19). For simplicity, we only provide the details for (7.19). With the
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notation of Bae et al. (2010), j = t, n = j(n) =T, &y = Fi, X = R x [0,1],
Vre(f) = T 20012t/ T; 8)p11 (t/T;9) ™" with (9,8) € T = [e mawc:nin} x R, the

family F being composed of the functions f(e,7) = ep12(r; s)p11(r;9) "L, (9,8) € T
with envelope F(e,r) = Ce for some sufficiently large constant C'. Moreover, define

1 -8 TS ?
{d2)(£.9)} = d*((01,51), (02, 52)) :/0 b {E%T“ (m(r’ﬁ?) - B 192)>) }dr

e11(7; e11(7;

Notice that supg,<; £ (6[2TT]) < C for some constant C, 11 (-;9) is uniformly bounded
and bounded away from zero (see (7.22)), ¢12(+; s) is uniformly bounded, and

/1 (9012(7“;81) 9012(7“;82))2d
- T
o \pu(rd)  eu(r;de)

< (191 _192)2 /0I{I{(T/CmaﬂtbT)T/bT}2 +{K((T_1)/cma:rbT)(T_1>/bT}2 dr

1
JrC2/ {p12(r;51) — pr2(r; s2)} dr
0
< C3{br(91 — 92)* + (s1 — s2)*},

V(¥1, 81), (¥2,82) € T, for some constants C1,---,C3 > 0. Moreover, for any p > 0
there exists ¢, > 0 such that fol ©35(r; 8)dr < p, Vs > c,. Using these properties, on one
hand we check that the pseudometric space (7,d(-,-)) is totally bounded and, on the
other hand, we check that condition (2) of Bae et al. (2010) holds for some sufficiently
large L given that the conditional variance of e; is deterministic and bounded. The
convergence to zero for L, (d) in Bae et al. (2010) is a direct consequence of our
unconditional moment conditions on &;. The uniformly integrable entropy condition is
ensured by the VC'—property satisfied by the classes F1; and Fi5 and the finite second
order moment for ;. Now, all the required ingredients are gathered to apply Theorem
1 of Bae et al. (2010) and to deduce our property (7.19).

For the uniform o, (1) rate of Ay take the norms and apply Lemma 7.6(c,e,f) and
the moment assumptions.

The results (c) to (f) are obtained by obvious adaptation of the corresponding proofs
in Xu and Phillips (2008), hence the details are omitted.

Finally, to derive the result for €, use again the identity A= — B~! = A~Y(B —
A)B~1, the inequality ||[A ® B|| = || A||||B]|, the triangle inequality and apply Lemma
7.6(e,g,hj). O

Lemma 7.5. Let gi(r—) = limsy, gr(7) and gr(r+) = limz), gri(7), for r € (0,1]
and 1 < k,1,< d. Define the d x d—matrices G(r—) = {gr(r—)} and G(r+) =
{gri(r+)} and 2(r—) = G(r—=)G(r=), (r+) = G(r+)G(r+)". Set 2(14+) = 0. Under
the assumptions of Proposition 4.1,

uniformly with respect to r € (0,1].
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Proof of Lemma 7.5 It suffices to notice that equation (19) of Xu and Phillips (2008)
can be obtained uniformly w.r.t. r» € (0,1] and bg; € Br, 1 <k <1 < d and to prove

sup sup {[| Aol + 1B} = op(1),
by €Br,1<k<I<d re(0,1]

for Ay = E?TT]— EOJ[TT] and Bz, ZXOJ[TT] —S[Tr] where f}t and ¥, are defined in
equation (7.14). The uniform convergence of Ajr,) and B, is easily obtained from
Lemma 7.6(d,g). O

In the following lemma, which is an extension of the statements (d) to (1) in Lemma
A of Xu and Phillips (2008), we gather some results used in the proof of Proposition
4.1. Let wy; g = wy;(brr) denote the element kI of the d x d matrix wy; that is a function
of the bandwidth bg;.

Lemma 7.6. Let || -|| denote the Frobenius norm. Under the assumptions of Proposi-
tion 4.1:
(a) For allT > 1 and 1 <k <1 <d,

max g sup wyip < C < 00,
létST 1 bki€Br

for some constant C'.

(b) For allT > 1 and 1 < k <1 <d, maxi<¢ ;<7 SUPy,,cp, Wikt < C/Tby for some
constant C > 0.

(c) For oll T, infpep, mini<i<p Amin(X¢) > C > 0 for some constant C.

(d) As T — oo,

A 2
élixTE (bsgg; | ¢ =24 ) = 0,((1/(Tbr)?). (7.20)
(e) For 6 =1,2, as T — oo,

max sup || 5 —S||® = 0,(T~%4b70/?).

1<t<T pecBr

(f) As T — oo,
-1
(s, iz reni0) 0,0
(9) As T — oo,
_ — O (T Y/2p-1/2

A, sup 19— 53 || = O (T~/20,7%).

(h) As T — o,

(inf min Amm(zg)) - = 0,(1).

beBr 1<t<T

. T > ° o9,
(i) As T — oo, SUPpeBr dim1 ||§?* ?t ||2 = 0p(T QbTQ)
(5) As T — o0, supyep, T >, 12 — B¢l = o(1).
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Proof of Lemma 7.6 (a) Using the monotonicity of K(-) we can write

K((t— b mazx
max Z SUp Wy g < Ma iz K((t = )/bremee) : (7.21)
1§tST 1 bki€Br 1<t<T E K((t — Z)/bTszn) — K(O)

Now, using again the monotonicity of K(-) and adapting the lines of Lemma A(c) in
Xu and Phillips (2008), for any h € By and any 1 <t < T,

()5 [ (5 s [ e

This allows to control the numerator on the right-hand side of (7.21). On the other
hand, using similar arguments and the fact that K(0) > 0, for any h € Br, any
1<t<T and any 0 < 71 < 72 < 00,

Tlhéf(<tThz’> > /T;min{K(z),K(Tlhﬂdz

K(z)dz} , (7.22)

\
=
B
—
2
©
2
&
Qu
n
T

provided that T is sufficiently large. The last two integrals in the minimum are strictly
positive for a suitable choice of 1, 2. This fixed lower bound considered for h = ¢y,inb1
allows to control the denominator on the right-hand side of (7.21) and thus to prove
(a) with a constant depending on 1, v2 and ¢maz/Cmin-

(b) Forall 1 <k <1 <d,

1 t—1i
Tbrcmin K (TbTCmaz )
TbTCWLaT ZJ 1 K (TbTCmm)

Now, use the fact that K is bounded, ¢paz/Cmin < 00 and Lemma A(c) of Xu and
Phillips (2008) to derive the upper bound.

(c) This is an easy consequence of Assumption A1°(i) and the proof of Lemma 7.5,
equation (19), that holds uniformly w.r.t. r € (0,1] and by € Br, 1 < kE<l<d.

Wi el <

(d) Let a;(k,l) denote a generic element of the d x d—matrix u;u; — ;. Then we
can write
4 p 4
sup Zw“ wuy; — ;) < E| sup Z Zwtiai(k,l)
beB |li=1 bEBr | =1 =1
d T 4
< ¢ Z E | sup Zwti7klai<kal)
k=1 beBr |55
d T 4
< ¢ Z E Z sup wy; gra;(k, )]
k=1 i—1 EBT




28 Valentin Patilea and Hamdi Ralssi

where ¢ depends only on d. Now, by Lemma A(f) of Xu and Phillips (2008) and (a)-(b)
above, for 1 <k <1 <d

2

T
c

sup wy; ki F|a;(k, 1 1< ,

Zlb%,p i,k Blai(k, D] < Thr)?

T 4 T
(Z sup Wy |a; (k, l)|> [TE&XT Z SUP Wi ki

i1 beBT i

for ¢ a constant depending only on K, ¢pnax/Cmin and the upper bounds of the 4th
order moments of the components of u;u; — ¥;. Now, (7.20) follows.
(e) By Markov’s inequality and obvious algebra we can write

P ( max bup I Zt —5,° > oT~% 5/2>
1<t<T peg

— P z_: 4 4/5T—1 -2
(mp I 50 5" > 0o

< O—4/5p2 SAIE!
< CT°TbLE <1r<naxT bstgp I Zt =] )

< C~YoTh, ZE (sup [BPESA >

beBT
_ —4/85p2 3 ¥4
C=4°Tb3.T 12?%XTE (bbellBI?F | N b )
=Cc*°0(1)

where for the last equality we use (d).
(f)+(h) Using equation (3.5.33) in Horn and Johnson (1994) and (e) above we have

o — o

min Apin(Se) > min Apin(Se) — max [Amin(Se) — Anin ()

1<t<T —  1<¢<T 1<t<T
> ) — -
> lggTAmzn( t) bselzp Jmax I N l
= A by
1I<I}SI<HT mm( t) +0p( )

and hence (f) follows from (c). Similar algebra applies for (h) which will follow as a

consequence of (g).
(g)+(i) Adapt the proof of Lemma A(i) and A(k) of Xu and Phillips (2008) using a

decomposition like in our equation (7.11).
(j) Apply Lemma A(l) of Xu and Phillips (2008) componentwise, that is d? times.

O
Proof of (5.3) and (5.6). Let us denote

E=RA;'AA;'R and Zs5 = RA; AssAg) R
From the expressions of Qors and Q%,; ¢ we write

| Qors — Qb.s IS T || Rhors P 271 — E57 [|= 0,(1),
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since T || Riors ||>= O,(1) and || =71 — égl l|= 0p(1) from the consistency of the
estimators of Ay and As. In addition we write

+ Q! T, . 5
Qos + Yors 5 Gors _ §QIOLSR/{‘: '+ 27" Rbors.
Noting that {21 + égl}/Q = RA;'AsAS 'R 4 0,(1), we have {Qors + Q). 5}/2 =
Xod,dy,- Since max(a,b) = {a + b+ | a —b|[}/2, the result (5.6) follows from (5.4) and
(5.5). The result (5.3) can be obtain in a similar way. O
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TABLE 1: Empirical size (in %) of the different Wald tests. The innovations are heteroscedastic
with Y1 = 20, P = 0.67 and we take ailp = a2 = 0.2, a1 = 0‘1, a2 = 0.

’ T ‘ 50 ‘ 100 ‘ 200 ‘ 400 ‘
Wors | 88 | 5.8 | 48 | 5.2
Wors | 97 | 6.5 | 50 | 5.4
WEis | 10.2 1 6.8 | 5.0 | 5.5

[ Ws [ 9.3 [81]6.6][8.0]
Wars | 7.1 [ 55 [ 4.9 [ 4.8
Wos | 83 | 62|56 |54
wpax | 8.3 | 6.3 | 5.6 | 5.4
Wers | 52 [ 41 [ 52 [ 4.2
Wors | 5.7 | 40 | 4.2 | 3.4
wEex | 6.3 | 4.4 | 5.4 | 4.2

TABLE 2: Empirical power (in %) of the different Wald tests. The innovations are
heteroscedastic with ;3 = 20 and p = 0.6. We take a11 = a22 = 0.2 and az; = 0.1.

[ a2 [-08]-06[-04[]-02]027047]06]08 ]
Wors | 969 | 81.4 | 48.1 | 17.3 | 14.2 | 40.3 | 70.0 | 90.6
Wors | 97.5 | 82.4 | 49.9 | 182 | 155 | 41.5 | 70.8 | 90.9
Wois | 97.7 | 83.4 | 51.5 | 18.7 | 15.7 | 42.2 | 71.4 | 91.3

| Ws [984]854[539][201[17.1 ]463 [ 75.5 [ 92.8 |
Wars | 988 [ 86.7 [ 50.8 [ 17.7 [ 13.5 | 45.2 [ 75.4 [ 93.0
Wirs | 98.9 | 878 | 542 | 19.4 | 15.6 | 484 | 77.4 | 945
WHES | 98.9 | 878 | 54.2 | 19.4 | 15.6 | 484 | 77.4 | 945
Weors [ 99.1 [ 88.7 [ 52.6 [ 17.7 [ 14.2 [ 48.0 [ 79.5 [ 96.1
Wérs | 99.1 | 89.9 | 529 | 18.1 | 12.4 | 46.9 | 78.3 | 95.1
WERs | 99.2 | 904 | 55.5 | 19.0 | 14.5 | 49.6 | 80.5 | 96.1
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T1 021
T1

FIGURE 7.1: The ratio Vargs (GA27OLS) /Vargs (ég,GL5> of Example 3.1.

T1 021

FIGURE 7.2: The coefficient k1 of Example 5.1.
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RMSE x 102

a11

FIGURE 7.3: The RMSE of the estimators of the parameter a;; over N = 1000 replications with
varying a11 = a2, and a1j2 = 0, a21 = 0.1. We take v3 = 20, p = 0.6 and 7' = 100. The RMSE
are displayed in blue for the ALS estimators, in green for the OLS estimators and in red for the GLS

estimators.



