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Abstract

With the progress of measurement apparatus and the development of automatic sensors
it is not unusual anymore to get thousands of samples of observations taking values in high
dimension spaces such as functional spaces. In such large samples of high dimensional
data, outlying curves may not be uncommon and even a few individuals may corrupt sim-
ple statistical indicators such as the mean trajectory. We focus here on the estimation of the
geometric median which is a direct generalization of the real median and has nice robust-
ness properties. The geometric median being defined as the minimizer of a simple convex
functional that is differentiable everywhere when the distribution has no atoms, it is pos-
sible to estimate it with online gradient algorithms. Such algorithms are very fast and can
deal with large samples. Furthermore they also can be simply updated when the data ar-
rive sequentially. We state the almost sure consistency and the L? rates of convergence of
the stochastic gradient estimator as well as the asymptotic normality of its averaged ver-
sion. We get that the asymptotic distribution of the averaged version of the algorithm is the
same as the classic estimators which are based on the minimization of the empirical loss
function. The performances of our averaged sequential estimator, both in terms of compu-
tation speed and accuracy of the estimations, are evaluated with a small simulation study.
Our approach is also illustrated on a sample of more 5000 individual television audiences
measured every second over a period of 24 hours.

Keywords. CLT, functional data, geometric quantiles, high dimension, L'-median, online al-
gorithms, recursive estimation, Robbins-Monro algorithm, spatial median.
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1 Introduction

With the progress of measurement apparatus, the development of automatic sensors and the
increasing storage performances of computers it is not unusual anymore to get thousands of
samples of functional observations. For example /Cardot et all (2010a) analyse more than 18000
electricity consumption curves measured every half hour over a period of two weeks. Our
study is motivated by the estimation of the central point of a sample of n = 5423 vectors of R?,
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with d = 86400, which correspond to individual television audiences measured every second
over a period of 24 hours.

In such large samples of high dimensional data, outlying curves may not be uncommon and
a even few individuals may corrupt simple statistical indicators such as the mean trajectory or
the principal components )). Detecting these atypical curves automatically is not
straightforwards in such a high dimensional and large sample context and considering directly
robust techniques is an interesting alternative. There are many robust location indicators in the
multivariate setting (Small (1990)) but most of them require high computational efforts to be
estimated, even for small sample sizes, when the dimension is relatively large. For example,
[Fraiman and Muniz (2001) have extended the notion of trimmed means to a functional context
in order to get robust estimators of the mean profile. In order to deal with the dimensionality
issue and to reduce the computation time, Cuevas et all (2007) have proposed random projec-
tion approaches in the context of maximal depth estimators and studied their properties via
simulation studies. Note that sub-sampling approaches based on survey sampling techniques
have also been proposed in the literature in order to reduce the sample size with a controlled
probabilistic procedure and thus reduce the computational time dCh&mEh_mﬂLdi (2010)).

We focus here on the geometric median, also called L'-median or spatial median, which is a
direct generalization of the real median proposed bym ) and whose properties have
been studied in details by Kempem@[(ll%ﬂ) As noted in @), one drawback of the
geometric median is that it is not affine equivariant. Nevertheless, it is invariant to translation
and scale changes and thus is well adapted to functional data which are observed with the
same units at each instant of time. In a functional context, consistent estimators of the L!-

median have been proposed by Kemperman! (1987),/Cadre (2001) and Gervini (2008). Iterative
estimation algorithms have been developed by (Gower (1974), Vardi and Zhang (2000) in the
multivariate setting and by (2008) for functional data. This latter algorithm requires to
invert at each step matrices whose dimension is equal to the dimension 4 of the data and thus
need important computational efforts. The algorithm proposed by Vardi and Zhang (2000) is
much faster and only requires O(nd) operations at each iteration, where 7 is the sample size.
Nevertheless, these estimation procedures are not adapted when the data arrive sequentially,
they need to store all the data and they cannot be simply updated.

In this paper, we explore another direction. The geometric median being defined as the
minimizer of a simple functional that is differentiable everywhere when the distribution has
no atoms, it is possible to estimate it with online gradient algorithms. Such algorithms are very
fast and can be simply updated when the data arrive sequentially. There is a vast literature on
stochastic gradient algorithms which mainly focus on the multivariate case (Kushner and ClarK
(1978), Ruppert (1987), Benveniste et al. (1990), ILjung et al/ (1992), Dufld (1997), Kushner and Yin
) Bottou (IZQld)). The literature is much less abundant when one has to consider on-
line observations taking values in a functional space (usually an infinite dimensional Banach

or Hilbert space) and most works focus on linear algorithms (Walkl (1977), |Dlpp_Qn_an.dﬂalk|
(2006), ISmale and Yad (2006)).

It is known in the multivariate setting that averaging procedures can lead to efficient esti-
mation procedure under additional assumptions on the noise and when the target is defined as

the minimizer of a strictly convex function (Polyak and Judits k;zI dlﬁﬂ), Pelletiet (IZJM)) There

is little work on averaging when considering random variables taking values in Hilbert spaces

and, as far as we know, they only deal with linear algorithms (Dippon and Walk (IM)). Nev-

ertheless, it has been noted in an empirical study whose aim was to estimate the geometric
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median with functional data (Cardot et all (2010d)) that averaging could improve in an impor-
tant way the accuracy of the estimators.

The paper is organized as follows. We first fix notations, give some properties of the geo-
metric median and present our stochastic gradient algorithm as well as its averaged version.
We also note that our study extends directly to the estimation of geometric quantiles defined
by Chaudhuri (1996). In a third section we state the almost sure consistency and the L? rates
of convergence of the stochastic gradient estimators as well as the asymptotic normality of its
averaged version. We get that the asymptotic distribution of the averaged version of the algo-
rithm is the same as the classic estimators. A fourth section is devoted to a small simulation
study which aims at comparing the performances of our estimator with the static algorithm
developed by [Vardi and Zhang (2000). The comparison is performed according to two points
of view, for the same sample size and for the same computation time. We also analyze a real
example with a large sample of individual television audiences measured every second over a
period of 24 hours. The proofs are gathered in Section[6l

2 The algorithms and some properties of the geometric median

2.1 Definitions and assumptions

Let H be a separable Hilbert space (think H = RY or H = L?(I), for some closed interval
I C R). We denote by (., .) its inner product and by ||-|| the associated norm.
The geometric median m of a random variable X taking values in H is defined by (see

Kemperman (1987)),

m o= argminE[|X — | - | X]]). M

Note that the general definition (1)) does not assume the existence of the first order moment of
|| X|| . We suppose from now on that the following assumptions are fulfilled.

A1l. The random variable X is not concentrated on a straight line: forall v € H, thereisw € H
such that (v, w) = 0 and
Var((w, X)) > 0. (2)

A2. The law of X is a mixing of two “nice” distributions : yux = Apc + (1 — A)uy, where

- i is not strongly concentrated around single points: if B(0, A) is the ball {a €
H, |lafl < A},

VA,3C, € [0,00),¥a € B(0,A), E [HX— aH—l} <Cy. 3)

— M4 is a discrete measure, py = ) ; pids,, which does not charge the median m. We
denote by D the support of 1.

As shown in |Kem.petmaﬂ (1987), assumption (A1) ensures that the median m is uniquely
defined.

The second assumption could probably be relaxed, but it is general enough for most natural
examples. The conditions on y., for example, are satisfied when H = R?, with d > 2, whenever



1. has a bounded density on every compact subset of R (as noted in/Chaudhuri (1992)). More
precisely, this property is closely related to small ball probabilities since

E[|X—m| ] = / P[IX—m| <] dr
0
IfP[||X — m| < €] < Ce, for small € and some positive constant C, it is easy to check that
E [[IX —m| | < oo,

whenever 0 < B < d.

When H = L%(I), the dimension is not finite and small ball probabilities have been derived
for some particular classes of Gaussian processes (see ) for a recent reference). In
this case, by symmetry of the distribution, the median m is equal to the mean, and many pro-
cesses satisfy, for positive constants C;, Cp, C3 and a constant C4 which depend on the process
under study,

P[|X—m| <e€] < Cie% exp(—Cze’Q), 4)

so that E [HX - mH_ﬁ} < oo, for all positive B.

2.2 Some convexity and robustness properties of the median

Recalling the definition of the median (eq. (d)), let us denote by G : H — R the function we
would like to minimize:
G(a) = E[[[X —af —[IX][]. ®)

This function is convex since it is a convex combination of convex functions. To ensure the
convergence of the algorithm, we will need quantitative bounds on its convexity.
Under assumptions (A1) and (A2) this function can be decomposed in two parts:

G(&) = AG(a) + (1 — A)Gy(a),

where we isolate the discrete part Gy(a) = Y pi(||x; — || — ||xi]|). The first part is Fréchet
differentiable everywhere (Kgmpgrm@ﬂ 1987)), so G is differentiable except on D, the support
of the discrete part yi; . We denote by ® = AD. + (1 — A)P, its Fréchet derivative,

CID(oc)::V“G:—]E[ X ]

T~ T (6)
X —af
Remark 1. It will be useful to define ® on the set D. If x € D, we define Gy by “forgetting” x,

Ge(y) = X pilllxi =yl = lIxilD)-
i,x;#£x
This function is Fréchet differentiable in x, and we let

X — X
Dy(x) = Z Pim.

1,X;7#x



In other words, up to a multiplicative constant (accounting for the loss of the mass py), ®(«) is just ®
computed for a different law of X, the one where we delete the Dirac mass p 6.

In the vocabulary of convex analysis, what we have done is just to choose one particular subgradient
of G on the set D of non-differentiability. In particular, it is easily seen (we give a short proof in the
annex) that:

Vxy, G(y) - G(x) > (@(x),y - x)
(which asserts that ® is a subgradient).

The median m is then the unique solution of the nonlinear equation,
P(a) =0. (7)

To exhibit some useful strong convexity and robustness properties of the median we need
to introduce the Hessian of functional G, for « € H \ D. It is denoted by Iy, maps H to H and

it is easy to check (see [Koltchinski (|l917|) for the multivariate case and @M:': for the

functional one) that
1 (X—a)@(X—a))}
Ih,=E|———-(1Iyg— , (8)
hX—aH<H X —al?

where Iy is the identity operator in H and u ® v(h) = (u,h) v, for u,v and h belonging to H.
Operator I'y is not compact but it is bounded when [E [|| X —«f 71} < o0.

Let us look at (h,T,h): if we define h = h/ ||h||, and P, the projection onto the orthogonal

complement of £,
1 . (h,w — X >2
[l — X o — X||?

_ o 2
_ HthlE 1 [[Pla XgH
[l = X[| o — X]|

(h, Tuh) = |I1]* E

©)

We can now state a strong convexity property of functional G which can be seen as an
extension to an infinite dimensional setting of Proposition 4.1 in Koltchinskii (1997).

Proposition 2.1. Recall that 3(0, A) is the ball of radius A in H. Under assumptions Al and A2,
there is a strictly positive constant c 4, such that:

Yo € B(0,A)\D,Yh € H, ca||h||* < (h,Toh) < Callh|*.

In other words, G is strictly convex in H and it is strongly convex on any bounded set, as
shown in the following corollary.

Corollary 2.2. Assume hypotheses of Proposition 21 are fulfilled. For any strictly positive A, there is
a strictly positive constant c 4 such that:

VDél,th & B(O, A)2, <<I)(Déz) — @(al),az — 0C1> > CA HDCZ — Déle.



As a particular case of Proposition2.1] we get that there are two strictly positive constants
0<cy <Cy<E MX— mH_l} < o0, such that

Cn [[1I* < {1, Tusht) < Co |1 (10)

As noted in Kemp_emﬁ (1987), the geometric median has a 50 % breakdown point. Fur-
thermore, an immediate consequence of (I0) is that operator I';, has a bounded inverse. Thus,

the gross error sensitivity, which is also a classical indicator of robustness (see
(Iﬁ_m%)), is bounded for the median in a separable Hilbert space. Indeed, thanks to the expres-
sion derived in@ (@), it is bounded as follows,

= H ()

When observing a sample Xj, X5, ..., X, of n independent realizations of X, a natural estimator
of m is the solution i, of the empirical version of (7),

sup
zeH

2.3 The algorithms

2 IIX —mnll = 0. (12)

The solution 71, is defined implicitly and is found by iterative algorithms.
We propose now an alternative and simple estimation algorithm which can be seen as a

stochastic gradient algorithm (Ruppert (1983); Dufld (1997)) and is defined as follows

Xn+l - Zn
Z =Zn+Vmr———— 13
IR, = 2] o
= Zp — Yulns1, (14)

with a starting point that can be random and bounded, e.g. Zo = Xo1x,<m} for some positive
constant M fixed in advance, or deterministic. If X, 1 = Z,, weset U, 1 = 0and Z,,1 = Z,, so
the algorithm does not move Z,, ;1. The sequence of descent steps y,, controls the convergence
of the algorithm. The direction U, is an “estimate” of the gradient ® of G at Z, since the
conditional expectation given the sequence of o-algebra F,, = 0(Z1,...,2Z,) = 0(X1,..., Xn)
satisfies

E [un+l’]:n] = q)(Zn)' (15)

Note that our particular choice of a subgradient ® on the points where there is a mass was
done to ensure that this equality always holds.
Defining now by ¢ the sequence of “errors” in these estimates,

Cnp1 = P(Zy) — Uy, (16)

algorithm (I3) can also be seen as a non linear Robbins-Monro algorithm,

Zyi1=2Zn+Yn (—@(Zn) +Cns1) - (17)



Thanks to (I5) and (16), the sequence (&) is a sequence of martingale differences. Let us note
that the bracket of the associated martingale satisfies,

E |[En1 1P| Fa] = B [Unsa | 7] — [19(Z0)]7 (18)
=1—[®(Z,)]* < 1. (19)

Our second algorithm consists in averaging all the estimated past values,

— 1 —
nt1 = 2Zn+ n—‘H (Zn+1 - Zn)

N

with Zg = 0, so that Z, = 1 Y7, Z,.

Remark 2. An extension of the notion of quantiles in Euclidean and Hilbert space has been proposed
by@u@m (1996), the geometric median being a particular case. Consider a vector v € H, such that
|v|| < 1. The geometric quantile of X, say m®, corresponding to direction v, is defined, uniquely under
previous assumptions, by

m® =argminE [|| X —u|| + (X — u,v)].
ueH
It is characterized by
d,(m’) =d(m’) —v=0,
so that it can be estimated with the following stochastic algorithm

Xyq1 — 1y >
7

mo. = my+ < 1+
n+1 n Tn HXnJrl — mvH

as well as with its averaged version.

3 Convergence results

3.1 Almost sure convergence of the stochastic gradient algorithm

We first state the almost sure consistency of our sequence of estimators Z, under classical and
general assumptions on the descent steps ;.

Proposition 3.1. If (A1) and (A2) hold, and if (y,,)neN satisfies the usual conditions:

Y =0, ) 7 <o

n>1 n>1

then
lim ||Z, —m| =0, as.
n—oo



3.2 Rates of convergence and asymptotic normality

We study now the rates of convergence of the stochastic gradient algorithm as well as the
asymptotic distribution of its averaged version. For these results, we restrict ourselves to more
specific sequences (y,) given by 7, = ¢,n~*, where ¢, is a positive constant and a € (3, 1).

The following proposition states that, on events of arbitrarily high probability, the func-
tional estimator Z, attains the classical rates of convergence in quadratic mean (see m,
1997, theorem 2.2.12) for the multivariate case) up to a logarithmic factor.

Proposition 3.2. Assume (A1)-(A2) and suppose that there is a positive constant A such that
3C, € [0,00),Vh € B(0,A), E [||x — (m+ h)||—2] < Ca. (20)

Then, there exist an increasing sequence of events (Qn)neN, and constants Cy, such that Q) =
UNEN QN, ﬂnd

n In(n
YN, E [1QN Hzn—myﬂ < Cyaln (Z n) < Cy rfa).
k=1

The additional assumption, sup,cp 4) E [HX —(m+h)|?

] < 0, is not restrictive when
the dimension is strictly larger than two as discussed in @). Hypothesis (20) is needed to bound
the difference between G and its quadratic approximation, in a neighborhood of m as stated in

the following Lemma.

Lemma 3.3. Suppose there is a positive constant A such that
IC4 € [0,00),¥h € B(0,A), E [HX— (m +h)\r2] < Ca.
Then,

®(m +h) = () +O (||n]*).

Finally, Proposition B.4]stated below probably gives the most important result of this work.
It is shown that the averaged estimator Z, and the classic static estimator 7, have the same
asymptotic distribution. Consequently, for large sample sizes, it is possible to get, very quickly,
estimators which are as efficient, at first order, as the slower static one 1,. Note that the asymp-
totic distribution of 7, has been derived in the multivariate case by|H.alle]:mad (1989), Theorem
6.1. For variables taking values in a Hilbert space, such asymptotic distribution has only been

proved for a particular case, when the support of X is a finite dimensional space (Theorem 6 in
2008,

Proposition 3.4. Assume (A1)-(A2) and suppose that for some positive constant A,
sup E [Hx — (m+ h)|r2] < co.
heB(0,A)
Then,
Vi (Zo—m) == N (0,T,'2,1),

n—oo
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it X—m)  (X—m)
X —m X —m

=1 .
X =l © X —m]

Note that with (I0), operator I, is well defined, it is bounded and positive. The proofs of
Lemma [3.3]and Propositions[3.2]and B.4are given in Section

4 An illustration on simulated and real data

4.1 A simulation study

A simple simulation study is performed to check the good behavior of the averaging esti-
mator and we make a comparison of our approach with the static estimator developed by
Vardi and Zhang (2000) considering two points of view. The first classic one consists in eval-
uating the performances of these two different approaches for different sample sizes. The
second one, which is the point of view that should be adopted when computation time mat-
ters, consists in comparing the accuracy of both approaches when the allocated computation
time is fixed in advance. The Vardi & Zhang estimator is computed thanks to the function
spati al . nedi an from the @ library | CSNP.

For simplicity, we consider random variables taking values in IR?> and make simulations of
Gaussian random vectors with median m = (0,0, 0) and covariance matrix:

3 2 1
r=12 4 -05
1 -05 2

In order to compare the algorithms, we evaluate the estimation error of an estimator 7, with
the following criterion:
R(m) = |[m —m]. (21)

Our averaged estimator depends on the tuning parameters « and ¢, which control the de-
scent steps 7, = ¢, k~%. It is well known that for the particular case @ = 1, the choice of param-
eter c, is crucial for the convergence and depends on the second derivative of G in m which is
unknown in practice. As usually done for such procedures, we fix « = 3/4 and focus on the
choice of c,. Taking advantage of the rapidity of our recursive algorithm, we decide to adopt
the following strategy; run in parallel the algorithm for 10 initial points chosen randomly in
the sample and then select the best estimate 71 which corresponds to the minimum value of the
empirical version of (1), that is the minimum value of

S|

n
(X = e f| = ([ X3]) -
i=1

1

4.1.1 Fixed sample sizes

We perform 1000 simulations for different sample sizes, n = 250, n = 500 and n = 2000.
Table [1] presents the estimation error (first quartile Q1, median and third quartile Q3), accord-

ing to criterion (1), for the algorithm by [Vardi and Zhang (2000) and our averaged procedure
considering different values for ¢, € {0.2,0.6,1,2,5,10, 15,25,50,75}.
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Table 1: Comparison of the estimation errors for different sample sizes

n=250 n=500 n=2000

Estimator [Q1 median Q3] | [Q1 median Q3] | [Q1 median Q3]
c, =02 0.45 0.60 0.80 | 0.38 0.53 0.69 | 0.25 0.35 0.47
¢y, =0.6 0.21 0.29 0.40 | 0.15 0.21 0.29 | 0.06 0.09 0.12

¢y, =1 0.15 0.22 031 | 0.11 0.16 0.21 | 0.05 0.08 0.10
Cy =2 0.15 0.21 0.30 | 0.09 0.15 0.20 | 0.05 0.07 0.10
¢y =5 0.13 0.19 0.25 | 0.09 0.13 0.18 | 0.04 0.06 0.09

cy =10 0.13 0.18 0.25 | 0.09 0.13 0.18 | 0.04 0.06 0.09
cy =15 0.12 0.18 0.25 | 0.09 0.13 0.18 | 0.04 0.06 0.08
cy =25 0.13 0.19 0.26 | 0.09 0.13 0.18 | 0.04 0.06 0.09
¢y, =50 0.13 0.19 0.26 | 0.09 0.13 0.18 | 0.04 0.06 0.09
cy =75 0.14 0.20 0.27 | 0.09 0.14 0.19 | 0.05 0.07 0.09
Vardi & Zhang | 0.12 0.18 0.25 | 0.09 0.12 0.17 | 0.04 0.06 0.08

At first, we can note that even for moderate sample sizes the averaged procedure performs
well in comparison with the Vardi and Zhang estimator which only performs slightly better.
We can also remark that the averaged stochastic estimator is not much sensitive to the value
of the tuning parameter ¢, which can take values in the interval [2,75] without modifying
the performances of the estimator. As a matter of fact, we noted on simulations that interesting
values for c,, are around or above E [|| X — m ||| , which is about 2.7 for this particular simulation
study.

4.1.2 Fixed computation time

Even if both algorithms require computation times which are O(nd), the averaged stochastic
gradient approach is much faster (on the same computer, with procedures coded in the same @
language). For example, in previous simulations, if the sample size is n = 1000, the averaged
estimator is about 30 times faster. When the dimension gets larger, as seen in the real data
example, the difference is even more impressive. If the audience is measured every minute
over a period of 24 hours, we get vectors of dimension d = 1440 and then, for a sample size
n = 6000, the averaged estimator takes about 1 second, whereas it takes 66 seconds for the
estimator proposed by Vardi & Zhang. When one has measurements every second, so that
d = 86400, it takes about 60 seconds for our procedure to estimate the median.

Let us suppose the allocated time for computation is limited and fixed in advance, say 1
second, and compare the sample sizes that can be handled by the different algorithms. The
static estimator by Vardi and Zhang (2000) can deal with n = 150 observations, whereas our
recursive algorithm, coded in the @ language, can take account of n = 4500, so that it gives
much better estimates of the median, as seen in Table[Il Finally, if the algorithm is coded in
C and called from @, then it is at least 20 times faster than its @® analogue, so that it can deal
with at least n = 90000 observations, during the same second.
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4.2 Estimation of the median television audience profile

The analysis of audience profiles for different channels, or different days of the year, is an
essential tool to understand the consumers’ habits as regards television. The French society
Médiamétrie provides official television audience rates in France. Médiamétrie works with
a panel of about 9000 individuals; the television sets of these individuals are equipped with
sensors that measure the audience of the different channels.

A sample of around 7000 people is drawn every day in this panel and the television con-
sumption of the people belonging to this sample is recorded every second. The data are then
sent to Médiamétrie during the night. Thus recursive techniques are well adapted to deal with
such kind of data. Moreover, Médiamétrie has noted in these samples the presence of some
atypical behaviors so that robust techniques may be helpful.

We focus our study on the estimation of the television audience profile during the 6th
september 2010. After removing people from the sample that have not watched television
at all on that day, we finally get a sample of size n = 5423. For each element i of the sample,
we have a vector X; € {0, 1}86400, where 86400 is the number of seconds within a day, and zero
values correspond to seconds during the day where i is not watching television.

A classical audience indicator is given by the mean profile, drawn in Figure [I] which is
simply the proportion of people watching television at every second over the considered period
of time. We compare this classical indicator with the geometric median, whose estimation is
drawn in black in Figure[ll We can first note that both estimators have the same shape along
time, showing three peaks of audience during the day with higher audience rates between
8 and 10 PM. Estimated values are smaller for the geometric median which is less sensitive
to small perturbations and outliers. This also indicates that the distribution of the individual
audience curves is not symmetric around the mean profile.

From a computational point of view, it takes less than one minute for our algorithm to
converge. The value of the tuning parameter was chosen to be ¢, = 400, it leads to a value of
about 92 for the empirical loss criterion.

5 Concluding remarks

The experimental results confirm that averaged recursive estimators of the geometric median
relying on stochastic gradient approaches are of particular interest when one has to deal with
large samples of data and potential outliers. Furthermore, when the allocated computation
time is limited and fixed in advance and the data arrive online these techniques can deal, in
a recursive way, with larger sample sizes and finally provide estimations that are much more
accurate than static estimation procedures. We have also noted that they are not very sensitive
to the values of the tuning parameters c,, that control the gain.

One could imagine many directions for future research that certainly deserve further atten-
tion. Taking advantage of the rapidity of our estimation procedures, one could use resampling
techniques, similar to the bootstrap, in order to approximate the asymptotic distribution of
the estimator given in Proposition[8.4 and then build pointwise confidence intervals. Proving
rigorously the validity of such techniques is far beyond the scope of this paper.

Our procedure can also be extended readily for online clustering, adapting the well known
MacQueen algorithm dLi@cQ_ue_eﬂ dl%_?l)) to the L, context. Even if the criterion to be optimized
is not convex anymore, it can be proved that stochastic gradient approaches converge almost
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surely to the set of stationary points (Cardot et al. (2010b)) and thus are interesting candidates
for online clustering.

Another direction of interest is online estimation of the conditional geometric median when
real covariates are available. For instance, the age or the size of the city where individual live
are known by Médiamétrie and it can be possible to take such information into account in order
to get varying time regression models that can also be estimated in a very fast way thanks to
sequential approaches.

6 Proofs

6.1 Convexity — Proofs of Proposition 2.1land corollary 2.2]

We first show that ® is a subgradient of G. For points x ¢ D, it is clear (since G is Fréchet
differentiable).

Pick a point x in D (say it is xo) We will show that ®; is a subgradient of G;, where we
have defined ®;(xo) = ¥ ; pimo—ir H P H This follows from a simple computation:

xl/ - x0>
<q)d(x0 ;)Pl on — le
xz, —
;)PI o = sz Z;)Pz [0 — xi|
<Y pilly —xill = Y pillxo — xil]
iZ0 iZ0

< Ga(y) — Ga(xo)-

The upper bound in proposition[2.1] follows immediately from (@) and the assumption (A2).
For the lower bound, thanks to (9), we only need to prove:

Va € B(0,A),Vu, ||u|| =1, (u,Tyu) = >
1% — aff?

2
M] S0 (@)

where P, is the projection on the orthogonal of u. This quantity is small when X — « is in
span(u).

Recall that (by (Al)), X is not supported on a line. Consider the set of subspaces K C H
satisfying: Vx € K, Var((x, X)) = 0. Suppose that this set is non-empty, and let H' be a maximal
element in it (this exists by Zorn’s lemma). The orthogonal of H' has at least dimension 2
(otherwise, we get a contradiction to Al). Let v1, v, be two orthogonal vectors in H L. Let
vy = cos(t)vy + sin(t)v,. The map

t — Var((v;, X))

is continuous on a compact set. Its minimum cannot be zero (since this would contradict the
maximality of H'). Therefore there exists a ¢ such that, for all unit v in the plane spanned by
(v1,v2), Var((X,v)) > c.

The orthogonal of 1 (an hyperplane) and the (2-dimensional) plane spanned by v; and v,
necessarily intersect: there exists a unit vector v € span(vy, v2) such that (4, v) = 0. Therefore,
forallx € H, |P,(x —a)|* > (x,0)%

12



Suppose first that X is a.s. bounded by K. Then

(v, X — a)?
3
1X — afl

1
= A+ K)p

E |:<U,X - a>2] .

It is easily seen that the last term is bounded below by Var((v, X)) > ¢ and 22) holds with

1
ca = mc.

To get rid of the boundedness assumption on X, we can just choose K large enough so that
Var((o, XlI\XHSK>) is strictly positive for v = vy, vs.

The corollary is a consequence of the proposition 2Tl and the fact that ® is a subgradient.

Indeed, the inequality holds for ®. by interpolation: for an elementary proof, define a; =
(1 —t)ay + tap, and write P(ay) — P(a1) = fot f'(t)dt where f(t) = ®(a;). One can then apply
@2), t by t, with a« = ay and u = ﬁ

Moreover,

<q)d(062) — q)d(ﬂél),l)éz — 061> = <q)d(062),0é2 — 061> —+ <q)d(061),061 — Dé2>
G(Déz) — G(le) + G(Dél) — G(Déz)
0.

v

Since ® = A®, + (1 — A)Py, the corollary R.2lis proved.

6.2 Proof of Proposition 3.1l
The proof of Proposition 3.1 follows a classical strategy and consists of two steps.

Lemma 6.1. Under the hypotheses of PropositionB1) there is a random variable V such that, E [|V|?*] <
oo, and

lim || Z,—m|*=V, as.
n—00

Proof of Lemmal61) Let us consider V,, := ||Z, —m|*. Recall that Z, ;1 = Z, — 7. D(Z,) +
Yulns1 (cf. (D). Therefore

Vipr = | Zy —m — ')’ncD(Zn)H2 + ’)’% Hén+1||2 + 290 (Cnv1s Zn — YuP(Zn)) -

If we condition with respect to F,, the last term disappears since (¢, ) is a martingale difference
sequence and it comes:

E (Vi1 | Fa] = 120 = m = 3u®(Za) | + V2 [ |Gsa | 7o

= 12 = mI* = 270 (Zo = m, (Z)) + 77 (IR(Z0) I + E |G| 7] )
= Vi =29 (Zn — m,®(Zy)) + 73, (23)

13



where we used the definition of V,, and ([19) for the last term. Since G is convex, using Corollary
2.2l we get:
(Zy—m, ®(Zy)) = (Zn — m, ®(Z,) — P(m)) > 0.

instance , 1997, page 18)), we deduce that (V) converges almost surely to V. Moreover,
we note that Z,, — m is bounded in L?,

Therefore, for all n, E[V,1|F,] < Vy, + 2. From the Robbins Siegmund theorem (see for

Vi, Vy=E [||Zn—m||2] <E [||zo—m||2} +Y 92 < oo, (24)
k=1 0

whenever E [HZO — mHz] < oo, which is satisfied for example if Zo = Xo1{|x,|<m}, With M <
0.

We can now give the proof the proposition.

Proof of proposition 3.1l Lemma[6.]shows that the sequence V,, converges almost surely. Let us
check now that its limit is zero. Let us take expectations in equation (23):

E [V =E[Vi] + '731 — 27 B [(D(Zn), Zy — m)]

n
=E[Vo] + Z'Y%‘z
=1 k=1

YE [(P(Zy), Zi —m)]. (25)

n

The sequence Y} _; V«E [(P(Zk), Zx — m)] has positive terms, and is bounded above by E [Vy] +
Yoo 1 77, therefore it converges. This implies in particular that

i Y (P(Zy), Zn —m) < 400 as. (26)
n=1

This convergence cannot happen unless Z, converges to m. Indeed, for each € €]0,1], let us
introduce the set

Qe ={w e Q: Tne(w) >1,Vn > ne(w), € <Vylw)<e?}.

For w € Q, we have with Corollary 2.2}

Y 0 (@(Z(@)), Zu(w) — m) > < ) %> inf(®(a),a—m) = oo,

n>1 n>ne(w) e<||a—m]<e1

which contradicts (26) unless IP(Q)¢) = 0. Since V,, converges a.s. to a finite limit, and {lim V,, €
[c,c71]} C Oy, the only possible limit is zero:

lim||Z, —m| =0, as. O

14



6.3 Proof of Lemma[3.3]and Proposition [3.2]

Proof of Lemma[3.3] Consider, for h € B(0, A), the function f,(t) = ®(m + th), defined for
t € ]0,1]. We have f;,(0) = ®(m) = 0and f;(1) = ®(m + h). It is also clear that the first order
derivative f; (t) of function f, satisfies f/(tf) = I';,1y,. Consequently, a Taylor expansion with
integral remainder of f; about t = 0 gives us

O(m + ) = D(m) + / T (B

By Lemma 5.7 in Chaudhuri dlﬂ?j), there is a constant M4 such that for all € [0, 1],
ITstn = Tml[, < Ma 1]
where ||.||; is the usual norm for bounded linear operators. Since ®(m) = 0, one gets

|@(m +h) = Tn(R)|| < Sl[lp] ITsee = Turlly 1Bl < Ma ||,
tel0,1

and this concludes the proof. O

Proof of Proposition The proof is composed of 5 steps.

Step 1 — a spectral decomposition. Recall that Iy, is:

T (X —m) @ (X —m)
o =8 |y (1~ nx—mv( ﬂ) o
_ 1 X—m)®(X—m
:EJX‘M‘]“‘Ehm—mH< )
—E _||X—m|r1] 1y — Ty 27)

Since I'y, is bounded and symmetric, it is self-adjoint. Moreover, the operator T, defined by
[@7) is trace class: it is self-adjoint, non negative, and if (e]-) is an orthonormal basis,

Y (e, Twej) = Y E M]

3
] j | X —ml|

<E | <=

Therefore T;, is compact, and there is an increasing sequence of eigenvalues (A;), with pos-
sible repetitions, and an orthonormal basis (v;) of eigenvectors in H such that:

V] €N, l“mv]- = )\]’U]',
j—roo -1
NS E[IX —ml| 7Y

o(Tp) = {A;,j € N} U {1E [Hx—mu—l} }

15



Moreover, thanks to (10), the smallest eigenvalue A,,;;, of T, is strictly positive. For simplicity
of notation, we rewrite this decomposition as follows,

Tux =) Aler,x)ey, x€H,
AEA

where A is the multiset {A;,j € IN}, that can account for eigenspaces of dimension larger than
1.
In the following, we will need the operators:

ap =Ig — 7L, Bn = aulty_1- -y (28)

Since I';, is bounded, these operators are well defined. Introducing the sequence of real func-

tions, forn € N,
n

ful) = [T = mex),

k=1

we see that f,,(-) and f, !(-) are well defined on ¢(T',), provided 7, E [||X — mH*l} < 1, which

we can assume without loss of generality. Elementary analysis shows that there exist constants
c1, Co, C3 such that:

Vx e o(Ty), crexp(—sux) < fu(x) < Crexp (—sux), (29)

Cy Ll
11—«

Sn — S C3/ (30)

where we recall thats, = ) }_; 7k, and ¢ = c,k~*. Then each operator §, can be also expressed
as follows:

ﬁnx = Z f”()\) <e)u .X'> €A, S H/ (31)
AEA

their inverses are bounded operators, and satisfy: B, 1x = Y ca fi 1(A) {ex, X) €.

Step 2 — Decomposition of the algorithm. Let us rewrite the algorithm in the following way
Zpi1 = Zn+ Yulni1 — 1u®(Zy)
= Zn+ vnCnt1 — Yn(Tm(Zy — m) + 6,)

where 6, = ®(Z,) — I'y(Z, — m) is the difference between the gradient of G and the gradient
of its quadratic approximation. Therefore:

Vk, Zji1 —m = ar(Zp —m) + vilri1 — ik (32)
Rewriting &, 102 - - - &f41 @s ,Bn_lﬁk_l, we get by induction,
Zy—m = Bp_1(Z1 —m)+ By_1My — Bn—1R,—1, (33)
where
n—1 n—1
Ro=Y mBy o My =Y 7By ' Crsr-
k=1 k=1

The first two terms of (33) are what we would get if G was exactly quadratic: a deterministic
gradient part going to m, and a noise part; R, is the error term. We will look at each of these
terms in turn.
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Step 3 — The deterministic term. We want to bound B,_1(Z; — m). The asymptotic be-
haviour of f, in eq. (29) implies that

[Bn-1ll < Coexp (—sudmin) ,

where A,,;,;, > 0 is the smallest eigenvalue of I';,. Therefore
E [[|B1-1(Z1 —m)|| < Cexp (—20' =) E[(1Z1 —m|’] . (34)

Step 4 — The martingale. The fact that the By are operators (instead of real numbers) makes
matters more complicated. To deal with this problem, we use the spectral decomposition of the
sequence of self-adjoint operators (By).

More precisely, we decompose M, = Y ,cx (ex, M) ex = Y, Mjey. Foreach A € A, M} is
a martingale, and

Y i OE [(Eee)| A

k<n—1

since EE [(Cx, er) (Ckr1,er)|Fi] = 0 when k' < k + 1. Summing now over A € A, we get:

E (118110 ] = A1 (VB [

<) Y 7 < (())\)>21E[<Ck+1,m>2}- (35)

A k<n-—1

However, for any k, n, and any A € A,

fn 1()\) _ fn 1( mm)
) <]1;L (0 =Am) < )

This uniformity in A allows us to reconstruct E |:H€k+1 Hz} , which is bounded by 1, thanks to
(19). We obtain:

E {H[Sn,anH <Y % <fr}k(l mmm > ZA:IE [ (Cks1,e0) ],

k<n-—1 zn

= (B e i),

g - o (Bt

<

7M

<

i

Now we use the bounds (29) on B,:
E [H:Bn—anHﬂ < _22 exp ( Z 7j>

1 k<n— =k+1
<C Z Y7 exp (

k<n-—1

. kl‘“>> . (36)
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The exponential terms are very small when k is much smaller than 7, therefore we isolate the
last terms. To do that, we choose (1) such that,

I(m)'* =n'"% —c,In(n), (37)
with ¢, to be chosen later. The first part of the sum B6) (for k < I(n)) gives us:
1 c
2 1—a 1—a 2 o
Y viexp <—— nt—k > < Y riexp <— 1n(n)>
<R Y ki (39)

k<n

This can be made smaller than any prescribed inverse power of n, if we choose ¢, large enough.
In the second part of the sum (B6), for k > (1), we bound the exponential by 1 and 7 by 7;(,,:

Y afesp (—is (n K ) < - 1)k,

k>1(n)

The number of terms n — I(n) is equivalent to 1= In(n)n*, and ;) ~ c,n~*. Therefore, the
whole second term is equivalent to cIn(n)n~%, where ¢ depends on ¢, and c,. For ¢, large
enough, this dominates the first term (38). Finally we get:

In(n)

n*

E|l. M| < C (39)

Step 5 — the error term and the conclusion. The error term is B,_1 Y} 'Yk,B,;lék, where
O = ©(Zx) — T'(Zx — m). With Lemma[B.3] we get that

Ir,C Yk || Zk —m| < v = |16 < C |1 Zk —m|?. (40)

Since Z, converges a.s. to m, we deduce two things about Jj: it is almost surely bounded, and
(#0) becomes a.s. eventually true. To use these facts we introduce the following sequence of
events:

Ou = Lo ¥ NYk>n—1I(n), |Zc—m| <1/Kand |5 < C/|Z — m|?
N " Yk, ||6¢]| < N. '

for a value of K to be chosen later, and I(n) defined by (37). This sequence is increasing and
U Qn = Q; from now on we work on Q.

Once more, since /3”,1[3;1 is very small when k is much smaller than 7, only the last terms
in the sum defining R, matter. This is why we re-use the definition of /(1) and cut the sum in
two parts. Forw € Qy,and n > N,

n
|Ba 1Rl < (Z |
k=1

2
Brifi!| ||<sk||>

1(n) 2 0 2
< 2N? <Z?k‘5nlﬁ[lu> +2Crz< ) 'YkHZk_mH2>
k=1 k=I(n)+1

2
- C?
Buabi!|| ) 25 =1y X wlZe—ml.
K k=I(n)+1

I(n)
< 2N? <Z Yk ‘
k=1
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where we used the crude bound || || < N in the first part, and for the second part, || 8,-15; ' H <
1 and the definition of Q.

As before, it is easy to see that the first term is bounded by any prescribed inverse power of
n, say n~*2. For the second term, we already know that (n — I(1))71(n) is bounded. Therefore,

on Oy and forn > N,

CN? C n

2 2

[Bn-1Ru||” < =t Yo vl Ze—m|”. (41)
k=I(n)+1

Combining now (33), (34), (39) and #I), we get, for n > N and some new constant C

Cl C 1
E 10,12, —m?] < 20 C 0y B [10, 12— m|]

k=I(n)+1
Cln(n) C/ 2
< +— sup E|1g, ||Zx—m]|7|.
nt K2 ) <ken [ N }
Let us choose K such that K2 > 2C’. Then
Cln(n) 1 2
> —m|?| < - - ,

Vn>N, E [1QN 1 Z — m } < e g, max E [1QN 12y — m| ]

The fact that [(n) is close enough to n allows us to prove by induction that, for some constant
c,

C'In(n)

2

Vn>N/, E [1QN 1Zy — m } <=

This concludes the proof of Proposition[3.2] O

6.4 Proof of Proposition 3.4

We use the same decomposition as in Pelletier (@). It consists in linearizing the target func-
tion ® around the true value m. Recall the following decomposition of the error (32),

Vk, Ziyr —m = Iy — L) (Zx — m) + Vi1 — Yidk,

where (. is a martingale difference sequence and Jy are error terms, d; := P(Zy) — I'y(Zy — m).

Defining now,
n

Tyi=Zun—m, Tp:=Zy—m and My1:= ) Gria,
k=1

and rearranging the previous expression, we obtain:
1
Tk = Gk — Ok + - (Tee = Tie1) -

Summing these equalities, it comes,
n n

— 1
nCwTy =Y — (Te — Tesr) — Y, Ok + Mg
k=1 Tk k=1
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Applying Abel’s transform, and dividing by /n yields:

\/EFT—L E—T"H—FiT[i—L}—ié +LM
T\ m Yo i LY V-1 kzlk Vn el

To prove that last term is a martingale for which the CLT holds,

M,
N o),

we need to check that the assumptions of Theorem 5.1 in (Jakubowski, 1988) are fulfilled. We
first have that the martingale difference sequence is a.s. bounded, Vn |G, || < 2. Let us define

Zn =E [§n+1 & Cn+l|"rn] s (42)

which can also be decomposed as follows

z%zmbgjim ﬁi:gﬂﬁﬂ—©@w®@@» (43)
Since ®(m) = 0, we have by a direct computation,
1920 < B |15 | 120 = .
[[X — m]]

Using now, for (a,b) € H x H, the inequality |la ® b||;, < ||a|| ||b]|, where ||a ® b||, is the usual
the norm for linear operators, we directly get, with Proposition[3.7]

|®(Z,) ® D(Zy)||; =0, as.

<2E|

With similar arguments, it is easy to show that
H X = Z || HX -
1

===z ezl . |
<4 [ HMZ’“"’””'

1X = Z|

so that ||£, — X[, — 0a.s., when n tends to infinity. Then condition 5.2 in (Jakubowski, |1 1988) is
satisfied and is a consequence of a direct application of Chow’s Lemma, see for instance

, page 22).

Now, it remains to prove that

%Cﬂﬂ_ﬁ F_L]+Z(sk>_>o m

Tn k=2 Tk Yk—1 k=

4

Let us denote by A, B, and C, the three terms. We will use on each term the following lemma:

Lemma 6.2. Let Q) be such that Qn 1 ), and let X, be a sequence of random variables such that, for
all N,
E 1oy - [ Xall] 7= O

n—00

Then X,, —— 0.

n—oo
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Proof of lemma. The convergence in L! implies that, for all N, 1, X, converges in probability
to zero. Then

limsupP [|| X,|| > €] <P [QY] + limsupP [1q, || X4]| > €] <1-TP[Qn].
n n

Since this holds for all N, the lemma is proved. O

Recall that E [101\, HTnHz] <Cyn lnn(f ), thanks to Proposition 3.2

For the first term A,, = Tua , we have:

NG

In(n)?  CiyIn(n)?
E [101\] ||AHH2] S C}\’nZa 1 1/52“) _ N -

P
so A, —— 0.
n—oo

Let us turn to the second term B,,. Since 'yk — 'Yk 1 < 2ac, Tpa—1,

2uc
E[[[Ba] 10,] < i Y E 1o, [ Tel]
\/_ k<n

; Fka/z 1

ln(n)n”‘/z’l/z,

| /\

IN
A

which goes to zero since « < 1 (Cp and « stand for two positive constants). Therefore B,, % 0.
n—o0

Finally, for the last term C,, since there exists a positive constant C; such that ||6;| <
C1 || Zx — m|?, we have:

1 2
E[1a, ICul] £ —= )_ E |1, || Tkl
N N [ N }
Cn _
< SN Y In(k)ke
Vi

Since the right hand side term converges to zero (as can be seen e.g. by Kronecker’s lemma,
using the fact that « > 1/2), C, % 0, therefore @4) holds, and proposition 3.4 is finally
n—oo

proved.
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Figure 1: Estimations of the mean and and the geometric median audiences, at a second scale,
during the 6th september 2010.
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