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Abstract

We build up a model where a mass of heterogenous commuters has to choose between
public transportation and the car. Our main assumption comes from cross modal external-
ities: depending on the policy implemented, the congestion generated by car affects the
quality of public transportation. We show that such a model can lead to multiple equilibria,
and that the equilibrium involving the largest use of public transportation is always Pareto-
enhancing. We discuss two policy tools: tax and separation of public transportation from
car congestion. We show that, when one of the two is not strictly more efficient than the
other, then separation should be preferred for large-scale policies, while taxation should be
preferred for marginal modifications of commuting patterns.
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In many cities, the congestion caused by cars is an increasing issue, as much for the ease
of the transportation within the city as for environmental concerns. We build up a theoretical
model in which heterogenous commuters have to decide simultaneously to use a car or public
transportation. We assume that the car users (CU) generate congestion on all the commuters
and that users of public transportation (PT) enjoy a positive network externality (the efficiency
of PT increases with the number of users). We show that it is also possible that ex-ante
similar cities end up with very different modal shifts, due to the presence of multiple equilibria
(ME). In the presence of ME, we demonstrate that the equilibrium involving the lowest share
of CU Pareto domintes all the other equilibria . We also study two policies: taxation and traffic
separation. Both can be used to imperfectly enforce coordination. We show that the main
drawback of taxation happens when the number of car users is small. A shrinking tax base can
be detrimental to the last car user and poorly efficient. The main drawback of separation is
observed when the number of car users remain high, as it increases congestion for cars.

The scientific literature addressing this issue can be conveniently divided in two families: the
physical planning and the car dependant cities. The purpose of this paper is nor to reject neither
to support any of those schools. As will be made clear below, we show that both approaches can
be pertinent, but correspond to different scope of policies.

We denote the first one by ‘physical planning’. They emphasize the fact that the structure
of the city is the most important driver of commuting patterns. The main idea to improve trans-

portation policies is to have a shift towards ‘transit oriented development’. Belzer and Aultier



(2002, p.7) define it as follows: ‘transit-oriented development must be mixed-use, walkable,
location-efficient development that balances the need for sufficient density to support conve-
nient transit service with the scale of the adjacent community’!.

We denote the second by ‘car dependant cities’. The idea is that, given both, the structure
of our cities and, the intrinsic preferences that many consumers have for the car, one should
focus on the best way to accomodate traffic flows, while the question of public transportation
is of minor interest. It is rather consensual among economists that road pricing should be the
privilegied way to deal with congestion problems (Beesley and Kemp, 1987, Calfee and Winston,
1998) and the ‘games of congestion’ have been widely studied in economic theory (e.g. Rosenthal,
1973). Many applied papers also deal with congestion costs and car taxation. One of the most
famous results is due to Vickrey (1963). He argues that pricing should vary at different times
of the day as to make commuters pay for the marginal cost of congestion.

In the late eighties, Pucher (1988) observed that 'Urban transportation and traveler behavior
vary widely, even among countries with similar per capita income, technology and urbanization’.
Kenworthy and Laube (1999) documented this puzzle and show that the fraction of workers
using transit is 6 times higher in wealthy Asian cities compared to the US. They also show
that the commuting time to work is higher (and cheaper) where the use of public transport is
higher and that the cost recovery of transit increases with the share of passengers using it. In
other words, cities where transit is intensively used appear to need a smaller share of subsidies
for operating it. This is confirmed by Pucher et al. (1983) who state that ’[D]irect benefits
to transit riders have been small relative to the increase in subsidy [and] alleged environmental
and secondary economic benefits are negligible or inezxistant’. While Pucher and Renne (2003)
computed that, in the US, public transport accounts for less than 2% in the urban travel in

2001.

!Cervero et al. (2002, p.2), emphasize that it does “involve some combination of intensifying commercial
development around stations, inter-mixing land uses, layering in public amenities (e.g., civic spaces, landscaping),
and improving the quality of walking and bicycling’. One should also consider the book by Dittmar and Ohland
(2003) that summarizes literature and 'good practices’ in transit oriented development.



In our model, the existence of ME come from anticipations on the modal shift among het-
erogeneous commuters. The fraction of CU affects the costs and benefits of each mode of trans-
portation. An increase in the share of CU increases not only the costs of transportation by car
(congestion) but also the cost public transportation by reducing the positive network externality
associated with having many commuters using PT.

The paper is organized as follow. In the next section, we review the literature that we
associate to our research. We use this review to provide support for our hypothesis. In section
3, we present the model, and show under which conditions ME emerge and discuss their relative
efficiency. In section 3, we discuss two policy tools that can be used to coordinate agents to the
best equilibrium (especially in the ME case). We consider two policy tools: taxation of cars and
traffic separation between cars and public transportation. We provide theoretical results showing
that, if no policy is strictly more efficient than the other, then separation should be preferred for
large-scale policies. Minor changes in a world where the share of CU is high are better dealt with
taxation. We also provide graphical illustrations of those results, giving some intuition for policy

makers.We discuss some policies (such as building an underground) and conclude in section 4.

1 Literature

1.1 Congestion costs

The effect of the number of cars on the efficiency of transport has been widely studied in the
economic literature. Anas and Small (1998, p.1456) describe this negative externality as follows:
‘The congestion externality arises because the user of a motor vehicle does not pay for its
marginal contribution to congestion’.

Mirabel (1999) considers similar externalities as we do. This is the so called ‘crossed modal
externalities’, i.e. the fact that the congestion generated by cars also affects the efficiency of
public transport. Those ‘crossed modal externalities’ have been empirically measured in Brussels

by Dobruzkes and Fourneau (2007).



De Vlieger et al. (2000) empirically show that these congestion costs are concave in terms
of pollution. In terms of perceived cost, Wardman (2001) shows in a meta-analysis that time
spent in congested traffic is valued 50% higher. This is again an argument for the concavity of
the cost of congestion, as congestion (i) increases travel time and (ii) increase the marginal cost
of travel time. This principle is applied by Santos and Bhakar (2006) to assess the benefits of

the congestion toll in London.

1.2 Network externalities in public transportation

A relatively large literature also exists on the network effect of the number of transit users on
the efficiency of public transport. For instance, Mohring (1972, p.591) explains that ‘Transporta-
tion differs from the typical commodity price theory texts in that travelers and shippers play a
producing, not just a consuming role’.

The idea is the existence of a so-called ‘dynamic network externality’. If the demand for bus
service doubles, a company is expected to double the number or busses serving the route, at the
same per capita price. Thus, the waiting time for an individual commuting by bus decreases,
which improves the efficiency of public transportation.

In a quite similar spirit, Tabuchi (1993) considers a railway parallel to a road. The commuters
can use public transportation (the railway) or car (the road). The CU are expected to face
congestion in a bottleneck. The users of public transport face a positive network externality, by
sharing the fixed costs of the railway. This differs from our model in two ways: (i) there is full

separation between public and private transportation and (ii) commuters are homogeneous in
type.

1.3 Heterogeneous agents

A paper by Berhoef and Small (2004) considers heterogeneous agents in a model of pricing for

car use only, but the question of heterogeneity of preferences among agents has, to the best of

our knowledge, not been taken into account in economics models of modal choice.



However, several empirical papers confirm the heterogeneity of preferences among com-
muters. One could refer to Beirdo et al. (2007), Handya et al. (2005) Jensen (1999), Steg

(2005) Hiscock (2002) or Van Vught et al. (1996).

2 The model

2.1 Setup

We consider a closed city with a mass 1 of commuters. The space is finite and it is not possible
to increase neither the number of road nor the number of the traffic lines. Our assumption
concerning the structure of the city are not specific. We assume that people are exogenously
located within the city and have to commute everyday to another exogenous place (within the
city) either using a car (C) or public transport (PT). One can consider that they commute either
to get to work, to search for a job, etc. We also assume that commuters have intrinsic preference
for the car (relative to PT) drawn from a given distribution. We consider that these preferences
do not only correspond to psychological costs, but also to more physical costs, as for instance
the ease of access to the public transportation network.

In comparizon to the use of public transportation, we suppose that the use of a car implies
an additional (fixed) cost, f. and produces congestion for the other CU and for PT as long as
the traffic lines are not fully separated. We also assume congestion costs to be concave. On
the other side, we consider that PT users produce a (positive) network externality on public
transportation that can be interpreted alternatively as a lower price for a given level of quality,
or a higher quality for a given price.

For the sake of clarity, we present and discuss one by one the main hypotheses described

above.

2.1.1 Heterogeneous preferences for the car use

Commuters are heterogeneous with respect to their preference e; for the use of a car compared

to the use of public transport. This parameter ¢; encapsulates all the heterogeneity among



commuters preferences and is supposed to embody many dimensions: the intrinsic degree of
love for cars, the access to public transportation, the daily distance to cover, etc. We assume
that &; comes from a cumulated distribution function F' whose support is (—oo, +00), that is
some love public transport so much that they would never accept not to use it (¢; — —oo) while

others will never use public transports (¢; — +00). The associated density is f.

g; ~ F(e)
2.1.2 The network externality of PT

As stated before, we model the network externality through the waiting time for PT users. The
idea is that if there are more user, the frequency of public transport increases and the waiting
time decreases. For simplicity, we assume this network externality to be linear. If there are n
users of public transport, the waiting time of each of them is given by W (n) > 0 (W(n) € RJ.),
and

W'(n) <0 and W”(n) =0
2.1.3 Car use, congestion and commuting time

The CU generate externalities on both the other CU and on PT. We assume that the effect of
the congestion on public transport depends on the share of CU and the share of road exclusively
dedicated to PT.

Therefore, if n is the number of users of PT, z = (1 —n) workers commute by car. We assume
that travel time is an increasing function of z, whatever the modal choice. Furthermore, a share
of the road can be exclusively dedicated to public transport. We denote v (0 < v < 1), the share
of roads dedicated to public transport, that is, exempt from congestion. As we assume a finite
amount of space in the city, there is a share (1 — «) of the roads that are accessible to both, cars
and public transports. Therefore, more roads devoted to public transportation reduces, by the
same amount, the space available for cars (we discuss as an extension the possibility of building

an underground that allows to improve the efficiency of public transport without reduction of



Figure 1: Illustration from Ghuanzou (China): two extreme values of o

a=0 a=1

space for cars). We start by assuming that « is exogenously determined and discuss in Section
3.1 the possibility for a central planer to use a as a political tool and study its efficiency. An
illustration of two different values of « is provided in Figure 1.

The commuting time of CU is denoted by t“(a, z) and by t!(a, 2z) for PT. As discussed in
subsection 1.1, we assume that congestion is increasing and concave in z. Moreover, a higher
degree of separation of cars and public transport (higher «) is likely to generate more congestion
for cars (because of less space for them) and less congestion for PT. This effect on CU increases
with the fraction of CU (the idea is the following: separation has an impact only if there is
actually a problem of congestion).

Therefore, t°(a, z), the commuting time of CU has the following properties

0t(a, 2) 0%t%(a, 2)
R SR _— >
9% > 0 and 9.2 >0,
ot(a, z) O*t°(a,z)
B—a > 0 and W =0, (1)
0%t°(a, 2) 0
D20 '



and t°(«, z), the time spend commuting by public transport is such that

o’ (v, 2) 0*tP (a, 2)
e St Sadl IR Sl SN
92 > 0 and 5.2 >0,

o’ (v, 2) o’ (v, 2)

T < 0 and W = O, (2)
2 1pt
0°tP' (a, 2) 0.

0z0a

On the one hand, the efficiency of PT decreases with the fraction of CU, but this impact can
be mitigated by offering some separation from car traffic One the other hand, the efficiency of
separation is more important when the fraction of CU is high.

We also assume that (i) #P£(0,z) = t¢(0, z) i.e. if there is no separation, commuting times
are equals; (i) #"'(,0) = t°(a,0) Vo € [0,1) i.e. if there is no congestion and some place
available for CU, commuting times are equal (iii) t**(c, 2) and t°(a, z) € RVa € [0,1), 2 € [0, 1],

i.e. commuting times are finite (iv) 6tc§3’z) > 6tpf9(5"z) vV € (0,1), i.e. the marginal effect of

congestion is higher for cars than for public transport as long as there is some separation (v)
Pt (a,2)
2r(a=y is constant. This measures the ‘efficiency’ of the policy - what share of the difference
9rla.z)
in time generated by separation corresponds to an increase in transportation time for CU, and

what share corresponds to a decrease in transportation time for PT.

Definition 1 The additional time required to commute by car in comparison to the time using
PT is given by

Al(a) Z) = tc(aa Z) - tpt(aa Z) (3)
Using the properties of t°(«, z) and t**(«, 2), we have

Lemma 1 Properties of Aq(a, z).
(i) Ai(a, z) > 0;

(i) 284(@2)

(iii) 22122 5 0 o > 0;

(iv) A1(0,2) = Ay (e, 0) = 0;



(v) Supermodularity of Ai(a,z): the effect of separation on the differential of commuting

2
time increases with congestion (with the number of CU), i.e. %{gg,z) > 0.

Proof. The results (i), (ii) (iii) and (iv) come straightforward from the assumptions in

(1) and (2). Here is the proof for result (v). From the properties described in (1), we have

0%t°(a,2)
0z0a

> 0 and from the properties in (2), we have 825253%’2) < 0. The definition of A¢(a, z) =
t(a, 2) — tP*(a, 2) leads to:

PN (a,2)  9*t(a, 2) B O*tPt (a, 2)

020 020« 0z0x >0

An illustration of the shape of t¢(a, 2), t*!(c, 2) and Aj(a, z) is presented in Appendix B. m
2.1.4 The game
Definition 2 The modal choice for a commuter consists in choosing the mode of transporta-

tion (CU or PT) that maximizes its utility. The modal choice is a simultaneous game among a

mass 1 of commuters.

The utility of a commuter ¢ commuting by car is given by

Ut (0,2) = —fo = t(0,2) + 5 )

where f. the fixed cost associated to the use of a car, t°(«, z) is the commuting time associated
to the use of a car and ¢; is the individual preference for the use of a car.

The utility of a commuter ¢ using PT is given by
Ul (a,2) = =W (n) = t"(,2) — 5 (5)

where W (n) is the waiting time, t!(q, z) is the commuting time associated to the use of PT
and ¢; is the individual desutility associated with the use of PT. Without loss of generality, we
i

normalize to 5 in both utility function for the ease of exposition, as the differential in utilities

becomes &;.
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Commuter i uses commutes by car if Uf (, 2) > U («, z), which is the case when
gi > fo— W(n) + [t°(a, 2) — (e, 2)]
Using (3), this last equation rewrites
gi > fe—W(n)+ Ai(a, 2) (6)
In the illustrations provided in the next section, the curves depicted correspond to both sides

of equation 6. Note that, when « = 0, the right-hand side is linear.

2.2 Equilibria
2.2.1 Existence

Proposition 1 There exist, at least, one Nash Equilibrium in pure strategy

Proof. First, we sort individuals according to their relative preference for the car in an
ascending order (g; < g Vi < j).
Assume that individual ¢ is such that ¢; > f.—W(n)+Ai(a, 2),(i commutes by car). Therefore,
for any individual j > i, we have €; > f. — W(n) + Ai(a, 2) i.e. j also commutes by car. The
same reasoning applies if ¢; < f.—W(n)+ Ai(q, 2), Vj < i. In a Nash Equlibrium (NE), n = ny
is a solution to ¢; = f. — W(n) + Ai(e,n) where F(i) = n. Therefore, as the support of F is

(—o0, +00), there exist at least one NE such that:
n = F[fe = W(ng) + Ai(a, 2)] (7)
[

2.2.2 Uniqueness and multiplicity

Proposition 2 There exist multiple equilibria if and only if there exist a solution ni satisfying

the following condition:

Olfe = W(nw) + As(ay 2)] OF ! (ny)
on on

11



Proof. We provide here the intuition of the proof, the full development is presented in

Appendix A.1.

1. As the support for ¢; is (—o0,00), we know that limlF_l(:U) = —liII[l)F_l(l‘) = 400, i.e.
xr— xr—

there is a left hand side asymptote in 0 toward -oo and a right hand side asymptote in 1

toward +o0o (some people will always take their car, some will always use PT);

2. From the domain of the parameters, we know that the slope of f. — W (n)+ A;(«, z) with

respect to n is strictly lower than infinity;

3. If f. — W(n) + Ai(a, 2) crosses F~1(n) (definition of an equilibrium) in a point nj where
the slope of f. — W(n) + Aj(a, z) with respect to n is higher than the slope of F~!(n);
then the function f.— W (ng) + A1(a, z) will be above (resp. below) F~!(ny) on the right

(resp. left) neighborhood of the equilibrium;

4. From point 2, this means we have at least 3 equilibria.

Intuitively, this need for a zone of high density corresponds to unimodality of preferences.
For multiplicity of equilibria to happen, one needs to have few people with extremely polarized
preferences, and a large fraction of people with close preferences. For instance, figure 2 represents
a city with 3 equilibria when o = 0. One can find two ‘stable’® equilibria, one with really few
users of PT (ny) and one with a large fraction (n3). There is also one so-called ‘non-stable’
equilibrium. We show in the next subsection that these first equilibria are inefficient. The fraction
of commuters that does not make the same choice in both equilibria are all better off by taking

public transportation in equilibrium ng.

2The concept of stability we use throughout the paper implies that if there is a small change in the beliefs on
n the best responses still converge to this equilibrium.

12



Figure 2: An illustration of multiple (3) equilibria

2.2.3 Efficiency

Proposition 3 If there are multiple equilibria, the equilibrium involving the higher use of PT

Pareto dominates all the other equilibria. We denote this equilibrium by n*.

Proof. The formal proof is provided in Appendix A.2. The intuition is the following, using
figure 2 as an illustration. People commuting by car in both situations (those located on the
right of ng, i.e. with a very strong preference for using a car) are better off because they face
less congestion if the equilibrium is located in ng rather than in ny. People using PT in both
equilibria (those located on the left of nq, i.e. which have lower preference for the car) are also
better off because public transportation is now more effective thanks to the network externality.
Finally, one can show that people changing their modal choice (those located between n; and
ng) from using car to PT are necessarily better off. Indeed, ng is now associated with a higher
utility than the one they had in n; if they use a car (since there is less congestion), but they

choose to use public transportation instead. This implies, by revealed preferences, that they

13



necessarily improve their utility by doing it and ng =n*. =
It follows from this proposition that, if we have multiple equilibria and the prevailing one is
not the one involving the highest use of PT, any costless coordination device leading to another

equilibrium associated with a higher use of PT would increase efficiency.

14



3 Governement’s intervention and welfare

In this section, we assume that a governement can set up two different policies likely to affect the
commuters’ modal choice. We assume that the governement’s objective function is to improve
welfare by, if possible, set Pareto improving policies.

Note that in our setting, a governement could set a very high tax and to remove it almost
instantaneously in order to force commuter to coordinate on the efficient equilibrium. Neverthe-
less, we believe that it is not realistic as the switching dynamic, to switch from one equilibrium
to the other is a long and progressive process that we cannot implement in our model without
considering a dynamic model. To solve this issue, we assume that setting a policy implies, for the
governement to keep it in place forever. This assumption can be seen as being ad hoc, but it is
realistic for an intervention to take effect to be credible and assuming that the governement has

to commit on the permanence of its application seems to be a nice and convenient hypothesis.

3.1 Policy tools

We assume that the governement have two policy tools at disposal and study their effects on
individual’s welfare: the taxation of CU (T') and the possibility to change the traffic separation
between CU and PT («).

We assume that a taxation policy implies to levy T on every CU and that this tax is
redistributed lump-sum among all commuters®. Therefore, every commuter receives a transfer

zT and CU pay T. The new utility functions become

U (a,T,2) = —fo—t(o,2)—(1—2)T+ =

Uft (,T,2) = —W(n)—t"(a,2)+ 2T — -
After the introduction of a taxation policy, a commuter ¢ uses public transportation iff

i <AQa,2)—W(n)+T+ f.

% As will be made clear below, assuming the tax is lost only affects marginally the results presented in the next
subsection.
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and, by proposition 1, there is always a Nash Equilibrium. As we do not limit the size of the tax,
there always exist a T such that the only Nash Equilibrium with taxation is on the right-hand
side of n*.

The traffic Separation is the other considered policy. Assume that the governement set a
new traffic separation, o’ : @’ > «, the new utility functions are given by

Uf(o/,T,z) = —fc—t(ca’,z)—l—%

pt / _ 4Dt ! _ﬁ
U; (a,T,z) = —W(n)-—t (a,z) 5

Now, a commuter ¢ uses public transportation if

gi < A1(d,2) = W(n) + f.
Here, one cannot theoretically affirm that the impact of traffic separation is sufficient to keep
only one equilibrium.

3.2 Efficiency of policy tools

Definition 3 For a given Nash equilibrium, ny, we define the initial swing commuter as
the commuter indifferent between CU and PT before the introduction of a policy and the final
swing commuter as the commuter indifferent between CU and PT after the introduction of a

policy.

For the sake of simplicity, we start by comparing these two policies by considering their effect
in a setting where they produce the same instantaneous utility differential (before commuter

adjusts their modal choice) computed for the initial swing commuter.

Definition 4 If Z denote the decentralized equilibrium number of car users before the introduc-
tion of a policy, we define £; as the utility differential computed for the initial swing commuter

(i) holding modal choices unchanged, i.e.
& (o, 1,2) = UM (o, T,7) — U (o, T,%)

16



In other words, &, is the instantaneous utility differential faced by the initial swing com-
muter when we hold commuters’ behaviour constant. Note that according to the definition of
¢ (!, T,7), the entire expression should be: £ = [Uipt (o, T,%) — UZPt (a,?)] —Uf (o, T, 2) — Uf (o, Z)],
but by definition, at equilibrium, Uf (a, ) — UY t (a, Z) = 0 for the swing commuter.

Consider two policies (taxation and trafic separation) yielding to the same &, i.e. consider T’
and o such that £ (¢/,0,z) = £ (a, T,Z) and denote the new utilities (after the implementation
of any of these two policies) by U’.

We call 2z and z® the equilibria after the implementation of policies involving, respectively,
taxation or separation.

We know by definition of our externalities that all the initial public transportation users are
better off with the implementation of any of those policies. Indeed, they enjoy higher network
externalities (more users of PT) and face less congestion (less CU) and, in case of taxation policy,
they receive a lump sum transfer, while, in case of trafic separation, they have an additional
decrease in congestion (since PT enjoy a higher share of roads exempted from congestion).

We consider as an objective of the social planner to make the remaining car users and

commuter who change their modal choice as good as possible. As it will be clear further; this

corresponds to a Rawlsian welfare function.

Lemma 2 For any utility differential () obtained with taxzation only or traffic separation only
(€ =¢€(d,0,2) = €(a,T, %)), the number of car users in equilibrium after the tax z* is lower

than the number of car users in equilibrium after the separation z%, i.e.
<2y £E>0
Proof. The entire proof is provided in appendix. The idea is that taxation implies
E(a,T2) =T

while separation implies

£(e/,0,2) = Aq(d,2) — Aq(e, Z).

17



Since this last equation is strictly decreasing in z (and as it is not the case of the previous one),
for any &, the equilibrium level of car users after the implementation of any of these two policies

is such that z* > 7. m
Lemma 3 A policy of taxation is Pareto improving iff
[t°(a,Z) — t° (o, ZT)] > (1- ZT) T
while a policy of traffic separation is Pareto improving iff
t(a,Z) > t°(, 2%)

Proof. See appendix A.5. m

We can see that a policy of traffic separation is Pareto improving if it reduces the congestion
for car users. It implies a trade off between less CU (lower z), concentrated over less traffic lines
(lower ). The combination of these two effects must reduce congestion for the policy to be
Pareto improving.

The reduction of congestion due to a policy of taxation must compensate the cost of that
taxation.

For the first part of lemma 3, we can already see that, if z is sufficiently large, the condition
is not extremely restrictive. Indeed, the tax levied on car users is largely compensated by the
payoffs coming from the lump-sum benefit of the considered tax. However, when z decreases,
the tax base shrinks, making this condition more and more restrictive.

For the second part of lemma 3, one can conveniently rewrite this result by separating two
effects, the positive effect on cars (decrease in congestion due to the lower number of cars) and

the negative effect (increase in congestion due to the separation).

t(a, z) —t°(, 2%) = [t(a, 2) — t%(a, 2%)] — [t°(c, 2%) — t%(av, 2%)] (9)
The ability of a traffic separation policy to be Pareto improving depends on the relative impor-

tance of these two forces.
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Proposition 4 If there exist an utility differential & such that car users are better off in equi-
librium under separation than under taxation, then for any £ > £, car users are better off in

equilibrium under separation than under taxation.

Proof. The formal proof is provided in appendix A.3 We show that cars are better off under

separation then under taxation iff
(1= 20T > [t°(a/, 2%) — t(a, 2%)] + [t°(av, 2%) — t%(av, 27)]

The left-hand side is increasing in £ while the right-hand side is decreasing in £&. Hence, if there
exist a & such that this inequality is true, then it is true for any & > ¢ m

This result is important in terms of policy and comes from two sides: supermodularity and
the size of the tax base?.

Consider an increase in taxation for a share of car users z. For this value of z, the utility of
a CU decreases by T'(1 — z). But the tax mechanically decreases z, as it changes the preferences
of the switching users. On the one hand, this decreases the time spent in congestion. But on the
other hand this also increases the tax burden of the remaining car users. Indeed, those keep on
paying the same nominal tax, but the tax base shrinks in the meantime, reducing the amount
received as a lump sum transfer.

Consider now a policy of separation o > «. There is also an initial shock t°(o/, z) —t(a, 2)
for car users. The separation also mechanically decreases z but, as opposed to taxation, this
change in z only yields positive effects on car users. First, the congestion decreases. Second, by

supermodularity, the marginal cost of o/ on congestion of CU also decreases when z decreases.

We cannot theoretically exclude the possibility that one of the two policies is always better.
But, if it is not the case, taxation is better for small changes in z, while separation should be

preferred for larger changes. We illustrate this graphically in the next subsection.

*any of those would be enough to support this result.
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3.3 Graphical illustration

We propose here three different illustrations of policy implementation under multiple equilibria®.
These case are depicted in Figure 3 to 5. The formal welfare conditions have been computed
in the previous subsection. The goal of this subsection is to provide some relevant intuitions for

policymakers.

1. Suppose n; < n* which corresponds to the case where the initial equilibrium involve to
much CU and, n® = n’ < n*. This corresponds to a situation where the implementation
of our considered policies iis not sufficient to reach the Pareto dominating equilibrium. We
assume that these two policies lead to the same equilibrium (n? = n®) for convenience
only. By supermodularity of the policy tool a, one can easily show that n? = n® implies

the ‘good’ equilibria does not vary with the same amplitude.

For such a policy, intuitively, one should be more kind to use taxation, as the tax base
is large (and then the monetary cost per car user is low) while the taxation doesn’t affect
negatively the travel time. On the other hand, separation should be avoided, as it in-
creases the travel time for all of the many car users. This effect is exacerbated by the fact

that the costs of separation are supermodular.

T is observed if the implemented policy allows to

2. Suppose n; < n* and n* < n® < n
switch toward the best equilibrium. It implies even more PT than the decentralized equi-
librium. We clearly see how the relationship between n® and n! (n® < n') is due to
supermodularity in Figure 4. Here, we observe that the shock is important (and poten-

tially Pareto-improving). However, the impact of taxation is very strong. Indeed, the

remaining car users pay the nominal tax, but as the tax base is extremely small, they

®One can extrapolate cases 1 and 3 to cases of unique equilibria, with respectively low (high) share of PT.
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Figure 3: Increasing o and T in the case of two decentralized equilibria, but not enough to reach
the ‘good’ equilibrium

receive almost no transfer from the tax (similarly, the PT users do not significantly benefit
from the tax). On the other hand, the impact of separation on the remaining car users

is not important, as congestion is very small.

3. Suppose that n; = n*, the ‘good’ decentralized equilibrium, and a social planer implements

a policy such that n* < nl = n®.

Here, a separation policy is of small impact, as
congestion is small. However, taxation has an important impact on car users, as its

positive effects (congestion) are almost inexistent, while its negative effect are high (small

tax base). It can be clearly seen as a redistribution device either than a policy instrument.

4 Discussion

Building an underground

For the moment, we have considered « as a way to dissociate traffic by diminishing the
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Figure 4: Increasing « and 7' in the case of two decentralized equilibria in order to move close
to the ‘good’ decentralized equilibrium

fraction of the road dedicated to cars. Intuitively, this can correspond to bus lines or light rail.
Another way to prevent public transportation from congestion is building an underground. An

underground is known to be more costly to build, while delimiting bus lines is almost free.

Assume « is now the investment in the underground (with cost M (a) paid lump sum by
all commuters, independently of the chosen mode of transportation). One should expect the
following properties: (i) The time spent commuting by car is given by t.(«, z) with W <0,
because the underground does not reduces at all (and potentially increases) the space for cars
in the city and (ii) the time spent commuting using public transportation is given by ¢, («, z)

with &%gx,z) < 0, because it protects public transportation users from congestion.

This implies that A;(c, z) is smaller than using bus lines, making it more difficult to get rid
of the ‘bad’ equilibrium. The potential new equilibrium is very close to n® (as congestion is low
when only few commuters use car), but every single commuter as to bear a cost M («). However,

an argument to defend the existence of an underground can be the very fact of congestion in
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Figure 5: Increasing a and 7" when already in the decentralized Pareto dominant equilibrium

the public transport (as a way to expand the supply).

The outside option

In the model, we have considered a game implying only two choices for a commuter: the car
or public transportation. However, there also exist outside options: staying at home, taking a
bike or leaving the city. In this framework, the focus of our welfare analysis should be even more

put on the remaining car users.

Conclusions

In this paper, we have shown that the conjunction of externalities of congestion, cross modal
externalities and network externalities with heterogeneous agents can lead to multiple equlibria.
This can help explaining the fact that cities that are similar in many ways end up with different
patterns of car use. We also show that political tools are not equivalent, and discuss the welfare
implications of taxation and road planning. We show that, when one of the two is not strictly
more efficient than the other, then separation should be preferred for large-scale policies, while

taxation should be preferred for marginal modifications of commuting patterns.
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This strongly relates to the two ‘schools’ presented in our introduction. A policy maker
that believe, as the so-called ‘physical planners’ that there must be an important change in the
modal split should focus on the allocation of space, by reducing the one devoted to cars. Social
planners only concerned by marginal changes in the cost of cars - or that simply believe in the

car dependency of their city - should focus on taxation.
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A Technical appendices

A.1 Proof of proposition 2: multiple equilibria
(i) We know from proposition (1) that an equilibrium is a solution to
n' = F(fe = W(n") + Ai(a, 2) (10)
(ii) Applying a transformation F~! to (4) one can rewrite an equilibrium as
F~H(n*) = fo= W(n") + Au(a, 2)

First, we show that if there exist a solution n* satisfying the following condition:

lfe ~ Wn") + Ao, )] _ 9F (")
on* on*

then one can find multiple equilibria. Second, we show that this is a necessary condition.

If there exist such a n*, than for any n as small as possible, and 1 > 0, we have
Fln*+n) < fo—W(n*+n)+ Ao, 2)
Foi(n*—n) > fo= W' —n)+ Ai(a, 2)
, which implies at least three equilibria as, by definition, F' has support on (—oo,00) and

fe—W(1)+ A1, 1) < 00 and fo — W(0) + Ay (,0) > —o0.

Multiplicity happens only if this condition is true. Assume

0. = W) + Asfe, )] _ OF ()
on* on*

then we have
F'n*+n) > fo—Wn*+n)+ Ar(e, 2)
F*I(n* —-n) < fe—=Wh"—n)+A(a,z)
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, which implies only one equilibrium as, by definition, F' has support on (—oo,00) and f. —
W)+ Ai(a,1) < oo and f. — W(0) + A1(e,0) > —c0.
A.2 Proof of proposition 3: Efficiency
Assume there exist T equilibria n; < ng < ... < np
(1) We want to show that np Pareto dominates any equilibrium n;
(2) While comparing n; to ny, we have

(a) For any ¢; such that F(¢) < n;, the best response is (PT) in both equilibria. We

want to show that those users are better off in equilibrium n7, i.e. that:
W(n;) + tP(a,n;) +e; > W(ng) +tP(a,ny) + &
W(n;) —Wi(ng) > t*(a,nr) —tP'(a, n;)
, which is true as the left hand side is strictly positive while the right hand side is strictly
negative.
(b) There exist ¢; such that n; < F(¢) < np. Those use public transportation in equi-

librium n7 and car in equilibrium n;. We want to show that they are better off in equilibrium

np. We know by preference revelation that Ve;e[n;, ny]:
W(ng) + t*"(a,n7) + &; < fo + t°(a, n7) (11)

and

W(n;) + " (a, i) + &; > fo+ (o, ni) (12)

We want to show that:

W (nr) + t* (o, n7) + i < fo+ (o, n4)
Which, as we know by definition that
fe+t(a,ni) > fo+t%(a,nr)

comes directly from (1).
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A.3 Proof of proposition 4

By lemmas 3, cars are better off under separation then under taxation iff
t(a, z) —t9(/, 2%) > [t°(a, 2) — t°(a, 2T)] — (1 = 21)T
Using 9 and separating the right-hand side,
[t(a, 2) — t%(a, 2%)] — [t°(a, 2%) — t°(a, 2%)] > [t°(a, 2) — t9(a, 2%)] — [t(a, 2T) — t9(a, 2%)] — (1 — 2T)T
(1=2T > [t9(/, 2%) — t°(, 2%)] + [t9(ev, 2%) — t(a, 2T))] (13)

Assume a shock £ and an initial equilibrium z. We see immediatly that:

(1—21)€ > (1 - 2)¢

And, by lemma 1

[t°(a, 2%) — t%(a, 2%)] < [t 2) — t%(a, 2)]
(we know by assumption that the right hand side of this equation is a constant share of &)
[t°(r, %) — (e, 27)]

is positive by lemma 2 and increasing is z by lemma 1

The left-hand side of 13 is increasing in £ while the right-hand side is decreasing in £. Hence, if

there exist a & such that inequality 13 is true, then it is true for any & > ¢

A.4 Proof of Lemma (2)

We have

¢= U -Ul) —(UF - Uf)
which implies, in the case of taxation
EO0,T)=2T+(1—-2)T=T (14)
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while it implies, in the case of separation

£(a,0) = (t(a,2) —t"'(d,2)) = (t°(a, 2) — (e, 2))
= Ay(d,2) — Ay(a, 2) (15)
Since equation (14) while, by lemma (1), equation (15) is strictly decreasing in z. Hence, for any

&, the equilibrium level of car users after the implementation of any of these two policies is such

that z& > 27

A.5 Proof of Lemma (3)

Let divide the population into three families: those who use PT before and after the implemen-
tation of the new policy (PT-PT), those who use their car before and after the policy (C-C) and
the swing commuters, those who used their car before the policy and PT afterward. We show
the effect of both policy for the differents families described above.

In the case of taxation
1. PT-PT: the variation of their welfare is given by
Ut — Ut =W (m) - W (n") + t' (o, 7) — 57 (a,2") + 27T

which can be decomposed into three effects, all being welfare enhancing (as long as 27 < %):
W (m)—W (n”') corresponds to the reduction of waiting time; "7 (o, z)— " (o, 27') comes
from the reduction of congestion; and 27T comes from the lumps sum transfer from CU

to the user of PT.
2. C-C: the policy of taxation increases their welfare if
U —U® =t (a,z) — (a,zT) -(1- zT) T>0
i.e. it increases their welfare if
t(a,z) — t° (v, zT) > (1- zT) T
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3. C-PT: Comparing UP! to U® leads to an expression which is difficult to handle. We know,
by the revealed preferences property, that if the final swing commuter increases his welfare
after the implementation of a policy, all the other swing commuters (those switching from
CU to PT) also increase their welfare. Since, by definition, the final swing commuter is
such that UPY' = U c/, we can compare U ? to U® for the final swing commuter and show
that if the policy is welfare enhancing for the car users, so it is for the swing commuter

and, by revealed preferances, so it is for all commuters.
In the case of traffic separation:

1. PT-PT: the variation of their welfare is given by
Urt —urt =w (@) - W (n®) + t7 (a,7) — 77 (o, 29)

which can be decomposed into two effects, both being welfare enhancing (as long as 2z < z):

W (@) — W (n®) corresponds to the reduction of waiting time a,d t'7 (a, %) — tF'7 (o/, 2%)

comes from the reduction of congestion due to two forces: (i) less car and (ii) more traffic

lines devoted to PT only.
2. C-C: the policy of separation increases their welfare if
U —U°=t(a,z) — t° (o/,2%) >0
i.e. it increases their welfare if
(e, z) > t° (o, 2%)
3. C-PT: Comparing UP! to U® leads to an expression which is difficult to handle. We know,
by the revealed preferences property, that if the final swing commuter increases his welfare

after the implementation of a policy, all the other swing commuters (those switching from

CU to PT) also increase their welfare. Since, by definition, the final swing commuter is
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such that UPY = U, we can compare U¢ to UC for the final swing commuter and show
that if the policy is welfare enhancing for the car users, so it is for the swing commuter

and, by revealed preferances, so it is for all commuters.
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B Figures

The shape of t%(a, 2), t*!(a, z) and Aq(a, 2)

t(a,z)
tpt(alz)

1<(12<a_1<0

tc(al'z)
tc(olz)=tpt(olz)
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