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Abstract

Empirical researchers routinely rely on finite-difference approximations to evaluate derivatives
of estimated functions. For instance, commonly used optimization routines implicitly use finite-
difference formulas for gradient calculations. This paper investigates the statistical properties of
numerically evaluated gradients and of extremum estimators computed using numerical gradi-
ents. We find that first, one needs to adjust the step size or the tolerance parameter as a function
of the sample size. Second, higher-order finite difference formulas reduce the asymptotic bias
analogous to higher order kernels. Third, we provide weak sufficient conditions for uniform con-
sistency of the finite-difference approximations for gradients and directional derivatives. Fourth,
we analyze numerical gradient-based extremum estimators and find that the asymptotic distri-
bution of the resulting estimators may depend on the sequence of step sizes. Fifth, we state
conditions under which the numerical derivative estimator is consistent and asymptotically nor-
mal. Sixth, we generalize our results to semiparametric estimation problems. Finally, we show
that the theory is also useful in a range of nonstandard estimation procedures.

JEL Classification: C14; C52
Keywords: Numerical derivative, entropy condition, stochastic equicontinuity

1 Introduction

Computing extremum estimators typically involves the use of maximization routines. When the
anaytical gradient of the objective function is not available, these routines use finite-difference ap-
proximations to the gradient and this involves the choice of a step size parameter. The statistical
noise in this approximation algorithm of the optimization routine is typically ignored in empirical
work. In this paper, we provide weak conditions for the consistency of numerical derivative estimates
and demonstrate that the use of finite approximation can affect both the rate of convergence and

the asymptotic distribution of the resulting estimator. This result has important implications for
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the practical use of numerical optimization routines. In particular, the choice of numerical toler-
ance and the step size should depend on the sample size. Further, the asymptotic distribution and,

consequently, the shape of the confidence region depends on the particular sequence of step sizes.

We focus on numerical gradient-based optimization routines that use finite-difference formulas to
approximate the gradient of a general objective function that can depend on finite or infinite dimen-
sional unknown parameters. Aspects of this problem have received some previous attention in the
literature. Pakes and Pollard (1989), Newey and McFadden (1994) and Murphy and Van der Vaart
(2000) provided sufficient conditions for using numerical derivatives to consistently estimate the
asymptotic variance in a parametric model. The properties of numerical derivatives have, however,
predominantly been investigated only for very smooth models. For instance, Anderssen and Bloom-
field (1974) analyzed derivative computations for functions that are approximated using polynomial
interpolation. L’Ecuyer and Perron (1994) considered asymptotic properties of numerical deriva-
tives for the class of general smooth regression models. Andrews (1997) considered the relationship
between numerical tolerance for the computation of GMM-type objective functions and their sample
variance. However, to the best of our knowledge there have been no studies of the impact of the

numerical optimization on the statistical properties of general extremum estimators.

Our results include fairly weak sufficient conditions for consistency, rates of convergence and the
asymptotic distribution for several classes of numerically computed extremum estimators. Our
analysis applies to M-estimators, generalized method of moment (GMM) estimators, and estimators
that maximize a function involving second-order U-statistics. Numerical M-estimation is considered
both for finite-dimensional and infinite-dimensional unknown parameters. We find that the choice
of the step size for consistency and convergence to the asymptotic distribution depends on the
interplay between the smoothness of the population objective function, the order of the chosen
approximation, and on the properties of the sample objective function. Specifically, we find that if
the sample objective function is very smooth, then the step size for numerical differentiation can be
chosen to approach zero at an arbitrarily fast rate. For a discontinuous objective function, the step

size should not converge to zero too rapidly as the sample increases.

We illustrate our findings with several empirical examples. In one example, we apply numerical
gradient-based optimization to the maximum score (Manski, 1975), and find that for an appropriate
step size sequence, the behavior of the resulting estimator is similar to the smoothed maximum score
estimator of Horowitz (1992).

The paper is organized as follows. Section 2 analyzes uniformly consistent estimation of numerical
derivatives for both parametric and semiparametric models. Section 3 and 4 study the impact
of numerical derivative based optimization method on the asymptotic properties of the resulting
extremum estimators. Section 5 extends these results to U-statistics based objective functions, and
section 6 considers applications. Section 7 addresses the practical question of step size choice for a

given sample and Section 8 presents Monte Carlo simulation evidence. Finally section 9 concludes.



2 Estimation of derivatives from non-smooth sample functions

2.1 Derivatives of semiparametric moment functions

In this section we consider a general conditional moment model of the form of

m(z,0,n() =E[p(Y,0,1())]Z=2]=0, ifandonlyif(0,n(-)) = (60,70 (-))-

Subsequent sections deal with extreme estimators instead. The parameters above include the finite
dimensional # € © C R? and the infinite dimensional 7 (-) € H parameters. This setup includes
the unconditional moment as a special case when z is a constant. Because the moment condition
m () can be multi-dimensional, this setup also includes two step and multi-step step estimators,
when some of the moment conditions corresponding to initial stage estimators only depend on the
infinite dimensional functions 7 (). Semiparametric estimators for this general model and their
asymptotic distributions are studied extensively in the literature. In some models, the moment
conditions p (y,0,n (-)) depend only on the value of the function 7 (-) evaluated at the argument y.
In some other models, such as in dynamic discrete choice models and dynamic games, p (y, 0,7 (-))

may depend on the entire function of 7 (-) in complex ways.

The sieve approach, studied in a sequence of papers by Newey and Powell (2003), Chen and Shen
(1998), Ai and Chen (2003) and Chen and Pouzo (2009), approximates the class of infinite dimen-
sional functions H using a parametric family of function H, whose dimension increases to infinity

as the sample size n increases.

om(Z,x)

For any w € H and a = (6,7), denote by === [w] = dm(Z.9.n+7w)

e the directional derivative of

7=0
m (Z, a) with respect to the n component in the w direction. It is known that 6 can be \/n consistent

and asymptotically normal while 7 can obtain the optimal nonparametric convergence rate for 7.

In addition, consistent inference for 6 depends on the ability to estimate the finite dimensional and

infinite dimensional directional derivatives Dy, (z) = 87%(5 @) _ améi’a)
J

in various directions w;, where o = (6,n). Ackerberg, Chen, and Hahn (2009) further shows that

[w;] uniformly consistently

treating the entire estimation procedure for o as parametric and reading off the variance of 0 from
the upper-left block of an estimate of the asymptotic variance-covariance matrix of & = (é,ﬁ)

will give consistent estimates of the asymptotic variance of the parametric component. However, in

many practical estimation problems, the derivatives of 3m8(92j %) and améf’d) [w;] do not have analytic
solutions and have to be evaluated numerically. This might be the case even if p(-) appears to be
linear. For example in dynamic models typically p (x; 0o, no(:)) = n0(z) — ano(z) — f (z, z;0) for a
known parametric function f (z,z;6). The goal of this section is to analyze the impact of numerical
approximation on statistical properties of the estimator for D,, (z) and the parameter of interest.

Other sections consider M-estimators.



2.2 Numerical differentiation using finite differences

Finite difference methods (e.g. Judd (1998)) are often used for the numerical approximation of

derivatives. To illustrate, for a univariate function g (z), we can use a step size € to construct

gz+e)—g(=)

. , or a two-sided derivative estimate §’ (z) =

a one-sided derivative estimate ¢’ (z) =

g(zte)—g(z—e)
2e :

denoted by L, ,g(0), that makes use of a pth order two-sided formula:

More generally, the kth derivative of g (z) can be estimated by a linear operator,

p

1
Ly ,9(x) = " Z g (x+le).
I=—p
In multivariate functions, g (x + €) means the vector of [g(x + eex)],k = 1,...,d, where ey is the

vector with 1 in the kth position and 0 elsewhere, and d is the dimension of z. The usual two sided
derivative refers to the case when p = 1. When p > 1, these are called higher order finite differences.
For a given p, when the weights ¢;,l =1, ..., p are chosen appropriately, the error in approximating
g™ (x) with L g (x) will be small:

L 9 () — g™ (z) = O(#+17H).

For r = 2p + 1, consider the following Taylor expansion:

T i P

p T (i) . , ' . . ;
T =5 Y a |3 I @ o ()| = Y g0@ S 3 Ao ().

! il
I=—p Li=0 i=0 I=—p

The coefficients ¢; are therefore determined by a system of equations where §;  is the Kronecker
symbol that equals 1 if and only if i = k£ and equals zero otherwise:

p
E ol' =1ild;p, for i=0,...,m
l=—p

We are mostly concerned with first derivatives where £ = 1. In multivariate functions, the notation
of pth order central derivatives can also be extended straightforwardly to partial derivatives. Since
we are only concerned with k& = 1, we only need to use L7’} to highlight the element of « for which

the linear operator applies to.

The usual two sided formula corresponds to p = 1, c.1 = —=1/2, ¢¢ = 0 and ¢ = 1/2. For
second order first derivatives where p = 2 and k = 1, ¢ = 1/12, c.1 = —1/12, ¢ = —2/3,
c_2 = +2/3,co = 0. In addition to central numerical derivative, left and right numerical derivatives
can also be defined analogously. Since they generally have larger approximation errors than central

numerical derivatives, we will restrict most attention to central derivatives.

Each jth component of D,, (z)/ in the asymptotic variance formula can then be estimated by

Di(2) = Ly i (25 0,0() ) = L7 (2 6,7(0) )



where ¢,, and 7,, are the relevant step sizes for the numerical derivatives with respect to the finite and
infinite-dimensional parameters. In general the step sizes €, and 7, can be chosen differently for dif-
ferent elements of the parametric and nonparametric components. It might also be possible to adapt
the equal distance grid to a variable distance grid of the form Lj g (v) = L Y= pag(z+te),
where ¢; can be different from 1. In addition both the step size and the grid distance can also be

made to be dependent on the observations. These possibilities are left for future research.

For most of the statistical analysis in the rest of the paper we assume away machine imprecision.
Machine precisions also impose a lower bound on the step size in conjunction with the statistical lower
bound (see, e.g. Press, Teukolsky, Vettering, and Flannery (1992)). This and related implementation
issues are discussed in section 7.

2.3 Sufficient conditions for consistency of finite-difference derivatives

Before we strive to obtain the weakest possible sufficient condition for consistency in next section, we
first show that the existing sufficient conditions in the literature (e.g. Newey and McFadden (1994)
and Powell (1984)) for parametric models can be straightforwardly generalized to semiparametric
models.

ASSUMPTION 1. For a linear operator A, gri 02 [8]P* that is p'th linear in 0, that has a finite
second moment and that is linear in each argument, e.g., Do g [t 6] (0 —6y) = tAsg,[0] (0 —6p),

]

the following approzimation holds at (6g,n0):

E[Hm (Z; 9, 77()) — Alg (9 — 90) — Aln[(s] — ... Z Ap79p17h172 [5];01 (6 - 00)p2
pP1+p2=p

= o (1131175 + 10— 6o} .

Assumption 1 requires that the conditional moment m (z; 6, n(-)) is mean square differentiable in L?
norm with respect to the distribution of z. The next assumption relates to the rate of convergence of
the nonparametric conditional moment estimate. Define U, as a neighborhood of g, 79 with radius

v Uy ={0,n () 110 = bol| <7, In(-) —no ()| <~}
ASSUMPTION 2. For some k € N, k <2, uniformly in z € Z, as v — 0,

sup n/E (@ (2 0, 9(-) —m(z; 0, n(-)) — M (2; 0o, no(-))]]
@.n(nev,  LHnE|m(z; 0, n() |+ nl/%|m(z; 6, n()) |

= 0,(1).

For unconditional moment models, typically £ = 2. For conditional moment models, k& > 2. The
particular rate will depend on the method and the choice of the tuning parameters used in the

estimation procedure.

In addition, the parametric component of the model is assumed to converge at the usual \/n rate,

while the functional component is assumed to converge at a slower nonparametric rate.



ASSUMPTION 8. For ky > 2, n'/% () — mo()]| = 0p(1), and n*/2]|d — 6y | = 0,(1).

THEOREM 1. Under assumptions 1, 2 and 3, if e, n*/ ™ax{k: k1l 5 o0 g — 0, 7, nt/ maxtk ka}
00, T, — 0, then sup,c = |Dw (2) = Dy (2) | 250.

The proof of the consistency theorem follows closely the arguments in the literature. The basic idea
in the consistency argument is that while the step size should converge to zero to eliminate the bias,
it should converge slowly so that the noise in the parameter estimation and in estimating the moment
condition should not dominate the step size. In a parametric model, both the noise in the parameter
estimation and in estimating the moment condition is of the order of 1/y/n. Therefore as shown in
Newey and McFadden (1994) and Powell (1984), sufficiency will hold if 1/v/n < €,. The extension
of this argument to the semiparametric case is straightforward. The difference is that now the
converge rates for both the (infinite-dimensional) parameters and the conditional moment equation
are slower than 1/4/n and therefore imposes a more stringent requirement on rate at which e, is
allowed to converge to zero. However, as we will see in the next section, these sufficient conditions
can be substantially weakened because of a local uniformity feature of the variance of the numerical

derivatives.

2.4 Weak sufficient conditions for consistency for parametric models

In this section we provide weak conditions on the step size for consistent derivative estimation that
are much weaker than previously established in the literature. In particular, as long as a local
uniformity condition holds, there is no interaction between the step size choice and the statistical
uncertainty in parameter estimation. We consider the unconditional parametric and conditional

semiparametric cases separately to best convey intuitions.

Consider a parametric unconditional moment model defined by the sample and population moment

conditions: §(0) = 13"  ¢(Z;,0) and g(0) = Eg(Z;,0) where g() = 0 if and only if 6§ = 6,
99(60)
a0

where lies in the interior of the parameter space ©. The goal is to estimate G(6y) = using

Lij‘pg(é) = (Lifl;ejg(ﬁ),j =1,... ,d), where 6 is typically a /n consistent estimator of 6.

In the following, we decompose the error of approximating G(6p) with Lif‘pg (é) into three compo-
nents: Li",g(0) — G(6) = G1(0) + G2(0) + G5(0), where
G1(0) = Li39 (8) — Lig (9), (2.1)
and
Go (9) — L5 (9) —G (9) .Gy (9) e (9) — G (by).

We discuss how to control each of these three terms in turn. Notice first that the step size ¢, does
not play a role in Gg(é). The bias term Gs (é) can be controlled if the bias reduction is uniformly

small in a neighborhood of 6.



Throughout the paper we maintain the following suitable measurability requirement, which we will
not refer to explicitly for the sake of brevity.

ASSUMPTION 4. The parameter space © has a compact cover. For each n, there exists a
countable subset T,, C © such that
P (sup ot la(2.0) =9 (28 > 0) =0,
pco €Ty,

where P* stands for the outer measure. In general, this condition states that the values of the
moment function on the parameter space © can be approximated arbitrarily well (with probability
one) by its values on a countable subset of ©. If the moment function is continuous, it trivially
satisfies this condition, but it also allows us to consider the moments defined by discontinuous
functions. More precisely, Assumption 4 is a sufficient condition for the moment function to be
image admissible Suslin. As it is discussed in Dudley (1999) and Kosorok (2008) this property will
be required to establish the functional uniform law of large numbers needed for consistency.

The following assumption is a parametric version of Assumption 1.

ASSUMPTION 5. A 2p + 1th order mean value expansion applies to the limiting function g (6)
uniformly in a neighborhood of 0y. For all sufficiently small |e| and r =2p + 1,

sup
0EN (60)

r l
90+ =3 54 0) =0 ().
=0 "~

An immediate consequence of this assumption is that Go (é) =0 (62”). We are left with G4 (é)

The weakest possible condition to control G4 (é) that covers all the models that we are aware of
seems to come from a convergence rate result in Pollard (1984).

ASSUMPTION 6. Consider functions g(z,0) contained in class F = {g(-,0), 0 € ©}. Then

(i) All g € F are globally bounded such that | F|| = sup|g(Z;,0) | < C < oco.
0cO

(i) The sample moment function is Lipschitz-continuous in mean square in some neighborhood
of 0y. That is for sufficiently small € > 0

sup B [(9(Zi,0+€) —g(Zi,0 - )| =0 (e).
0N (0o)

(i) The graphs of functions from F form a polynomial class of sets.
Most of the functions in econometric applications fall in this category. By Lemmas 25 and 36 of

Pollard (1984), Assumption 6 implies that there exist universal constants A > 0 and V' > 0 such
that for any F,, C F with envelope function ||F, ||,

sup N (e QF,,, Q,F,) < A7V, sup N, (5 (QFf)l/Q, Q,]—'n> < Ae7V.
Q Q



LEMMA 1. Under assumption 6, if ne,/logn — oo, then for § small enough,

sup L7, (0) — L17,9 (0) || = 0p(1).
d(9100)§5

Consequently, Assumption 6 implies that Gy (é) =0, (1) ifd (@ 90) =0, (1).

Proof: The argument follows directly from Theorem 2.37 in Pollard (1984) by verifying its conditions.
For each n and each €, consider the class of functions F,, = {€,L{",g (+,0),0 € N (6o), with envelope
function F', such that PF < C. Then we can write
sup  €n||Ly7,9(0) — Li7g9 (0) || < sup |Pof — Pf].
d(6,80)<o(1) fEF,

For each f € F,, note that Ef? = E (e,L{",g (-,9))2 = O (e,) because of assumption 6.(ii). The
lemma then follows immediately by taking a,, = 1 and §2 = ¢,, in Theorem 2.37 of Pollard (1984). [

THEOREM 2. Under Assumptions 5 and 6, Lipg (é) 2y a (6o) if €, — 0 and ne,/logn — oo,
and if d (é, 00) =0, (1).

In most situations d (é,ﬁo) = O, (n™") for some n > 0. Typically n = 1/2. One might hope to
further weaken the requirement of the logn term when uniformity is only confined to a shrink-
ing neighborhood of size n~". However, this is not possible unless the moment function satisfies

additional smoothness conditions.

The result of Theorem 2 can be improved if we are willing to impose the following stronger assump-
tion, which holds for smoother functions such as those that are Holder-continuous.

ASSUMPTION 7. In addition to assumption 6, for all sufficiently small € and all § € O, if we
define Gy, (0) = —= 321, (9(Zi,0) — g (0)), then

E* sup |G, (0)) =G, (0)] < én(9),
07,0 N (6)

for functions ¢y, (+) such that § — ¢, (§) /67 is non-increasing for ~ defined in part (i).

Assumption 7 is more stringent than Theorem 3.2.5 in Van der Vaart and Wellner (1996), and may
fail in cases where Theorem 3.2.5 holds, for example with indicator functions. Theorem 3.2.5 only
requires that E* supgg.g,)<s5 |G (0) — G (00) | < ¢n (0) . For i.i.d data, the tail bounds method used
in Van der Vaart and Wellner (1996) can be modified to obtain Assumption 7. In particular, define
a class of functions M§ = {g(Z;,61) — g(Z;,62),d(61,02) < 6,d(01,60) < €,d(62,60) < €}. Then
assumption 7, which requires bounding E%||Gy|| Mg, can be obtained by invoking the maximum
inequalities in Theorems 2.14.1 and 2.14.2 in Van der Vaart and Wellner (1996). These inequalities



provide that for M5 an envelope function of the class of functions M,
* € * €\2 1/2
EpllGallag S (1, M5) (P (M5)°)

. c a2
Bpl|Gul [ty S I (1, M5, L (P) (P (M5)?)

where J (1, M§) and Jyj (1, M§, Ly (P)) are the uniform and bracketing entropy integrals defined

in section 2.14.1 of Van der Vaart and Wellner (1996), and are generically finite for parametric
1/2
functions. Therefore ¢,, (§) depends mostly on the variance of the envelope functions (P* (M 5)2) .

For reasonably smooth functions that are Hélder-continuous, M§ depends only on d as required by

assumption 7.
THEOREM 3. Under assumptions 5 and 7, Li",§ (é) L5 G (0o) if en — 0 and ne>=27 — oo, and
if d(0,60) = 0, (1).

This result, which is an immediate consequence of Theorem 2.14.1 of Van der Vaart and Wellner
(1996) and therefore stated without proof, shows that for continuous functions g(Z;,6) that are
Lipschitz in 6, the only condition needed for consistency is €, — 0. The result of Theorem 3
demonstrates that as long as the sample moment function does not have discontinuities, one can
pick the step size to decrease at the polynomial rate with the sample size. If the moment function is
discontinuous, Theorem 2 needs to be applied instead of Theorem 3, prescribing a slower logarithmic
rate of decrease in the step size.

Example Consider the simple quantile case where the moment condition is defined by g (z;;6) =

1(z; < 0) — 7. In this case the numerical derivative estimate of the density of z; at 6 is given by

z; Sé+6)71(2i§é76)

en ~ (D n 1
L9 (9> = %Zilzl ( 2c

This is basically the uniform kernel estimate of the density of z; at 6:
F(0-00) =3x8 < n) = a g (el <)),

The consistency conditions given in Powell (1984) and Newey and McFadden (1994), both of which
require /ne — 0o, are too strong. The intuitive reason for this is because under this condition,
the second part of the estimation noise due to o — o, éf#, will vanish. However, for the purpose
of consistency this is not necessary. As long as f (2) is uniformly consistent for f (z) for = in a

shrinking neighborhood of 0 of size n™", it will follow that

F(0-00) L5 £(0) = £ (60).
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2.5 Optimal rates for derivative estimation

The optimal choice of the step size depends typically on the smoothness of the empirical process
indexed by v and the smoothness of the population moment function indicated by the magnitude
of the “Taylor residual” p. For the choice of the optimal rate for the step size of numerical dif-
ferentiation, one can consider decomposition of the numerical derivatives into components él, G
and G3 corresponding to the variance, deterministic and stochastic bias components. The optimal
choice of the step size will provide the minimum mean-squared error for the estimated derivative
by balancing the bias and the variance. When the sample moment function is discontinuous, con-

ditions of Theorem 2 apply, delivering the logarithmic rate of decay for the variance component

G1 (9) =0, <\/ loﬂi"). On the other hand, application of Assumption 5 to the population moment

leads to Go (é) =0 (62”). Under conditions of Theorem 3, the variance term has a polynomial

dependence on the step size with Gy (é) =0, (ﬁ), while the bias term is still determined by
Assumption 5. We note that for Lipschitz-continuous or differentiable models, in which generally
v =1, there is no trade off between the variance and the bias, in which case the smaller the step size
€, the smaller the bias term. However, in this case the order of the root mean square is bounded from
below by the variance term of O (1/+/n) for sufficiently smaller €,,. The next theorem formalizes this

discussion.

THEOREM 4. Under the conditions of Theorem 2, if § — 6y = O, (1/+/n), the optimal rate of €
1 4p

satisfies e = O ((log n/n)m), in which case the mean-squared error is Oy ( (log n/n)m) . When

the conditions of theorem 3 hold instead, the optimal rate of € is O <n7 2(1—$+2P>) if v < 1, and

2p
e < n~ YV if v = 1. In both cases the error is O, <n7 2<1—~I+2P>) .

2.6 Uniform consistency of directional derivatives for semiparametric models

This subection extends the weak consistency condition to directional derivatives of semiparametric
conditional moment models. As in Section 2.1, semiparametric conditional moment models are
usually defined by conditional moment function m (6, 7; z) = E [p(Y;,0,7n) | Z; = z]. In this section
we focus on two special cases where the conditional moment function is estimated nonparametrically
using orthogonal series and when it is estimated using kernel smoothing. The infinite-dimensional

parameter 1 is assumed to be estimated using sieves. The series estimator used to recover the

conditional moment function is based on the vector of basis functions p™ (2) = (pin(2), ..., pyn(2)),
n -1 n
m (0., 2) = pV'(2) (711 leN(zz-)pN'(zi)) epRCLICUETR (2.2)

The kernel estimator is defined using a multi-dimensional kernel function K(-) and a bandwidth

sequence b,, as

n n

Ao = (e 5K (5)) e 5K () o0, (2.3

=1 =1
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In either case, we will denote the resulting estimate by m (0, 1; ). It turns out that the numerical
derivative consistency results for n apply without any modification to the parametric component 6.
Therefore with no loss of generality below we will focus on differentiating with respect to 7.

_ dm(0o,mo+7w,z)

dr ’
7=0

The directional derivative of m in the direction w € H—mng with respect to n, G,

is estimated using Li’fpjwﬁz (é, M, 2)7 where an additional index is used to emphasize the direction for

which the derivative is taken,
A~ p ~
Lim m (9,77,,2) = — Z am (9,77 +lw an,z) .

Given that the direction w itself has to be estimated from the data as in section 2.1, we desire
consistency results that hold uniformly both around the true parameter value and the directions of
numerical differentiation. As in our analysis of parametric models, we focus on i.i.d data samples.

We also impose standard assumptions on the basis functions as in Newey (1997).

ASSUMPTION 8. For the basis functions p™ (z) the following holds:

(i) The smallest eigenvalue of E [p™ (Z;) p™'(Z;)] is bounded away from zero uniformly in N*

(ii) For some C' > 0, sup |[pN (2)|| < C < o0.
2€Z

(i4i) The population conditional moment belongs to the completion of the sieve space and

sup sup [ (6,1,2) — proj (m (6.1,2) |5 (2))| = O (N-2).
(0,m€eEOXH 22

Assumption 8[ii] is convenient because p(-) is uniformly bounded. It can potentially be relaxed
to allow for a sequence of constants (o(IN) with sup [|p™(2)|| < o (N), where (o (N) grows at
z€EZ

appropriate rates as in Newey (1997) such as (o(N)?N/n — 0 as n — oo.

The following assumption on the moment function p(-) does not require smoothness or continuity
(see Shen and Wong, 1994; Zhang and Gijbels, 2003).

ASSUMPTION 9. (i) Uniformly bounded moment functions: sup ||p(0,n,-)|| < C. The density
0.
of covariates Z is uniformly bounded away from zero on its support.

(ii) Suppose that 0 € H,, and for €, — 0 and some C > 0,

sup Var(p (0,n+ enw; Y;) — p(0,n — epw; Y;) | 2) = O (ey,),
2€EZ N wEHn,|n|,|w|<C,
0N (60)

2We note that the considered series basis may not be orthogonal with respect to the semi-metric defined by the
distribution of Z;.
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(iii) For each m, the class of functions F,, = {p (0,1 + e w;-) —p (0, — eqw;-), 0 € O, n,w € Hp}
is Fuclidean whose coefficients depend on the number of sieve terms. In other words, there

exist constants A, and 07 < 1p < % such that the covering number satisfies

IOg N((sa FnaLl) S An2ro IOg <(]§> )

and ro = 0T corresponds to the case log n.

The hardest condition to verify is 9 (iii). This assumption imposes a joint restriction both on the
class of functions #,, containing sieve estimators for 1 and the class of conditional moment functions
parametrized both by 6 and 7. An example where this assumption holds is when p(-) is (weakly)
monotone in 7 for each 6 and H,, is a orthogonal basis of dimensionality K (n). For example, p () can
be an indicator in nonparametric quantile regression. Lemma 5 in Shen and Wong (1994) suggests
that the L;-metric entropy of the class of sieve F,, has order K(n)log 1 < K(n)e~" for sufficiently
small € > 0 and ||, —7no||lL, < €. Then by Lemma 2.6.18 in Van der Vaart and Wellner (1996), if the
function p(-) is monotone, its application to  (for fixed §) does not increase the metric entropy. In
addition, the proof of Theorem 3 in Chen, Linton, and Van Keilegom (2003) shows that the metric
entropy for the entire class F,, is a sum of metric entropies that are obtained by fixing n and 6. The
choice K (n) ~ n?7 delivers condition 9 (iii).

Denote m,n = arg infl ln" — nll. And let d(-) be the metric generated by the L' norm. The
n'€Mn
following the result is formulated in the spirit of Theorem 37 of Pollard (1984) and it requires its

extension to the case of sieve estimators. A related idea for unconditional sieve estimation has been
used in Zhang and Gijbels (2003).

LEMMA 2. Suppose that p (m,n,1) = Op (n*‘ﬁ). Under assumptions 8 and 9

sup |y m (0,m,2) — Ly m (0,1, 2)| = 0p(1)
d(8,00)=0(1),d(n,m0)=0(1),nEH,

NEn

uniformly in z and w, provided that €, — 0 and min{ N®, n®}e,, — oo, and NetoTog m

— OQ.

We note that the result is uniform in z. An interesting feature of the series estimator for m(-) is that
z is the argument of p™(-) only and its boundedness is sufficient for the uniform result in Lemma
2. In some cases weaker conditions may be possible provided this feature. We show one such case
in Section 4 for the density-weighted sieve minimum distance estimators. We can provide a similar
result for the case where the conditional moment function is estimated via a kernel estimator. We
begin with formulating the requirement on the kernel.

ASSUMPTION 10. K(-) is the g-th order kernel function which is an element of the class of
functions F defined by Assumption 6. It integrates to 1, it is bounded and its square has a finite
integral.
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We can then formulate the following lemma that replicates the result of Lemma 2 for the case of the
kernel estimator. We note that for uniformity we rely on Assumption 9(i) that requires the density

of covariates to be uniformly bounded from zero.
LEMMA 3. Under assumptions 9 and 10

sup |Lm (0,m,2) =LY% m (0,7, 2)| = 0p(1)
d(0,60)=0(1),d(n,m0)=0(1),nEHn
uniformly in w and z where f () is strictly positive for the kernel estimator provided that €, — 0,

e b
by — 0, €, min{b, 4 n?} — 0o and —— — 00.

n270 log n
Using Lemmas 2 and 3 we can formulate the consistency result for the directional derivative.

on
— oo for series estimator,

THEOREM 5. Under assumptions 5, 9, and either 8 or 10, Li:‘p’wﬁz (é,ﬁ,z) RN m[w],

NEn

uniformly in z and w, if N — 00, €, min{ N n?®} — oo, and SERTTRrTEY

nenbg?

and b, — 0, €, min{b, %, n?} — oo, and PET BT

a(0,00) = 0, (1) and d (i, o) = 0 (1).

— oo for kernel-based estimator, provided that

This theorem allows us to use finite-difference formulas to evaluate directional derivatives. An
interesting feature of this result is that it only depends on the rate of convergence of the infinite-
dimensional parameter indirectly through Assumption 9[iii] which implicitly bounds the number of

sieve terms that one can use by n?7 with ry < %, i.e. it has to increase slower than the sample size.

Remark: Our results in this section apply to the case where one is interested in obtaining a finite-
difference based estimator for the directional derivative that is uniformly consistent over z. Such a
need may arise where the direction of differentiation is also estimated, an example of which is the
efficient sieve minimum distance estimator in Ai and Chen (2003). If one only needs to estimate the
numerical derivative pointwise the conditions on the choice of the step size can be weakened. Such
results may be relevant when one is interested in estimating the directional derivative at a point and

a given direction.

2.7 Analysis with Hoélder-continuous moment functions

In this section we consider a special case where finite differences of the moment function have a
non-trivial envelope. Examples of such functions include Lipschitz and Holder continuous functions.
We introduce the following modification to Assumption 9(i):

ASSUMPTION 9.

(i’) For any sufficiently small € > 0

sup |\P(9a77+w62)—P(Qﬂl‘Hﬂﬁaz)H < C(Z)eryv
(0,m)EeEOXH,weH,|w|<C

where 0 <~y <1 and E {C(Z)ﬂ < 00.
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This modification allows us to improve the rate results for the considered classes of functions. Specif-
ically, we can adapt the exponential tail bounds provided in Alexander (1984) to establish a stronger
result than the result that we had for discontinuous moment functions. This result is of particular
interest because it also implies the required properties of the numerical directional derivative in cases

where the moment function is at least Lipschitz continuous.
LEMMA 4. Suppose that p (m,n, 1) = O (n=?). Under either pair of assumptions 8 and 9(i’), (ii), (iii),
(iv) or 10 and 9 (i’), (ii), (i), (iv)

A sup L5 (0., 2) = LT3 m (00,0, 2)| = 0,(1)
d(9100):0p(1)’d(/f,7770):017(1)1/r,€%n

. . . . 17“{ .
uniformly in z and w, provided that €, — 0, e, min{N* n®} — oo and \/1:[7;’;0 — oo for series

1-2rg 1—vypdz/2
n €n bn,

estimator, and b, — 0, €, min{b, 7, n®} — oo, — oo for kernel estimator.

log n270—1
The consistency of the numerical derivative is a direct consequence of this lemma. We note that
the conditions of Lemma 4 are weaker than the conditions for the functions with trivial (constant)
envelopes. Also note that for functions that are Lipschitz-continuous, v = 1. This means that
Lemma 4 will only set the requirement for the estimator of the conditional moment, but not the
step size (except for the bias-correction term requiring that the bias from projection or kernel-
smoothing should decay faster than the step size for the numerical derivative). This means that the
use of the finite-difference formula will not affect the properties of the estimated conditional moment.
One interesting observation from this case is when the moment function becomes substantially non-
smooth (i.e. when 7 is close to zero), the step size for numerical differentiation should be much larger

than the bandwidth if one uses a first-order kernel to compute the conditional moment function.

3 Numerical optimization of non-smooth sample functions

3.1 Parametric extremum estimation: definitions

In this section we study the properties of estimators based on numerically solving the first-order
conditions for likelihood-type objective functions. The original estimator of interest maximizes the
sample objective function. However, either by explicit researcher choice or by the implicit choice
of the maximization routine in the optimization software, the original problem is replaced by the
search for the zero of the numerically computed gradient. Consider the problem of estimating the
parameter fy in a metric space (0, d) with the metric d. The true parameter y is assumed to
uniquely maximize the limiting objective function Q (8) = Eg(Z;;6). An M-estimator 6 of 6 is
typically defined as

0 = arg %neaé(Q 0), (3.4)

where Q 0) = % >r 1 9(Z;0). However, in practice, most sample objective functions Q (0) of
interest cannot be optimized analytically and are optimized instead through numerical computation.
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The optimization routine often uses numerical derivatives either explicitly or implicitly. In this
section we show that numerical differentiation can sometimes lead to a model that is different from
the one usually studied under M-estimation . In particular, while numerical differentiation does
not affect the asymptotic distribution for smooth models (under suitable conditions on the step size
sequence), for nonsmooth models a numerical derivative based estimator can translate a nonstandard

parametric model into a nonparametric one.

We focus on the class of optimization procedures that are based on numerical gradients, that are eval-
uated using the finite-difference formulas which we described in Section 2.2. We start by presenting
a finite-difference numerical derivative version of the, M-estimator in (3.4). A numerical gradient-

based optimization routine effectively substitutes (3.4) by a solution to the non-linear equation

125,00 (0)11= 00 (). (35)

for some sequence of step sizes e, — 0 and Q,, (6) = LS 1 9(Z;,0). In some cases discussed below
the convergence rate in 3.5 can be slower. We do not require the zeros of the first order condition
to be exact in order to accommodate nonsmooth models. Many popular optimization packages use
p = 1, corresponding to f)fl (é) = L§,1Qn (9) = 0p (ﬁ) The cases with p > 2 correspond to
a more general class of estimators that will have smaller asymptotic bias in nonsmooth models.
As we will argue, the estimators (3.4) and (3.5) can have the same properties for models with
continuous moment functions but for non-smooth models both their asymptotic distributions and

the convergence rates can be substantially different.

3.2 Consistency of extremum estimators for parametric models

Our first step is to provide consistency of 6. The consistency analysis is based on the premise that
the population problem has a unique maximum and the first-order condition has an isolated well-
defined root corresponding to the global maximum. Many commonly used models have multiple
local extrema, leading to multiple roots of the first-order condition. To facilitate our analysis we
assume that the researcher is able to isolate a subset of the parameter space that contains the global
maximum. For simplicity we will associate this subset with the entire parameter space ©. The above

discussion is formalized in the following identification assumption.

ASSUMPTION 11. The map © — R defined by D (0) = S E[g(Z;,0)] is identified at 0y € ©.
In other words from li_)m 1D (6,) ]| = 0 it follows that li_>m |6, — bo]| = 0 for any sequence 6,, € ©.

Moreover, g(0) = E[g(Z;,0)] is locally quadratic at 8y with g(8) — g(60) < —d (6, 6)°.

For global consistency we require the population objective function to be sufficiently smooth not
only at the true parameter, but also uniformly in the entire parameter space © for which we can
rely on Assumption 5 that we previously used to establish uniform consistency for the estimate of

the derivative of the sample moment function.
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We will organize the discussion below by different classes of functions that can be used in practice.
We start with functions that have absolutely locally bounded finite differences. Indicator functions
and other functions with finite jumps fall into this category. Then we consider a class of functions that
have polynomial bounds on finite differences. This class includes Lipschitz and Hélder-continuous
functions which can have “mildly explosive” finite differences (those which have infinite jumps but
approach infinity slower than some power of the distance to the point of discontinuity).

3.2.1 Functions with absolutely bounded finite differences

For the proof of consistency of the exremum estimator we need to provide primitive conditions for
the uniform convergence in probability of the numerical derivative of the sample objective function to
the derivative of the population objective function. This proof usually invokes the use of maximum
inequalities that can bound the expectation of extreme deviations of the sample objective function
in small neighborhoods of the parameter space. It is hard to work with the maximum inequality
directly when the sample objective function experiences finite jumps: in this case small deviations of
the parameter may lead to finitely large changes in the objective function. However, establishing the
uniform convergence in probability still remains possible if we are willing to analyze more delicate
properties of the function class under consideration. In our analysis we focus on the class of functions
outlined by Assumption 6.

The following theorem establishes the consistency of numerical gradient-based extremum estimators
for the class of possibly discontinuous functions described by Assumption 6. It is a corollary of
Theorem 2 following directly from the uniform convergence in probability as in Amemiya (1985)

and, therefore, we omit the proof.

THEOREM 6. Under assumptions 11, 4, 5, and 6, as long as £, — 0 and 222 — oo,

logn

sup [|L7,Q (0) = G (0) || = 0, (1)
0cOe

1,p

Consequently, 0 - 0y if || LS Q (é) || =o0p(1).

This Theorem suggests that even though the sample objective function can be discontinuous with
finite jumps, as long as it is Lipschitz-continuous in the mean square, one can use the numerical
gradient-based routine for its optimization as long as the step size decays logarithmically with the
sample size.

3.2.2 Functions with polynomial envelopes for finite differences

Our results in the previous subsection refer to the classes of objective functions for which the
changes in the values of the objective function may not be directly related to the magnitude of the
parameter changes. In this subsection we consider the case where such connection can be established.

Surprisingly, our results are also valid for the cases of substantially irregular behavior of the objective
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function when its first derivative approach infinity in the vicinity of the maximum or minimum. A
case in point is the objective function defined by ¢(Z;,0) = \/m for which local changes in 6
around the origin lead to inversely proportional changes in the moment function. It turns out that
this explosive behavior can be compensated by an appropriate choice of the sequence of step sizes
for the numerical derivative. It turns out that the objective functions of this type belong to a class

of functions outlined in Assumption 7 which includes Holder-continuous functions.

We note that Assumption 7 (i) restricts our analysis to the functions that have a polynomial envelope
on their finite differences. On the other hand, provided that v can be very close to zero, it allows the
finite differences of functions to be locally “explosive”. For instance, if we consider finite differences of
the objective function g (Z;,0) = \/|Z; — 6| around the origin, we note that they will be proportional
to 1/4/€ and will not shrink with the decrease in e. It turns out that this still allows us to provide

consistency for the numerical gradient-based estimators.

The following theorem establishes consistency under a condition on the step size sequence that is a
function of the sample size and the modulus of continuity of the empirical process. It is essentially

a replica of theorem 3 and hence stated without proof.

THEOREM 7. Under Assumptions 5, 7, 11, and 4, as long as €, — 0 and ne2~27 — oo,

sup [|L57,Q (6) — G (8) | = 0, (1) -
0cO
Consequently, 0 == 0 if ||L§7fp@ (é) || =o0p(1).

For models that have Lipschitz-continuous sample objective functions (which include models with
smooth sample objective functions) v = 1. In this case the restriction ne2~27 — oo holds trivially.

This implies that for smooth models the sequence of step sizes can approach zero arbitrarily fast.?

3.3 Rate of convergence and asymptotic distribution in parametric case
3.3.1 Functions with absolutely bounded finite differences

In the previous section we provided sufficient conditions that determine consistency of the estimator
that equates the finite-difference approximation of the of gradient of objective function to zero. For
the classes where local parameter changes do not lead to proportional changes in the sample objective
function we restricted our attention to the functions with absolutely bounded finite differences
forming Euclidean classes. Our condition provided the result that the numerical derivative of the
sample objective function converges to the derivative of the population objective function uniformly

in probability. In addition, making use of the result of Lemma 1 we can establish the precise rate of

3In Section 7 we point at some problems that are associated with “too fast” convergence of the step size sequence

to zero. These problems, however, are not statistical and are connected with the machine computing precision.
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convergence for the objective function. For a given neighborhood N (6g),

ne ~
sup /= [|L§%,Q () — LT%Q (9) || = O, (1),
0EN (6o) @| Lp (0) Lp ()] »(1)

under Assumption 6 and ne, /log n — oco.

Once we have “located” the parameter, we can investigate the behavior of the sample objective
function in shrinking neighborhoods of size (lngﬂ") It turns out, that in such neighborhoods we can
improve the rate result by choosing the step size in accordance with the radius of the neighborhoods
containing the true parameter.

LEMMA 5. Suppose 6 -2+ 6, LiPQ (é) = op (\/%), the Hessian matriz H (0) of g (0) is

continuous, nonsingular and finite at 6y, and the assumptions of Theorem 6 hold, then

. 144p
(i) If l’ffg’;l — 00, and ”fogn

=0 (1), then /2= (é,ao) — 0p (1).

log n

.. ne
(i) If Tog — 00 we have

oy e (2 () - 155000 - 2530 (0)  £10100) = or ()

We can use this result to establish the rate of convergence of the resulting estimator.

3
n — 00, and ne't = O(1), then
ogn

THEOREM 8. Under the assumptions of Lemma 5, if
JEnd (é, oo) =03 (1).

Asymptotic normality will also follow from a consequence of the stochastic equicontinuity result
of part (ii) of lemma 5 and a standard application of Linderberg condition whenever the limiting
variance is well defined.

THEOREM 9. Under the assumptions of theorem 8, but with nelt% = o(1). If in addition,
lim._geVar (Lf’pg (Z;, 90)) =, then

JEn (é - eo) N (0, H(0) " QH (eo)*l) .

3.3.2 Functions with polynomzial envelopes for finite differences

In case where functions of interest permit power envelopes on the finite differences, we can establish
the rate of convergence and describe the asymptotic distribution of the resulting estimator. Next, we
establish the rate of convergence and the asymptotic distribution of the numerical derivative based
M-estimator for the functions that admits polynomial envelopes on finite differences. We provide
the following general result.
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THEOREM 10. Suppose 6 25 0y and L‘i,pQ (é) = 0p (ﬁ) Under Assumptions 7 and
4, if ne2™% — oo and /nel=7T? = O (1), and suppose that the Hessian matriz H (8) of g (0) is
continuous, nonsingular and finite at 0y, then \/nel=d (0, 00) = 0% (1).

This result is a Z-estimator version of Theorem 3.2.5 in Van der Vaart and Wellner (1996). Note
that given the consistency assumption, the conditions required for obtaining the rate of convergence
are weaker. For a typical two sided derivative p = 2. In this case, for a regular parametric model

where v = 1, the condition /ne? — 0 is needed to remove the asymptotic bias.

The following theorem, which combines a stochastic equicontinuity condition with standard verifica-
tion of the Linderberg condition, establishes the asymptotic normality of the numerical derivative-

based estimator with an additional assumption of the convergence of the variance.

THEOREM 11. Assume that the conditions of theorem 10 hold but with \/nel™=7 = o(1). If
lim._,o €2~ Var (Lipg (Z:,00)) = Q, and if, \/ne2™" — co. Then

Jrel= (é - 90) N (o, H(0)) ' QH (90)‘1) :

Section 3.4 establishes a more general form of the distribution of the estimator for the cases where
the step sizes approaches zero at different rates. Asymptotic normality turns out to be a special

case for the more general distribution.

The additional assumption y/ne2~7 — oo, which essentially requires ¢ to be larger than the conver-
gence rate of ﬁ established in Theorem 10 in order to show stochastic equicontinuity, turns out
to be stronger for smooth models than for nonsmooth models. This is an artifact that we are relying
on Assumption 7 and the convergence rate result in theorem 10 to obtain stochastic equicontinuity.
When ~+ = 1, the conditions are consistent as long as p > 1, or as long as a two sided central

derivative is used.

However, for smooth models when v = 1, we might be willing to impose stronger assumptions on
the sample objective function (e.g. Lemma 3.2.19 in Van der Vaart and Wellner (1996)) to weaken
this requirement. The next theorem states such an alternative result.

Proposition 1. Suppose the conditions of theorem 11 hold except \/ne2™) — oo. Suppose further
that g (2;,0) is mean square differentiable in a neighborhood of 0y: for measurable functions D (-,-) :
Z x © — RP such that

E[9(Z,01) = 9(2.0) = (0 6:)' D(2.61)] = 0 (62 — 6a]]") .
E|D(Z,01) ||> < oo for all 01, and 05 € Ny,. Define q. (z;,0) = L5 ,9 (z:;0) — D (2,0) , Assume that

sup [GQE (Zi7 91) - GQE (Zi> 00)} = 0p (1) 5
d(0,00)=0(1),e=0(1)

and D (z;,0) is Donsker in d(0,0y) < ¢, then the conclusion of theorem 11 holds.
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Note that we still require \/ne2 — 0 to remove the asymptotic bias, and ne, — oo, but we no longer
require \/ne — oco. The conditions of this theorem are best understood in the context of a quantile
regression estimator. Consider g (z;,0) = |z; — 0|, and p = 2, so that D (z,0) = sgn (z; — 0) and

qe (2i,0) = |z; — 0] <e).

Then we can bound ¢ (2;,61) — g (2i,6p) by, depending on which of d(6,6y) and ¢ is larger, the
product between 1 max (|z; — 6|, |z; — 6g|) and the maximum of 1(|z; —6]) < e+ 1(|z; — o] <e),
and [1(0 —e <z <O0+ep)+1(0p—e <z <0y+ep)]. Since max(|z; —0|,|z; —0O|) < € when
e (2i,0) — qc (2i,00) is nonzero, the last condition in theorem 1 is clearly satisfied by the euclidean
property of the indicator functions. Alternatively, the g. (z;,6) function in the last condition can

also be replaced directly by Li g (zi,0).

3.4 General distribution results

The previous asymptotic normality result turns out to be an artifact of an excessively slow rate of
-2
approach of the sequence of step sizes €, to zero. Our previous assumption required that E\Z/ﬁ =

o(1) for continuous case. This assumption can be relaxed, at a cost of making the asymptotic
distribution non-standard. However, this weakening also demonstrates that the numerical derivative-
based estimators for non-smooth sample objective functions have interesting parallels with the cube-
root asymptotics of Kim and Pollard (1990).

The following assumption has a simple implication for the covariance function of the sample objective
function. It requires that the pairwise products of the sample objective function computed at differ-
ent points in a vanishing neighborhood of the true parameter value have continuous expectations.
Moreover, the variance of the numerical derivative of the sample objective function is infinitesimal

at the points where pointwise derivative of the sample objective function may not exist.
ASSUMPTION 12. (i) 6y is the interior point of ©

(i) The covariance function

H(s,t) = lim o E {g (X, 0o + 2) g (X, 0o + i)} , (3.6)

a—r 00
exists for all s,t € RY

(i4i) For each t and each § > 0

2
t t
g (Zi,eo + a) 1 {g (Zz-,ao + a) | > aé}] =0. (3.7)

We combine Assumption 12 with Assumption 7 that restrict the attention to particular (large)

lim F

a—r 00

parametric classes of functions.
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THEOREM 12. Suppose that assumptions 5, 7 and 12 hold. The population objective has a finite
Hessian H(0y) at 0y and \/ne2~7 > ¢ > 0. Then

el-v & t

LN Li"gl| Zi,00 + —— W (t) — H(0)t.

LS 5y (2t 4 ) = W) - H)

In these expressions W (t) is a mean-zero Gaussian process with covariance function Hy (s,t) =
fzfp Zzzip cieg H(Cs + 1,Ct + k) for some fized C. Then \/nel™" (0 — 90> ~s t, where t is

the smallest solution of W (t) = H (0y)t outside zero. In one dimension, t can be interpreted as a

boundary-crossing distribution.

In the special case where \/ne2™7 — oo, W (t) is a normal random variable with mean zero and
variance o, = Zfzfp ZI];:fp e H(LE).

Remark: Theorem 12 establishes that the lowest rate at which e,, approaches zero is n=1/2(2=7)
for the case of Holder-continuous moment functions. A faster approach of the step size to zero leads
to a loss of stochastic equicontinuity. This condition also provides the slowest convergence rate for
the estimator of n!/(22=7),

Theorem 12 shows that depending on the step size sequence chosen, the asymptotic behavior of the
localized process of the numerical first order condition around the true parameter value is a “hybrid”
between the original nonsmooth estimator and the smoothed estimators. The asymptotic behavior
of the localized first order condition in case of the “under-smoothed” numerical derivative is non
standard and is driven by the boundary-crossing distribution of the limiting process (a discussion of
this distribution can be found, for instance in Durbin (1971, 1985)).

We note that while Theorem 12 provides an interesting characterization of the asymptotic behavior
of the localized first order conditions and a crucial input for analyzing the asymptotic distribution of
the resulting Z-estimators, the equation W (t) = H(6y)t can have multiple roots. The z-estimators
can therefore be a set instead of a point estimate. We are confident that Theorem 12 can be
fruitfully utilized in combined with recent developments in the set estimation literature (see for
example Armstrong (2010) and Molchanov (2005) chapter 5) to characterize the convergence and
asymptotic distribution of the roots. We also think that The results in Theorem 12 can be extended
to the case where the considered sample functions are not continuous. But these topics are left for

future research.

4 Consistency of Semiparametric Extremum Estimators

Our approach of transforming the problem of extremum estimation to the problem of solving a nu-
merical first-order condition can be extended to the case where the parameter space is either entirely
infinite-dimensional or contains an infinite-dimensional component. We consider a metric product

space © X ‘H where © is a compact subset of a Euclidean space RP and H is a functional Banach
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space. Semiparametric extremum estimators typically arize from conditional moment equations. We
consider a population moment equation

with p : © x H x Y — M C R¥. The estimation problem is re-casted into an optimization problem
by defining the objective @ (6,n) = E [m 0,1, Z;) W(Z;)m (0,n, ZZ)] using a k X k positive semi-
definite (almost everywhere in Z) weighting matrix W (:). The estimator minimizes the sample

objective function with the infinite-dimensional component 7 over sieve space H,,

n

A oaY . A _ 1 N ! 17 A
(9,77) =arg  min Qn (0,m) = ~ ;m (0.m,2:)" W(zi) (0,1, 2) .
A typical set of the necessary conditions for the optimum of @ (6,7) can be found, for example, in
the general class of mathematical programming problems in Pshenichnyi (1971). Consider a cone
K in © x H. If (69, no) € O x H optimizes @ (0,7), then there exists a number \g > 0 such that
O0(N) =0p+X1d6 €Oandn(A) =n+Aw € H for all (§,w) € K and A € R. Moreover, A\ ¢ (§, w) = 0,
and

lim Q(0(N);n(\)) — Q (bo,m0)

A—+0 A

< ((6w),

where ¢ (6, w) is a functional which is convex with respect to (4, w). If we assume that the objective

functional is strictly concave at (6p,70) then Ao > 0. This transforms the necessary conditions to

. Q (6o + Ad,m0 + Aw) — Q (6o, 1m0, x)
1m

=0.
A—+40 A

In particular, this directional derivative should be equal to zero for all directions within the cone
K. Specifically, if © x H is a linear space, then this should be valid for all directions in (© — ) X
(H —no). If the functional is Frechet differentiable in (0, 7n), then the directional derivative exists in

all directions in K and we can write the necessary condition for the extremum in the simple form:

d
—Q (0 +7d,m0 +Tw) |7=0 =0,
dr

in all directions w € H — 1g. In particular if © is a finite-dimensional vector space and H is a finite-
dimensional functional space, then we can construct a system of first-order condition that exactly

identifies a parameter pair (8,7n) as

9900 — 0, for k=1,...,p,

(4.8)

990D [y} =0, for j=1,...,G,

where ¢;(-) is a system of distinct elements of 7. In cases where the functional space H is infinite-
dimensional, then we define the population solution to the system of first-order condition as a limit
of sequence of solutions in the finite-dimensional sive spaces H,, such that H, C H,4+1 C H for all

n.
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We consider the class of models where such substitution of maximization of the functional to finding a
solution to the system of functional equations is possible. We formalize this concept by the following

assumption.

ASSUMPTION 13. Suppose that (6g,10) is the mazimizer of the functional Q(0,7n) and H,, is the
sieve space such that H, C Hpy1 C H. The set Hoo is complete in H. The sets H,, share the same
basis {1;}52 and (no,;) — 0 as j — oo. We assume that the left-hand side of (4.8) is continuous
with respect to the strong product norm in © x H. Suppose that (0,,,m,) solves (4.8). Then for any
sequence of the sieve spaces H,, satisfying the above conditions the corresponding system of solutions

(0, mn) converges to (Bg,m9) in the strong norm.

This identification condition establishes the properties of the population objective function. We next

consider the properties of the sample objective function which can be expressed as
~ 1 — A
i=1

Following our analysis in Section 2.6 where we focused on computing directional derivatives of
semiparametric models via finite-difference methods, we consider two cases where the estimator for
the conditional moment function is obtained via series approximation (2.2) or kernel smoothing
(2.3). The transformed system of equations that needs to be solved to obtain the estimator 7 and 6
can be obtained by directly applying the directional derivative to the objective function. Without
loss of generality to simplify the algebra we focus on the case where the finite-dimensional parameter
0 is scalar, the conditional moment function is one-dimensional, and the weighting matrix is a non-
negative weighting function. We will use the notation for the step size €, for differentiation with
respect to the finite-dimensional parameter and the notation 7,, for the step size of differentiation
with respect to the infinite-dimensional parameter. This expression for the numerical first-order
condition is then

— ZL 9 ’I’},Zz) /W\(Zz) m(97nazz) = Op(1)7

1 ZLTTLJM 9 7772»1) W(zl) m(9,7772’i) = Op(1)7

forj=1,...,Gp.

In the following theorem we prove a uniform convergence result. Note than under standard assump-
tions on the series expansion and the kernel estimator, there is an interplay between the step size
for numerical differentiation and the choice of the tuning parameter (the number of terms in the

expansion or the bandwidth respectively).

THEOREM 13. Suppose that matrix W(-) is a.s. positive-definite and W() = W() + op(1)
uniformly in z. In addition, p (m,n, n) = O (nﬂﬁ).
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Under Assumption 8 and 9 for the series estimator, provided that €, — 0, min{ N, n®} min{e,, 7,} —
1-2rq
’ Nznlognlizro

tor, provided that €, — 0, , min{b, Y n®}min{e,,7,} — oo b, — 0,

— 27 ds ~
nT0enby 00, (9,77) N (Bo,m0) provided that system (4.9) is satisfied.

2rg T

— 00, and 7]\,2 Togn1—270

o0 — oo; under assumptions 9 and 10 for the kernel estima-

nt=2r0¢, bd=

W — 00, and

lognl_QTU

The result of this theorem is based on the uniform consistency result for the directional derivatives in
Section 2.6. We note that those results provided consistency for the directional derivatives uniformly
in 0, n, w and z. However, uniformity in z seems excessive for the estimator delivered by (4.9)
provided that the estimator requires summation over the sample {z;}* ;. It turns out that in some
special cases we can use this feature to improve the convergence result and deliver fast convergence
rate for the estimator of the finite-dimensional parameter. Our result will rely on the properties of

U-statistics covered in Section 5.

5 Numerical derivatives of U-statistics

5.1 Consistency of numerical derivatives

Numerical derivatives can also be used for objective functions that are based on U-statistics, an
example of which is the maximum rank correlation estimator of Sherman (1993). The model con-
sidered in this section is parametric. Second order U-statistics, which we focus on, are the most
commonly used in applications. A U-statistic objective function is defined from an i.i.d. sample
{Z;}7_, by a symmetric function ¢(Z;, Z;,0) as as

. 1

9(0) = msn (f) where S, ;f (Zi, Z;,0) . (5.10)
We denote the expectation with respect to the independent product measure on Z x Z by F,, and

the expectation with respect to a single measure by E,. The population value can then be written

as g(0) = E..f (Z;,Z;,0). This population objective function satisfies Assumption 5.

Following Serfling (1980), the following decomposition of the objective function into an empirical

process and a degenerate U-process component can be used to establish the statistical properties of
approximating G (0y) = %g (0) by Li"g (9)
—FS , 11

where

and

u(zvzlvg) = f(Z,Z/,Q) - Ezf(Zmzvg) - Ezf(ZI,ZZ,Q) +g(0)
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The condition for controlling the degenerate U-process will be weaker than that needed for the
empirical process term because of its faster convergence rate. We maintain Assumption 6, with the

new interpretation of functions ¢ (-,-,6). We also make the following additional assumptions.

ASSUMPTION 14. The projections p(z,0) are Lipschitz-continuous in 0 uniformly over z.

This assumption depends on the distribution of Z;. For instance, when the kernel is defined by
indicator functions, the expectation will be continuous in the parameter for sufficiently smooth
distribution of Z;. It controls the impact of numerical differentiation on the projection term by the

maximum inequality for Lipschitz-continuous functions:
o 1273((ze+) (Zi,0— e2) — g(0+ en) + (0 — en))| < C
Sup = H\4i, €n) — U400 —€n)— g €n g\v —€n))| =~ Uép,
d(0,00)=0(1) | VN =
for some C > 0.

ASSUMPTION 15. For a neighborhood N (6y) around 6y,

sup  E|g(Zi, 2,0+ €) — g(Zi, 2,0 — €)]> = O(e).
0EN (00),2€E2

This assumption allows us to establish an analog of Lemma 1 for the case of the U-processes, which

is presented below.

LEMMA 6. Suppose |F|| = SUPge N () lg(Zi,Z;,0)| < C < co. Under Assumptions 6 and 15, if
n2e,/log*n — oo,

sup  [|L77,9(0) — L9 (0) [| = 0p(1).
d(6,00)=0(1)

Consequently, assumption 5 implies that Gy (é) =0, (1) ifd (é, 90) =0, (1), as defined in (2.1).

The consistency of the numerical derivatives of U-statistics follows directly from Lemma 6.

THEOREM 14. Under assumptions, 5, 6 and the conditions of lemma 6, L{",g (é) 25 G (0o) if
€n — 0 and ne2 /log*n — oo, and if d (é, 90) =0, (1).

As in the case of the empirical process, this theorem establishes the weakest possible condition on the
step size of numerical differentiation when the envelope function of the differenced moment function
does not necessarily decrease with the shrinking step size. We note that the resulting condition for
the step size is weaker in the case of the U-statistics versus the case of the empirical sums. This is
an artifact of the property that the projection of U-statistics tends to be smoother than the kernel

function itself leading to a smaller scale of the U-statistic.
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5.2 Numerical gradient-based estimation with U-statistics

P
In some cases when the objective function is not continuous, the value that sets the first-order

We consider the solution of the empirical first-order condition @ defined by [|L5" Q,, (é) [| = op (ﬁ)

condition to zero might not exist, in which case we choose the point that will set the first-order
condition very close to zero. In this section we will only consider the distribution results regarding
the first numerical derivative.

The structure of the consistency argument for the U-statistic defined estimation problem is similar to
that for the standard sample means. In particular, when the kernel function is “sufficiently” smooth,
the behavior of the objective function will be dominated by the empirical process component. In
that case the analysis from our previous discussion will be valid for the objective function defined
by the sample mean of E. f(z,Z;,6). We maintain Assumption 11 applied to the map D () =
D EB..[f(Zi,Z;,0)]. We also keep Assumption 4 following Arcones and Gine (1993) where the
authors state that this assumption, along with the finiteness of the absolute moment of the U-
statistic, constitute a sufficient measurability requirement. A deeper discussion of applicability of
these conditions can be found in Section 10 of Dudley (1999).

5.3 U-statistics with kernels with absolutely bounded finite differences

We maintain Assumption 6, 14 and 15 for the class of kernels of the U-statistic. Lemma 6 establishes

the consistency result for this objective function which implies that under n2e, /log®n — oo,

sup [|L77,g(0) — L7,9 (0) || = 0p(1).
d(0,00)=0(1)

Moreover, we can apply Lemma 10 in Nolan and Pollard (1987). This lemma states that for ¢, >

1/2
max{en/ , long} we have for some constant 3 > 0

P (sup |Sn(f)| > ﬁQthi) < 2A exp (—nty)
However, we note that provided that log ny/e,/n — oo, we can strengthen this result. In fact,
provided that for sufficiently large n t,, = \/¢,,, we note that we can prove

n2e,

sup ——5—|[IL{7,9(8) — Li7,9 (0) [| = Op(1).
d(6,00)=0(1) log™ n
We next repeat the steps that we followed to determine the rate of convergence of the estimators

given by sample means.

LEMMA 7. Suppose 6 25 6y and Lin (é) = 0p (\/é?n) Suppose that Assumptions 6 (i) and
(i), 14 and 15 hold

(i) If n\/en/logn — oo, and Vne'*? = O (1), then nen (é,(‘)g) =op+ (1).

log? n
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(ii) If Vnen™® = 0(1), and log 5 — 00 we have
A (A A A 1
s (230 (9) - LiQ 00) — L1,Q (6) + LiQ 6)) = o, (n> .
i(b0n)=0(125%)
In this lemma we, first established the “maximum” radius of the shrinking neighborhood containing
the parameter. In the next step we considered the behavior of the objective function in the small
neighborhood of order O (%) of the true parameter. As we show below, we can improve upon

the rate of the objective function using the envelope property.
We can use this result to establish the rate of convergence of the resulting estimator.

THEOREM 15. Suppose 6 25 6y and Lij (é) = 0p (ﬁ) Under Assumptions of Lemma 7,

if nen/logn — oo, and vnetr = O (1), then /nd (é,@o) = 0% (1).

Proof. We note that by Lemma 7 in the small neighborhoods of the true parameter the U-statistic
part has a stochastic order o, (1). As a result, the sum will be dominated by the projection
term. Provided that the projection is Lipschitz-continuous, we can apply the standard rate result in
Newey and McFadden (1994) which gives the stochastic order for the first term O, (ﬁ) and gives

the corresponding parametric convergence.

The last relevant result concerns the asymptotic distribution of the estimator obtained from the

maximization of the U-statistic.

ASSUMPTION 16. The empirical process corresponding to the projection of the U-statistic G, (0)

n

ﬁ > oieq (2, 0) satisfies

Gu,n(eo + En)e_ Gm”(eo + En) i> N (0, Q) )

asn — oo and € — 0.

This assumption allows us to apply the result in Theorem 11 and obtain the following characterization
of the asymptotic distribution of the estimator corresponding to the zero of the numerical gradient
of the U-statistic.

THEOREM 16. Assume that the conditions of theorem 15 hold and \/ne?? = o(1). In addi-
tion, suppose that the Hessian matriz H (0) of g () is continuous, nonsingular and finite at 8y and
Assumption 16 holds. Then

vn (é - 90) N (o, H(0)"" QH (eo)‘l) .
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6 Applications

6.1 Irregular models with continuous moment functions

Consider the problem of extremum estimation where the the sample objective function is continuous
and bounded on compact subsets of the parameter space, but its derivative does not exist at the
minimum. Suppose that a single regressor X has infinite support with the density symmetric about
zero, bounded at zero and Gaussian tails. The population objective function is by

g9(0) = E[|X -0],

where o < 1. The sample objective function corresponding to ¢(-) is irregular if X is normally

distributed or has a density bounded away from 0 at 6, since then the random variable a|X — 0|*~!

does not have a finite variance if o < % The sample objective function takes the form

1 — o
=5;|ﬂci—9l

Consider a numerical first-order condition for the minimum of this function
L ?p g Z L lxl

where for algebraic convenience, we focus on the numerical differentiation operator of order 2. Pro-

vided that the objective function is continuous, the solution exists and corresponds to
enli%g (é) =0.

Consider the mean-value expansion of the numerical first-order condition at 6 at 6§y =0 writing it
as

26, L5 G (0) — H(8,0,2,)0 + R (é, 7 sn) -0, (6.12)
where H () is the Hessian term and R(-) is the stochastic residual. The detailed derivations are
provided in Appendix A.14. The Hessian term H(0,0) = LS H(w, 0,0) with

z,0,0) = 2ae, Li%|@ 0|“*1{|x — 0] > &, }sign(z — 0)

(:v79+5n|“ Ly ‘w,g,mm) |z — 0] < e} (6.13)

z,0,0) + Hy(z,0,0).

and the residual term R(6,0) = S R(x, 0,0) with
R(z,0,0) = —2a)z — 0+ £, Yz + &) (1{x —0 < —e,)1{x > —¢,}
— 1z —0>—e,)1{z < sn}) (6.14)

—2alz — 0 —e,|* Lz — ) (1{x — 0> {zx<e,}—1{z—0 <e,}1{x > z—:n}) .
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Consider the residual (6.14) first. Take d,, > 0 such that 0 < || < |d] < 6,,. Then we can see that
1{(1; 0+ 5n) (z +4) < 0} < 1{|z + £4| < 6, }. Thus

‘R(m,é, 0)| < 200z + €n]*1{|z + £n| < 6n} + 20|z — £n]*1{|z — n] < 6, ).

Due to this evaluation, we find that

Var (R(xi, 0, é)) =F [R(:ciﬁ, é)ﬂ —E [R(x, g, é)} g O, ((en +6,)>*H1) .

Considering the class of residual functions F,, = {R(-,e,), 0 < |0] < |0] < 8,, e, — 0}, and using
the above evaluation, we can apply Theorem 37 in Pollard (1984) # which implies that

R (é, g, en) —E [R(x,-, g, é)} +0p ((8n + 6,)2°T1) = O, ((en + 6,)°H) .

Consider the Hessian term (6.13), whose second element can be evaluated similarly to the above via
the application of Theorem 37 in Pollard (1984). In fact, we note that

Var (H2 (33, 6, é)) =0 (((5n + En)za_l) )

and E [Hg (x, 6, é)} = O ((6, +£n)*). Therefore, we find that Hy (5, é) =0, ((0, +n)?*71).
For the first term in (6.13) we can find that

1, (.0) = 257 [#, (00.6.0) - B[ (2,8.0)]] + B[ (21,0.0) + O (20).

n -

where the last term comes from the mean-value expansion of the expectation with respect to the
parameters. Provided that the density of X is bounded, the variance of the first term can be
evaluated as

Var (Hg (m, 0, é)) <C |z — 01?2 dx < 2C (e + 0,)** 7.

|z—0|>¢,

Then the stochastic order for the first term follows from Theorem 37 in Pollard (1984) similarly to
Hj(+), while the term

1 1 d
e—E [Hi (24,0,0)] = F [25 (| 4+ en]*" = |25 — £0|*7Y) 1{|2| > €, }sign(z) | — —F [ X +t|* 'sign(X)] .

Therefore, we can evaluate the entire Hessian term as

H (9, é) = —5n%E [|X + t‘aflsign(X)] + 0, ((5n +5n)2a71) .

4In addition, we need to require that n(e, + 6,)2*t!/log n — oo.
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We finish the evaluations in (6.12) by considering the first term of the mean-value expansion above.

a) 1(|zi] < gn)>

We can compute the variance of an individual element of this sum considering the two components

we can briefly express the numerical derivative of the objective function at 0 as

1 — :
2en L9 (0) = — > (am + &% Lsign(zi)enl (|2 > en) + &2 (’1 + 4
1=1

n

«
_‘1_%

n

separately. Assume that there exist ¢1,co > 0 such that the density of x is bounded ¢; < f(z) < ¢o
in some neighborhood of = 0. Then

Var <€% (‘1 + 3
€n

Next, for a@ > % we use the pointwise validity of the local representation and by the dominated

convergence theorem we conclude that

1
) 1| < 6n>) - / (14l = 1= uf*)? f(ue, )2 du < G20+,

(03
o
En

Var (|z; + &*|* 'sign(z;)e,1 (|zi] > €,)) < 2 [|2; + €***7?] < .

In case where o < %

+oo
Var (|z; 4+ €*|* 'sign(z;)enl (|2;] > €,)) < 5%/ u?* 2 f(u) du < %5?“.

n

Thus, we conclude that for a > &, Var (L5%,§ (0)) = O(1) and for o < 3, Var (L5",§ (0)) = O(e2>71).
As a result, we can apply the CLT using the Lindeberg condition to find that for o > %

N d
VnLi",g(0) — N(0,9)
and for a < %

Vet~ L5 5 (0) -4 N(0,9).

Substituting the obtained results into (6.12), recalling that d (9, 0) = O(6,), we find that

. NP -1 NP -1 N -
510 = (5;1H(9,0,en)> 525 §(0) + (H(G,H,sn)) SR (e,e,en) .

Our goal is to find a “balancing” sequence §,, such that 6,10 = O,(1). In this expression e, ' H (6, 0,e,) =
0,(1),and ;16 'R (é, 0, an) =0, (6776, (6, + €0)' 7). Therefore, the residual term approaches
zero if §, 1% — 0 and €, 102 — 0. Thus

e for a > 1 d(8,0) =0, (ﬁ)a

o for o < 1 d(0,0) Op< n11—2o<)'
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We note that the condition requiring the residual to converge to zero requires that nztoe, — oo if
1ig
2

1 3 _92n2 —a
a> 35 and n>"**"¢, = oo, and d,g,* — o.

As a result, we can provide the Holder constant for our theorem v = % +aifa< % and vy = 1if

1

To map the obtained result to our general theory, we find the envelope for the class of differences

|* — |z — 65]*. To provide an envelope, we introduce z* = z — #4#2 and n = 5% with

|z — 61 2

[n| < &. Then we can find that
|z = 00" — |z = 0o *[ = |n[* |[L + —|* = [T = —|*|.
n n

We make a convenient change of variable z = z*/n. Then we can focus on the properties of the

function
() =1+2" =12

When z < —1, this function is strictly decreasing in z with its derivative approaching infinity at
z = —1. Tt strictly increases on [—1, 1] and then decreases when z > 1. We construct an evelope
1

function as F'(n) = min{n"‘((%)7 |z|*[n|}. We note that for o < 5 we can conclude that for the

density of z bounded away from zero and bounded from above at (61 + 62)/2
(Var (Fm)'/? = (CaloP*t + Cofo]?)/* = 0 (ja]=+1/2).

This means that the mean squared error for the provided envelope is corresponding to the case of
the Holder-continuous function with the degree of continuity v = % + a.

6.2 Models with discontinuous moment functions

Our Theorem 7 is also valid in the settings where the sample moment function is not continuous. One
striking example of consistency of the estimator defined by the numerical derivative is its application
to the maximum score estimator of Manski (1975, 1985). This estimator was re-considered in
Horowitz (1992), where it was shown that replacing indicator functions by kernel smoothers led to
a faster converging estimator once bandwidth is chosen appropriately. Here we illustrate the use of
a numerical first-order condition for the original maximum score objective function and show that
for an appropriately chosen step size the resulting estimator will have properties similar to those in
Horowitz (1992).

Consider the population objective function of Manski’s maximum score estimator
1
Q) =F {(y— 2> 1{z'0 > O}}

with the sample analog

n

@n(9)212<yi_;)1{$;9>0}.
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The sample objective is non-smooth in # which may complicate the search for the maximum of the
objective with respect to 8. We can apply the numerical gradient-based approach to construct a

more manageable estimation technique. We consider the situation where the moment function

g (y,2,0) = <y—1>1{x9>0}

has p continuous mean-square derivatives.

Horowitz (1992) imposes the normalization where the coefficient of the regressor that has a contin-
uous density is normalized to 1. In our case if there is only one regressor this implies 260 = = + 0.
We consider the use of the first numerical derivative operator of order 2. Then from its linearity, it

follows that application of this operator leads to the system of the first-order conditions

1 & 1\ 1 x; +0
a0 =33 (n=3) 50 (%57) -0

i=1

where U(+) is a uniform kernel. Consider the use of the smoothed maximum score procedure applied
in the same case. Then the indicator is substituted by the cumulative kernel. For instance, one can

use cumulative uniform kernel:
K(z)=1{z e [-1,1]}z+ 1{z > 1}.
For the bandwidth parameter h,, we can write the objective function as

L5 (- n(5)

i=1

The corresponding first-order condition for the uniform kernel is

6AS _1 i 1 1 x; + 0 .
20 "(0)_nz<y’_2)hnU< " )‘0'

i=1

One can see that the equations corresponding to the numerical gradient and the smoothed maximum
score are identical if the step size for the numerical differentiation ¢, = h,,. As a result, we can
extend the result of Horowitz (1992) to the case of the uniform kernels which implies that the
estimator é\solving the first-order condition with the numerical gradient converges at the rate \/g, n

to a normal distribution.

1

In a more general case, there is a vector of non-constant regressors (JJ ,xz), where 2!

is a scalar
regressor with continuous density, and the single index has the form x! + 6; + 2%#5. Then, in
addition to the numerical derivative with respect to ; which will have the same form as before. The

derivative with respect to components of f; will lead to

1 n 22 1 21
L35+Q Z(yl ) 2zk U(m +9;+x 62) _o,
n

TEn TiEn
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where 2?2 is the k-th component of 2%. Denote h?, = x?.e,. We can treat hi as stochastic bandwidth

sequence. Then

~ 1 & 1\ 22 b+ 01 + %6,
L0 = 23 (- g ) o (TEOEE
7 n ; 2) hi, hi
Given that ¢, — 0 at an appropriate rate, under our regularity conditions extending those in
Horowitz (1992) we can guarantee that h%, — 0 a.s. The condition above will be numerically equiv-
alent to the condition in Horowitz (1992) extended to the case of uniform kernels if one substitutes

the fixed bandwidth sequence by a stochastic sequence in our case. Let h? = E [hfk] Noting that

1 — 1\ 2%, !+ 01 + %6, 1 — 1\ 2%, xt + 01 + %0,
- = = 2 S — = — P — = C — An;
71;(3/ 2) h?kU< h, > nZ(y 2) hiU( hi )+

=1

where A, — 0 a.s., we obtain equivalence of the smoothed maximum score objective and the

numerical first-order condition.

7 Step Size Choice

Our asymptotic results deal with the optimal choice of the rate of the step size for numerical
differentiation. An important practical question is the choice of step size for a given sample. In
the non-parametric estimation literature there are approaches to the choice of the bandwidth for
kernel smoothing. Survey of work on the choice of bandwidth for density estimation can be found
in Jones, Marron, and Sheather (1996) with related results for non-parametric regression estimation
and estimation of average derivatives in Hardle and Marron (1985) and Hart, Marron, and Tsybakov
(1992) among others.

To a large extent, we can obtain the results for the optimal choice of constants in a simpler manner
than in the case of non-parametric estimation because we will not be interested in the “uniform”
step size. Previously we considered the decomposition: Li",g (é) — G =Gy + Ga + G3 + Gy, where

Gr= [0 (0) - Lig (9)] - [£53,9 60) - L9 (60)]
and
Ga = L7174 (0o) — L%, (6o)
and
Gy = L3 (0) = Lina (o), Ga=Lia(0) G

We proved that Lij‘pg (é) -G=0, <G2 + G4). We can now consider the problem of the optimal
constant choice. We consider the mean-squared error as the criterion for the choice of the step size,
i.e. the function of interest is

MSE () = B[54 (8) - G,

1,p
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which we approximate by the leading terms G2 and G4. We note that

12
Li,g(0) = B Z g (@ +1e).
l=—p
Assuming that function g(-) has at least p + 1 derivatives, we can evaluate the result of application
of the numerical derivative as

p
P
L g(0) = o' (6 p,(p+1) (g _ar Py
(910) = 0) + 2" 0) 32 E o (e)
Thus Gy = e2g®P*+D () E (;l+l1)‘ o (e?). We can evaluate the variance of Gy as

p
LY algO+len, Z) — g (0 +len))

l=—p

Var (G3) = E

p P
=, BT SY @Var (6579 0+ len, Z)) + Y. ccnCov (6579 (0 + len, Zi) 6579 (0 + ken, Zs))

l=—p lLk=—p

=, 1Y (e,

In case where v = 1, the variance of G5 will not affect the estimation. However, there will still be
numerical error corresponding to the operating precision of the computer. This error is known and
fixed. We denote it [0 g]. Then the total error can be evaluate as

2

2 1 b c P [5 g] -
MSE; (g) ~ 2 | gt (0) > += > a
n I=—p

=, (p+ 1)

In case where v < 1 the numerical error will be exceeded by the sampling error. As a result, we can
compute

2

P
“ +e, 2071V, (e,).

p
MSE ()~ | 670 0) 3
l=—p

Then we can choose ¢,, = <

nr

where r is the optimal rate for ¢, if v < 1 and r = 0 otherwise. The
problem is to choose C'. In most applications, however, the derivative ¢g(?*1) is unknown. One simple

way of choosing C is the analog of biased cross-validation. We can choose a simple first-order formula

for g+ and pick a preliminary (over-smootheed) step size £* = % then evaluate
. P
g+ (9 Z (9 +(=1)* **)

’I’L k=0
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Plugging this expression into the expression for the mean-squared error, we can obtain the optimal
step sizes. Then for v = 1 we find that

1/(2p+1)
p
pl(p+1)! [59]lZ ¢
<g(p+1) @) > ¢ lp)
l=——
For v < 1 we find
1/(2p+2-27)
o | 2= 209 0+ DV (57)

2
— P
gt () S ¢lp
l=—p
Note that if the function g(-) is intensive to compute, the choice of these constants allows one to
use a relatively small subsample to calibrate the step sizes. Then one can use these constants to

initialize the step sizes on a large scale using the entire sample.

In case where one can compute the function in a relatively straightforward way, calibration of
the constants of interest can be performed by minimizing the approximate expression for the mean-
squared error with respect to C, taking into account that the step size will enter both in the expression
for the derivative ¢+ and Vy (en). This approach is equivalent to the solve-the-equation plug-in

approach in the bandwidth selection literature.

8 Monte-carlo evidence

We analyze the properties of the rules for selection of the step sizes using the so-called Chernoff’s
example (see Van der Vaart and Wellner (1996)). The example is based on the population objective

function
Q) =FE[1{zxe€l0-1,0+1]},

with a continuously distributed scalar regressor z. Note that if X has an unbounded support and a
continuous density fx(-) then the maximizer 6y of the population objective satisfies the necessary

first-order condition

fx(Oo+1) = fx (0o —1).

In particular, if the distribution of X is symmetric and unimodal, then the unique solution is 8y = 0.
In our analysis we consider the case where X is standard normal, i.e. the population objective

function indeed has a unique maximizer. The simulated sample {X;}? ; comes from a standard



36

normal distribution and the sample objective is computed as

1< 1
= 521{& ev—1,0+1)} = EZU(XZ-—H),
i=1 i=1
where U(+) is a standard uniform kernel. We consider using numerical gradient to compute the
extremum for this objective function. To construct the numerical gradient, we use finite difference
formulas of different orders. We use the step of numerical differentiation ¢,, which depends on the

sample size. In particular, the first-order right derivative formula is

b (5) — Lo = Qn (§+ 6”) ~Qn (§>

En

)

and the left derivative formula is

0.(0) - .(1-=)

En

D, (5) =L =
The second-order formula is

Dy (5) = L%y = & (§+ €n>2;n©n (:9\_ En) :

and the third-order formula is

-0, ( zgn) +80, (5— zsn) —80, (§+ an) +Qn (§+ 25n)
12¢, '

Dy (5) = L5y =

The estimator is then re-defined as a solution to the numerical first-order condition

~ 1
D (9) =op [ — 8.15
()= () (519
which is equivalent to the maximum of the empirical objective function that is achieved using a
numerical gradient-based maximization routine. We can anticipate the properties of the analyzed

estimator by analyzing its behavior analytically. For illustration we can use the numerical derivative

formula ﬁg (é\) Application of this formula to the sample objective function leads to the expression

Bi (1) = v (B - oy (B,

i=1
Using the fact that under the regular distributions of X the uniform kernel will be mean-square

differentiable, we can use the following representation:

ngnzn: ( en )V%éU()T)H&(%H)M(G00)+o,,(1).

i:
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Therefore, we can express the estimator, which solves (8.15) as

WW(@wQ:UM%+n—&wwﬂ»1%;;1@(&1f‘ﬁ—0(&1f+ﬁ]wmn

This demonstrates that in the case of a “relatively slow” approach of the step size to zero, the
properties of this estimator will be described by the case where /ne, — oo (y = %) Once these
conditions are satisfied, then we can use the Lindeberg-Levy CLT to establish that

1 < X, —0—1 X, —0p+1 d
mn;@(gn >—U<€n ﬂ—w\/(o,a).

We can also use our result regarding the consistency of this estimator. The variance of the estimator

can be evaluated similarly to the variance of kernel smoothers. In fact, we can evaluate

A(E () () )

:/U(u)(fX(90+1+u5n)+fx(00—1+u5n)) du = fx B+ 1)+ fx (B — 1) + O (en) .

Then the expression for the variance can be written as
V= (fx (60 +1) = fi (60— 1)) (fx (60 + 1) + fx (6 — 1))

If . ~ N (0,1) then V = |/ZF. For a “fast” approach to zero, i.e. when (Vney) " = O(1) we should
observe the non-standard “cube root” asymptotics.

It is clear that in relatively small samples when the step size of numerical differentiation is “small” the
sample first-order condition will have multiple roots. Given the structure of the objective functions
the roots will either be contained in the disjoint convex compact sets or will be singletons. To
facilitate root finding, we use a dense grid over the state space of the model. For the step size ¢, we
choose the size of the grid cell to be O (g,,/log n). This will ensure that the error (measured as the
Hausdorff distance between the true set of roots and the set of roots on the grid) will vanish at a faster

rate than the numerical error from approximating the gradient using a finite-difference formula. For

En
log n?

simplicity we use a uniform grid on [—1, 1] such that the cell size is A,, = C the number of grid

points is Na, = [%?Egnn} + 1 and the grid points can be obtained as 8, = —1 4+ A (g — 1) forming

the set Ga, = {99}5:Af. The grid search algorithm will identify the set of points

T = {GGGAn : ‘ﬁk (9)] < ,/Ian”}.

We call this set the set of roots of the numerical first-order condition on a selected grid. Our Monte-

Carlo study will analyze the structure of the set of roots on the grid to evaluate the performance of

the numerical gradient-based estimator. The Monte-Carlo study proceeds in the following steps.
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1. We generate 1000 Monte-Carlo samples with the number of observations from 500 to 4000.

Each simulation sample is indexed by s and the sample size is denoted ng.

2. We choose sample-adaptive step of numerical differentiation as e = C' (n,)?. We choose C = 2

and ¢ from 0.2 to 2.

3. Using this step size, we set up the function that we associate with the empirical first-order

condition with ﬁk (9\5) for different orders of numerical derivatives.

4. Using the grid over the support [—1, 1] (which we described above) we find all solutions satis-
fying (8.15). This will form the set of roots on the grid Z,,_.

5. We store all roots on the grid and report the statistics averaged across the roots.

6. If #7,,, is the number of roots found in simulation s, we evaluate the mean-squared errors of
estimation as:

#Zn, )
Z (é\rs - 90)
r=1

s 1S, 1
MSE(G)z ;#Z

Ns

©nl

We illustrate our results with the set of graphs that show the dependence of the statistics for the
set of roots on the sample size.

We emphasize here that correctly characterizing the problem (especially in “under-smoothed” cases
where the step size approaches to zero too fast) requires a root-finding routine that can find the
entire set of roots. We argue that an appropriate grid-based procedure will be appropriate because
it provides a countable approximation to an uncountable set of roots. The profile of the first-order
condition for different orders of numerical derivative formulas are presented in Figures 1-3. The
panels from top to bottom show the numerical derivative evaluated on the grid with a decreasing
step size. The top panels show the smoothest case where the first-order condition has a pronounced
single solution. However, one can see that this solution is biased in all cases. The pictures at the
bottom show the profile of the numerical derivative where the step size is selected too small. One
can see that there are large regions where the numerical derivative is identically equal to zero. This
illustrates the bias-variance trade off in this model: once the step size for numerical differentiation
is chosen to be large, then the first-order condition will yield the solution with small variance but
potentially large bias. However, when the step size is small, then the solution will have a large

variance (over the set of potential roots) but possibly small bias.

We show this intuition formally by analyzing the bias and the variance of the estimates. Figure 4
shows the decay of the root-mean squared error with the sample size over different selection of the
sequence of step sizes. The blue line with the asterisk markers represents the over-smoothed case
with the slowest approach of the step size of numerical differentiation to zero. With the increase
of the rate of this approach, the mean-squared error decreases and reaches its optimum indicated

by the line marked with “+”. Then it drops and exhibits fluctuations indicating the case where
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the small step size leads to a large set of extraneous roots. Figure 5 shows the same dependence
for the bias. One can see that bias tends to decrease with the sample size. Interestingly, the step
size that corresponded to the optimal mean-squared error does not correspond to the minimal bias
in the estimation. Moreover, the magnitude of the bias is much smaller than the magnitude of the
mean-squared error. This implies that in all cases variance tends to dominate the bias in absolute
value. Overall, our results show that even in non-smooth models such as the one under consideration,
numerical gradient-based procedure can be used to search for the maximum provided the step size

is chosen correctly.

[Figure 1 about here.]

[Figure 2 about here.]

[Figure 3 about here.]

[Figure 4 about here.]

[Figure 5 about here.]

9 Conclusion

In this paper we study the impact of numerical finite-point approximations on the estimation of
function gradients focusing on the case where the function is computed from a cross-sectional data
sample. We provide weak sufficient conditions for uniformly consistent estimation of the gradients
and the directional derivatives of semiparametric moments. Such results can be used to compute
Hessians (in estimating asymptotic variances) or they can be used as inputs in efficient two-step
estimation procedures. We also investigate the role of finite-point approximation in computing
extremum estimators. Finite-point approximation formulae use tuning parameters such as the step
size and we find that the presence of such parameters may affect the statistical properties of the
original extremum estimator. We study extremum estimation for classical M-estimators, U-statistics,
and semiparametric generalized minimum distance estimators where the optimization routine uses a
finite-difference approximation to the gradient. We find that the properties of the estimator obtained
from the numerical optimization routine depend on the interaction between the smoothness of the
population objective function, the precision of approximation, and the smoothness of the sample
objective function. While in smooth models the choice of step size sequence may not affect the
properties of the estimator, in non-smooth models a numerical approximation routine can alter both

the rate of convergence of the estimator and its asymptotic distribution.
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A Appendix

A.1 Proof of Theorem 1

Proof. We need to verify that uniformly in z € Z, (0, n(-)) € © x H and w; € H, the numerical derivative
will be converging to the population derivative at (6o, 10(-)). We begin with noting that

m (z; 0+ ejen,ﬁ(~)) =m (z; 0+ e]-z—:n,ﬁ(-)) -m (z; 0+ €jEn, ﬁ())
=1 (2; 00, m0(-)) + 10 (2; B0, m0(-)) — m (2; b0, m0(+))
+m (z; 0+ ejen, ﬁ()) —m (z; 0o + ejen, N(-))
+m (2; 00 + €jen, 7)(-)) —m (2; 0o + €jen, mo())
+m (z; 6o + €jen, mo(-)) — m (25 0o, m0(+))
Using the expansion representation above, we conclude that
m (z; 6+ ejsn,ﬁ(-)) L Oy (n_l/k) + Ayp (é - 90) + Avy[f) = no]
+ (é - 90)/ Agg2 (é - 90) + Ay [ = no]” + Aaoy[f) — 0] (é - 90)

+Ag2n + B2 + 0y (117 = mollE2) +op (116~ 60l?)

Using a similar technique we can represent
m (z; 6 — ejsn,f](~)) L O, (n_l/k) + Aqg (é - 90) + Ay [f) = no]
+ (é - 90)/ AVPE (é - 90) + Agy2[i) — mo)” + Aoyl — 0] (é - 90)
—A{GEn + Aééﬂi + op (Ei) .

As a result, we can evaluate

i (2 0+ ejen, () — o

2en

(z; 60— ejamﬁ(-)) L2 A{g ‘o, (5;1 (n_l/k TS VE +n—1/k1))

+op (en) -

Note that €, npt/maxtk, k1l o o and €n, — 0 will assure uniform convergence of the moment function to
its derivative. Next, we provide the result for the uniform convergence of the directional derivative with

respect to the infinite-dimensional parameter. Consider a particular direction w; (which in practice will be
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an element of the sieve space containing the approximation 7(-)), then:
i (25 0,7() + Taw; () = (2 0,00) + 7wy ()) = m (2 0,0() + 7wy ()
=1 (2; 0o,70(-)) + 1 (2 0o, ho(+)) — m (23 6o, 70(+))
m (2 0,7() + aw; () = m (25 0,7() + oy ()

() 4+ 7nw; (4)) = m (23 6o, mo(-) + Taw; ()

+
3
—
N
>
g
>

+m (25 00,m0(-) + Taw;(+)) = m (25 6o, m0(-)) -
Using the local L2-representation, we can approximate the expansion above as
i (25 0,0() + 7w,()) £ 0y (n7*) + A0 (0 - 60 ) + Ay — )
+(0- eo)’ Agpz (0= 60) + Doyelit = ol + Talpa [} = o, 5]
+A20y[1) = o] (é - 90) + Tn ooy w] (9 - 90)
7 Ay 5] + 7 By w0,]? + 05 (17 = mol1E2) + 0, (116 = 60*)

We can write a similar expression for 7 (z; 0,7(-) — anj()) As a result, the symmetrized numerical

directional derivative will be approximated locally by

i (25 0,00+ 70wy () =10 (5 0,0() = Ty ()) o At

2T

+Ason[wj] (9 - 90) +0, (7.71—1 (n—l/k 2 4 n—1/k1)) Fop (7).

wj] + Agp2 [} — 1o, wj]

Note that HAgnz [ — no, wj]HL2 =0y (n_l/kl). For k1 > 2 this term will dominate and determine the
lower bound on the sub-parametric convergence rate for the numerical derivative. The conditions for 7, will
be similar to the conditions for &,, that is 7, pt/maxtk, k1l o oo and 7. — 0. Moreover, it is clear that the
convergence rate for 7, is slower than n~'/%1. This result assures that for z € Z, (6, n(-)) € © x H, and
wj €W, Du, (2) - Du, (2). O

A.2 Proof of Lemma 2

It follows directly from Assumption 8.[iii] that for n € H,

€n,W - €qn W 1 1
L m 0.0.2) —proa (L5 m 0 2) " ()| = 0 (1 + 1),

@

that will converge to zero if min N¢ n®e, — oo.

Therefore it suffices to prove Lemma 2 for

() = L?fp’“’ﬁm (6,m,2) — proj (L;:‘p’wm 0,m, 2) |pN (z))‘ .
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As demonstrated in Newey (1997), for P = (pN(zl), e ,pN(zn))' and Q = P'P/n

HQ - Q| =0y <\/§> , where his (o (N) = C,

and @ is non-singular by Assumption 8.[i] with the smallest eigenvalue bounded from below by some con-
stant A > 0. Hence the smallest eigenvalue of 0 will converge to A > 0. Following Newey (1997) we use
the indicator 1,, to indicate the cases where the smallest eigenvalue of Q is above % to avoid singularities.
Introduce the vector A(0,n,w,Yi;en) = (p(0,n+ enw; Ys) — p (0,7 — enw; Y;))?_,. We consider conditional
expectation F [A(0,n,w,Y;;€en) | Z; = 2] as a function of z (given 6, n, w,and €,). We can project this
function of z on N basis vectors of the sieve space. Let 8 be the vector of coefficients of this projec-
tion. Also define G(0,n,w,en) = (E[A(0,1,w,Yi;€n)| Zi])_,. Then (x) equals to a linear combination of
Lo |p™' (2) (B - B) |/€n. Note that

PV (B-8) =V (Q7 P (A=G) /n+ QT PG PB) /n). (A.16)

For the first term in (A.16), we can use the result that smallest eigenvalue of Q is converging to A > 0. Then

application of the Cauchy-Schwartz inequality leads to

'pN%z)Q*P’ (a-a) \ <o eI a-o).

Then HQfle(z)H < %\/ﬁ , and

[P (A-G)| = Z <Zka(zi) (A(B,n,w,Yi; €,) — G(0,m,w, Zi; en))>

k=1

< \/Nm]?x

Zka(Zz) (A(Oa n,w, Y'i; 6”) - G(Q, n,w, Z’i; En))‘

1=1

Thus,

‘pN/(Z)QﬂP/ (A-G) ' < CTN mgx

Zka(Zz) (A(97777 w, Yi; En) - G(@, n, w, Zi; e’ﬂ))‘ .
=1

Denote pin = p5%. Next we adapt the arguments for proving Theorem 37 in Pollard (1984) to provide the
bound for P (sup LIpV(2)Q P (A -G) || > Nun) For N non-negative random variables Y; we note

Fn
that

P(mZain >c) <iP(Yi > ).

Using this observation, we can find that

n

N
1 ’ AN — /
P (S}lp ~IPM QTP (A -G | > Nun) <>rp (sg;lp
k=1 n

% Zka(Zi) (A; = Gy)

> un)

This inequality allows us to substitute the tail bound for the class of functions Li";* 1 (8, 7; z) that is indexed

by 6,7n,w and z by a tail bound for a much simpler class

P = {ka(') (A(Q:U,Uh ';671) - G(gv’q:’W;en)) 1 0¢ N(eo)v n,w e H"}
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We note that, according to Lemma 2.6.18 in Van der Vaart and Wellner (1996), provided that each pn(-)
is a fixed function, the covering number for P,, has the same order as the covering number for F,,. Then we
pick A to be the largest constant for the covering numbers Axn2™ log (%) over classes Pp,. By Assumption
8.[i] and 9.[i] any f € Pp is bounded |f| < C' < oco. Next we note that Var (f) = O(ey) for f € P, by
Assumption 9.[ii]. The symmetrization inequality (30) in Pollard (1984) holds if €, / (16n ,ui) < l This will

nen

occur if — o0. Provided that the symmetrization inequality holds, we can follow the steps of Theorem

37 in Pollard (1984) to establish the tail bound on the sample sum via a combination of the Hoeffding

inequality and the covering number for the class P,. As a result, we obtain that

P (sup > 8,un>
‘F’VL
2rg 1 1 TL/L?L
<2exp | An""Clog — Jexp | —— + P | sup —
Un 128 e, Fn N

The second term can be evaluated with the aid of Lemma 33 in Pollard (1984):

P (sup
fﬂ n

As a result, we find that

Zka 2i) (A; — Gi)

Zka zi) (Ai — Gy)

2
> 64en> .

2
Zka 2:) (A — Gy)|| > 64en) < 4exp (AnQT“ log i) exp (—ney) .

€
=1 n

R : 1 1 nus,
P | sup pr "(2)Q7'P' (A —G)|| > Nun ) <2Nexp | An*™ log — — —_Dhn
Fn pn 128 €,
1
+ 4N exp (AnQ"’ log - nen>

We start the analysis with the first term. Consider the case with and 7o > 0. Then the log of the first term
takes the form

" 1
An*"® 10g (N/ (en)) — T3~ 1en +log N

128
NZp2ro 1 plenn Nn2mo
= An®™ 1 n _ An® ] log N.
noee ( pnen ) 128 N2 nooee wn +log
If Nlog n/n — 0, then one needs that ngogn — o0 if 9 > 0 and m — o0 if 7o = 0T. Hence the

first term is of o(1). Now consider the second term. The exponent can be represented as
279 1
—nen, +n° % log — +log N,
€n
. . nen
which is guaranteed to converge to —oo if N nZiotogn 7 OO

We notice that in this proof uniformity of the directional derivative of the conditional moment in z follows
directly from the boundedness of the sieve functions. This implies that in some cases this result can be

weakened. O

A.3 Proof of Lemma 3

Recall the definition of the kernel estimator

m (0,7, 2) < ZK(

1 n
1 Z— 2z
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For the expression of interest, we can consider

—1
m(0,n+ e w,z) —m(0,n — enw, 2) 1 z— 2z
= K
€n nbflf ; bn

1 ° zZ— 2z
X7Z[p(9,n+enw,yi)—p(9,n—enw7yi)]K< )

q
nbn® en P

Then we can consider a class of functions
Gn={lp(0,n+ew,:)—p(0,n—erw,- )]K( B ) €O, wn € Hn,zE€ Z}
Consider the classe G,,. We can represent it as
={g9=fk: fEFn, kEF}.

Ni(-) and Na(-) correspond to the Li and L2 covering numbers. Consider the covering numbers for classes
Fn and F. We select € > 0, then there exist mi < N1 (€, Fn, L1(Q)) and ma < N1 (¢, F, L1(Q)) and covers
{fi}j2, and {k;};23 such that for f € F, and x € F min; Q|f — f;| < ¢ and min; Q|x — k;| < e. We note

that |f| < C and |g| < C. Consider the cover { fjx; ;;gll’iZMQ noting that fijx; — fx = (f; — f) (ki — k) +

f (ki — &)+ &(f; — f). Then, in combination with Cauchy-Schwartz we have that

1/2

min Q|r:f; — f] < min (QIf; — JI*)"* min (Qlx: — #)"* + Cmin Q|f; — |+ Cmin Qlr: — |

Given the relationship between L1 and Lz covering numbers covers {f;}72, and {s;};3 are sufficient to
achive min; (Q|f; — f] )1/2 < € and min; (Q|r; — k|?) /2 < ¢. This means that min Q|k; f; — kf| < 3Ce.
0]

Thus, the Ly covering number for G, is bounded by a product of Ly covering numbers for F and F, (which
j=m1,i= m2

corresponds to the number of elements in the cover {f; m}“ |

Provided that classes F,, and F satisfy Euclidean property, we can apply Lemma 2.6.20 from Van der Vaart
and Wellner (1996). This means that the class G, is Euclidean with parameters depending on n. Provided
that Var (g) = O (exby) for g € G,., we can use a similar logic as in the proof of Theorem 37 in Pollard (1984)
with the results similar to those in the proof of Lemma 2. This leads to condition n;féllbjgn — 0o. We note
that the bias due to kernel smooting E [m (0,7, Z;)|Z; = z] = O (by'), where m is the order of the kernel,

and the bias due to the sieve approximation is n~¢. Then
LS B[ (0,m, Zi) | Zi = 2] — LS m (0,1, 2)|| = (b?egl —|—n¢621) ;

which converges to zero if €,b;™ — oo and €,n® — 0. O

A.4 Proof of Lemma 4

As before, we use A = (p(0,n+ enh; Vi) — p (0,1 — enh; Y3))!_ | and G = (E[A| Z;]);_,. Then we note that
lpni(Zs) (A — Gi) || < Ce; due to Assumptions 8 and 9(i”). Consider the class of functions

:{ka(')(A(gan7waZ7';6 ) G(& 7, W, ;€ ))7 QGN(90)7U7WGH7L,Z€Z}-
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We note that for this class we can find an envelope proportional to €). Then for 6, = €;” sup |Pnf2|'/?
fE€PR

we can use the tail bound in Alexander (1984) which is analogous to Theorem 2.14.1 in Van der Vaart and
Wellner (1996):

P sup |[Vn(Puf = Pf)| < CeqP[J (0n, Pn)],
fEPH
where J (6, Pn) = supfoe (log N (€}, P, L1 (Q)))"/? dé. In our case J (0, P,,) ( "06,/log (1/0) ) This
Q

—1/2

function achieves its maximum at 6 = e . We can analyze the probability of large deviations for 6,,.

From Lemma 33 in Pollard (1984) combined with Lemma 10 in Nolan and Pollard (1987), it follows that
there exists 8 such that
P ( n ! sup |Pn f2\1/2 > Bt) < 4dexp (AnQT0 log ( ! ) — n52t2> .
fEPR
Consider the sequence ¢, = o(1) such that t,, > "’ifﬂ%zm‘ We note that for sufficiently large n St,e€), < %
This means that

P[J(On, Pr)] = P[J (On, Pn) 1 (0n > Btn) + J (0n, Pn) 1 (9n < Btn)]

1
:nm—P(bu P.f2Y? > Bt en)—f—n%g tny/log —

Thus, we have established that

P sup |vn(Pof — Pf)| < Ciein"™ exp (An " log i —nB%2 27) + Caenn" Btny [log 5%

fEPR
Then, returning to our previous argument, we recognize that

P—sup

i) (- G ||\

1 1
=0 (nro éel Lexp (AnQTO log ;

¥
n€n

_nﬂ t2 2’7) ro** ’Y lﬁt log B%) .

As a result, we established that

1 Al 1 o 1 ro—1 ~_
P suPKHpN/(Z)Q 'Pr(A-G)|| =0 (Nnro éel Lexp (AnzrO log vl —npt2 27) + Nn'" éel 1ﬂtm/log T )
Fn n ntn

Next, we note that provided that \5557 5~ — 00, the expression on the right-hand side converges to zero. In
e Ll

fact, the first term is exponential. The second term has a factor that can be transformed into v/2 fzt% =
B3

o(1), if t, = o(1).

Consider now similar conditions for kernel-based estimators. As before, we can represent the finite-diofference

formula for the directional derivative of interest as

" -1
. ~ _( 1 Z— Zi
m(07n+6"w7z)_m(evn_e’ﬂwvz)_(nbiz ZK< by, ))

1=1

S [p (0.0 + enw,2:) = p (0,7 — enh, )] K (m _xi) :
=1

nblz by,
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We consider the class

z — -

G, = {lp (00 + e, = p (O = e N K (5

),96@,11},1767-["72'62}.

We noted before that the L; covering number for this class can be constructed as a product of covering
numbers for the classes forming the product. Provided that due to Holder-continuity there exists an envelope

€, for this class, we can represent
27 1
IOgNl (6||F||7gn7L1) < An 1Og E )
for sufficiently large A. This makes our entire previous discussion to be analogous to the kernel case. The

only difference arises in the exponential inequality. We notice that Var(f) = O (efﬂbff) for f € G,. This

means that the exponential inequality can be re-written as

. 1
P (e,ﬁ sup |Pnf2|1/2 > Bt) < Cexp (Anz”’ log e nﬂ2t2) .
fE€PR

We choose the sequence t, = O (cnb‘ff/ 2) for some arbitrary ¢, — 0, meaning that the decomposition into

d, /2

“large” and “small” 0,, will rely on the threshold Sc,b,*’“ as opposed to St,. Thus

P[J (0n, Pn)] = P [J (6, Pa) 1 (9n > ﬁcnbff/?) (0, Pa) 1 (9n < ,Bcnbff/Q)]

1
5Cnb;if/2.

ro 1 2/1/2 d, /2 ” d /2
=n"° P sup |P.f7|"'" > Beaby? 7€) | + n"° Benby? log
Ve (fePn

Then decomposing the tail bound as before, we obtain

P sup
F

n

D [ O+ enh,z) = p(0,m — enh, z)] K (x;x)H
=1 n

nenbff —

TO— %5 1L, — — i 1 —5 — — 1
=0 (n O ab, e exp (Avf "log — 75~ nﬂ%ibffe?ﬂ) + 070726 Beaby 2, flog ) :
Y

ﬂcnb(riLZ/Q

nvn

. 1 1—~ypds/2 -
We notice that ¢, = o(1) and n*0 e}, Tpid=/ /logn?70~! — oo assures the convergence to zero.

A.5 Proof of Lemma 5

Proof. (1)

To find the convergence rate for the estimator 6 we need to find the “balancing” sequence p, that assures
that p,d (9,00) = Op (1). Using the assumption of the compactness of the parameter space, we cover it
using a grid with cells S;, = {0 2207 < p,d(6,00) < 2j}. The idea of the proof is to show that for any
given kK > 0 we can find finite 8 such that the probability of event p,d (é, 90) > [ is below k. Using a

partition of the parameter space, we can pick a finite integer M such that 2™ < 8. Then we evaluate the

probability of a large deviation p,d (5, 90) > 2™, We know that the estimator solves

Ve 15,0 (6) = 0, (1).
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If pnd (é7 90) is larger than 2 for a given M, then over the 6 in one of the cells Sj ., \/nsnLiprn (9)

achieves a distance as close as desired to zero. Hence, for every § > 0,

P(ea(eo)>2) s X p( e (-m])z o () rr @) 20
jzM
27 < Spy,

Then we evaluate the population objective, using the fact that it has p mean-square derivatives with Taylor

residual of order v:
|L5%Q (0)|| > C'd(6,60) + C'ey ",

where 6 is the zero of the population first-order condition and the approximated derivative has a known
order of approximation [|L$".Q (6o)|| = C’e;,~" for some constant C’. Substitution of this expression into

the argument of interest leads to

[tze@ - LinQ0] > Izme @) - [EQ @]
Therefore
swp (- [255.Q@)) 2 swp [25500) - L3R O - sw ||LT,Q )]
0€S; 0€S; 0€S; 1

Then applying the Markov inequality to the re-centered process for 6 € Sj .

P( sw [£5,0(0) - £5,00)] = Ca0.00) + e o

0€S; n

=)

—ofp log n 9= (-1)
"V nen '

Thus if p, =0 (1 [ BEn ) then the probability of interest is o(1).

(ii)

Consider a class of functions

E* |: sup HL?TPQ (0) - Li?p@ (9)H

0€S;

Cd(0,00) +C'eh ' +o (w%)

1
gn: {g('>0n+5n)_g('79n_5n)_g('700+8n)+g(',60_5n)7on:90+tn Zf:n}’

with €, — 0 and ¢, = O(1). We can evaluate the L? norm of the functions from class G, using Assumption
6 (ii). Note that
E[(9(Zi,0n +en) = g (Zi,0n —n))’] = O (en),

with the same evaluation for the second term. On the other hand, we can change the notation to 61, =
0o +en + Lo/ log " and 01, = 0y —en + %, flog n  The we can group the first term with the third and the

NEn

second one Wlth the fourth. For the ﬁrst group this leads to

2
tn [logn tn, [logn log n

Ziyen - - Zi,en—— = — |,
(g( ! +2 n5n> g( ! 2 NEn >>] O( NeEn

E
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and for the second group

2
tn [logn t, [logn log n

Z’ive n - - Zue n — I = .
(g( on 2 n5n> g< 2 2 NEn >> O( NER

Thus, two different ways of grouping the terms allow us to obtain two possible bounds on the norm of the

E

entire term. As a result, we find that

PfP=0 (min {sn, log n}) , [ €Gn.
nen

Next we denote §, = min {En, \/ lng:} Invoking Lemma 33 in Pollard (1984) and using Assumption 6 (iii)
we obtain that

P (Sup Pof* > 64571) <4A (5n)7v exp (—ndn) = 4Aexp (—n5n + V'log <5i>> .
Gn -

If nsi/ log n — oo, then this allows us to conclude that sup Py, f? = op (6n). Next we can apply the maximum

inequality from Theorem 2.14.1 in Van der Vaart and Wellner (1996) which implies that for the functions

1
/2o sup |Po f = Pf| S J(suanf%gn)
En G, En Gn

where J(-) is a covering integral:

with constant envelopes

5
J(6,F) = sgp/ V1+ N (6, F,L2(Q)) de.
0

For Euclidean class as in Assumption 6 (iii) we can evaluate J(9,G,) = O (5 log (%)) Using the expression

for sup P f2, we can evaluate

Gn
n On 1
,/—gn s;lnp|PnffPf\ =o0p (En”log (%)) .
3

1:;7; — 00, we see that §, = y/log n/(ne,) and

Then, provided that

log ( nEn )
n log n
\/isupanf*Pfl =0p [\ ——z— | =o(1)
En Gn log n
The statement of the Lemma follows directly from this result. O

A.6 Proof of theorem 8

Proof. This proof will replicate the steps of proof of Lemma 5. We perform the triangulation of the parameter

space according to the balancing rate p, into segments .S; , = {9 2207 < pnd(6,60) < 27 } For every § > 0,

Pa(an)=2) s X (e (Jrao])z o () ra@e) 2
> M
2§ < dpn
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We can then follow the steps of Lemma 5 to evaluate the upper bound for the elements in the sum on the

right-hand side as
e en A € en A 2j

P (s |E00) - 15,00) - 15,000 + L5060 2 0 (2)

€S n n

B | sup || L5n,Q(0) — L3,0 (9) - Li5,Q (60) + L, Q (60)|
0€Sj n 1 —(j-1)
< . =0 | pn 27V,
%7 /NEn
Thus if p, = O (y/ney) then the probability of interest is O(1). O

A.7 Proof of theorem 9

Proof. We can note that the scaled bias due to numerical approximation can be evaluated as

VE (£5,Q(0) G 0)) = 0, (et ) =0, 1.

We know that the estimator solves

Li,Q (9) = o (w%) .
Then
Ve (L0, (0) - Li3,00) + G (6) + 15,0 (8) - G (9)) =0, (1).
This means that locally

Ve (L,Q (8) = 17,0 (60) — 153,Q () — L57,Q (60) )

+V/RE L5, Q (00) + ViEa H(B0) (0 0) = 0, (1).

An immediate consequence of lemma 5 is that
vien (L,Q (6) = Li7,Q (00) — L57,Q (0) = Li7,Q (60)) = 0,(1).

Then we can apply the CLT to obtain the desired result. O

A.8 Proof of theorem 10

Proof. The rate of convergence adapts the proof of Theorem 3.2.5 of Van der Vaart and Wellner (1996) to
our case. Denote the rate of convergence for the estimator 0 by pn. Then we can partition the parameters
space into sets Sj ., = {9 2217 <, d(0,600) < 2j}. Then we evaluate the probability of a large deviation
pnd (5, 90) > 2M for some integer M, where p,, = \/ﬁalf"’, We know that the estimator solves

\/ﬁrnLinQn (§> = Op (1) .
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If pnd (é7 90) is larger than 2™ for a given M, then over the # in one of the shells S; ,, \/ﬁrnLiprn (9)

achieves a distance as close as desired to zero. Hence, for every § > 0,

> M en B 1 ~
P(pad(6,00)>2")< > P (ei‘éﬁ’,n (= 1£53,@n 0)]]) > —o («m)) +P(24(0,00) > )
jzM
27 < Spn,
Note that mean square differentiability implies that for every 6 in a neighborhood of 8y, g (6) — g (60) <

—d? (6,00). Then we evaluate the population objective, using the fact that it has p mean-square derivatives:
|L5%Q (0)|] > C'd(8,60) + C'er

where 6 is the zero of the population first-order condition and the approximated derivative has a known
order of approximation [|[L",Q (o) || = C’ er~! for some constant C’. Substitution of this expression into

the argument of interest leads to

| L57Q (0) — Li™Qn (0)|| > || L57,Q (0)|| — ||IL5%Qn (0)|| > C'd(6,600) + C'er ™ + 0, (T%rn) .

Then applying the Markov inequality to the re-centered process for 6 € S;

j —1
P (rav/n||L5"Q (0) — L"Qn (0)|| > Crav/nd (0,600) + C'rav/nel +0(1)) < C'ry /2012 2y
P P P

Then p, = +/n in the regular case and p, = r,+/n in cases where v # 1.

Finally also note that the evaluation for the expectation holds for 8 = 0y +txe,, as shown above. By Markov
inequality according to Theorem 2.5.2 from van der Vaart and Wellner (1998) it follows that the process
Tny/nL™ Qn (60) indexed by &, is P-Donsker. O

P

A.9 Proof of theorem 11

Proof. The result will follow if we can demonstrate that
N (Li,pg (é) — L5 ,5(00) — G (é) +G (90)) =0, (1). (A.17)

Because of the assumption that v/ne”~" — oo, the bias is sufficiently small. Therefore this is equivalent to
showing that

Virn (L0 (6) = 159 (60) — BL 3 (8) + EL 4 (60)) = 0, (1).
Because of the convergence rate established in theorem 10, this will implied by, with 7, = ¢! 77:

sup ira (L5 (6) — L5 3 (90) — BLS 3 (8) + BLS 3 (60)) = 0, (1).
a(0.00)50

O\ Frer=
The left hand side can be written as a linear combination of the empirical processes:
sup \/ﬁ%’[G(9+ts)—G(e—ta)—G(90+te)—G(eo—ta)].

d(O»OO)SO(ﬁ)
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Because of assumption 7, it is bounded stochastically by
0, (%" min (d (6, 6o) ,5)7) .

When /ne?™" — oo, d(6,60,) < O (ﬁ) = o(g). Hence the above display is o, (1). Therefore (A.17)
holds.

Recall that 6 is defined by Vnra (LS »g (é) = 0p(1). Then (A.17) implies that, using a first order taylor
expansion of G (0):

Vit (L5 5§ (80) = ELS g (80)) + H (60) /iirn (8= 60) = 0, (1).

A.10 Proof of Theorem 12

Step 1. We can verify directly that the argument in Lemma 4.1 in Kim and Pollard (1990) applies. Theorem
10 states that the rate of convergence of the constructed Z-estimator is r, = v/ne;,~”. Then we can partition
the parameters space into sets Sjn = {6 : 227" <r,d(0,60) < 2j}. Then we evaluate the probability of a
large deviation r,d (5, 00) > 2M for some integer M. Provided that

L% (5) =0, (1).
For every 6 > 0,
i) >#) s T r(ap Cliaonzon(3)) +r(ain) 29
27 < by,

Note that differentiability of the objective function implies that ;g (6) = O (d(6,60)). Using the property
of the numerical derivative operator, we establish that:

11579 0)]| > C d(6,00) + C'h,

Substitution of this expression into the argument of interest leads to

€ En 2 € € A 1
|E559 0) = Li5s 0] > | Li50 0] = |1L559 0)] = Ca6.00) + €'t 0y (1)

Tn

Then applying the Markov inequality to the re-centered process for 6 € S, , and using Assumption 7, we
find that

P ( sup 7 || L9 (0) — L7 (0)|| > Crnd(6,60) + C'raeh, + o0p (1)> <C"27.

0€S;.1
This means that § = 0o + Op (i)

Step 2. Consider the process

oy~ { A (60+:5), if b0+ L €o,
0, otherwise.



We also consider the centered process

_ En t i €
Wt — { Zn(t) = LS g (90 + ) it 60+ L €O,

0, otherwise.

As 6o is the interior point of ©, for sufficiently large n, g + tr;;* € ©. Then we can represent

- t
Wn(t) :Zl o |:L1 »9 (331,0904‘5) lpg (90+ ):|
Due to the differentiability of g(-) provided that rnel = o(1)
c t
rnLlfpg (00 + T—) — —Ht, as n— oo,

where H is the Hessian of g(-) at 6p. Then we consider the covariance

Tn 2 En s €n 13
cov (Whn(s), Wa(t)) =n (;) (E {leg (X, 0o + T—) Li%g (X, 0o + r—)}

e feaen-))

92

We recall that Li% g(w,0) = f,fp cig(z,0 + ley). Thus, provided that r, = /nel ™", we can represent

the expression for the covariance as the sum

[
_ t
cov (Wi (s), Wa(t)) = e, Z Z cick (E {g (X7 0o + % + l8n) g (X7 0o + 7+ ken

l=—pk=—p n

S t _ P r
-F [9 (X,90+ - +lsn>] E {9 <X,00 + P +k€n>:| ) =e, Z Z Hlk-

l=—pk=—p

Next, recall that v/ne2™" = O(1) and r,,* < Ce,,. Therefore, we can write

en e =€, (E [9(X,00 + (Cs + 1)en) g (X, 00 + (Ct + k)en)]

— E[g(X,00+ (Cs+1)en)] Eg(X,00 + (Ct+ k)en)]) — H(Cs +1,Ct + k),
as €, — 0. As a result

cov (Wh(s), Wa(t)) — i i cerH(Cs+1,Ct + k).

l=—pk=—p

Finally, Assumption 12 (iii) ensures that the Lindeberg condition is satisfied.

Step 3. Define the class of functions G, = {L{",g(:, 00 + ratty) — Lig(-5 00 + rotte), [t1 —t2| < 0n} with

0n — 0. We use Assumption 7 which suggests that
)" 1
vnsup [Poh—E[h][=0p (=) —),
heg,, Tn €n

and, therefore, we have

Puh— E[H| =0, [ &% 1
TnhS££L| wh — E[h]] = Oy Tnile, = o0p(1),
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because by assumption is bounded from above and ¢,, — 0. This means that process W, (t) satisfies

1
eI
the stochastic equicontinuity condition of Theorem 2.3 in Kim and Pollard (1990).

Step 4. Provided that the centered process Wi (t) is stochastically equicontinuous, then the process Z,(t) =

W (t) + rn Li%g(00 + ﬁ) is also stochastically equicontinuous. As a result, we conclude that
Zn(t) ~ W(t) — H(Oo)t,
where W (t) is the mean zero Gaussian process with the covariance function Hw (s, t).

Step 5. In the case where \/ﬁsﬁ_“’ — 00, rnt = 0(en). Consider the covariance function for the process

Wi (t):
en e = e 2" (E [9 (X, 00+ len + 0(sen)) g (X, 60 + ken + o(ten))]
— E[g(X,00 +len, + o(sen))] E [g (X, 00 + ken, + o(tsn))]) — H(l, k),

as €, — 0. As a result

PP
cov (Wa(s), Wa(t)) = > > ackH(L k),
l=—pk=—p
which does not depend on ¢ and s. Provided that the Lindeberg condition holds due to Assumption 12(iii),
application of the Lindeberg-Levy CLT leads to the conclusion regarding the normality of the limiting
distribution of Wy (t).
Q.E.D.

A.11 Proof of Theorem 13

Our proof will rely to a large extent to on the proof of Lemma 2. We first deliver the result regarding
the consistency of m(-). We consider the cases of the kernel and the sievfe estimator for m(-) separately.
Denote A(0,n,y:) = (p(0,m;9:) — m (0,m;2:));_, and G(6,n) = (E[A(0,n,Y3) | 2])_,. We note that from
Assumption 9[iii] it follows that Var (p (6,m;y:) — m (6,n;2:) ’z) < v. Select §, — 0 such that &, >

N log nl—270
nl—2r0 *

Denoting g, = €62/N we find that Var (P.p (8,m;y:)) /(4un)? < (logn)~', which implies
that the symetrization inequality for empirical processes holds.

Utilizing the proof of Lemma 2 we can write that
n

Z ka(zi) (A(@, n, yi) - G(97 n, ZZ))

i=1

max

We note that each element in the latter sum belongs to the class described by Assumption 9[iv]. Considering

||m (07 n, Z) -m (97 m, Z)H

the individual elements in the sum we can apply the simmetrization argument in Pollard (1984) and write

2
> 641/) .

zn:ka(Zi) (A - G)H > 8unN>

1
P sup —
(0,m,2)EOXHp X2 n i1

1 1 nu? 1
< 2exp (An%“’ log —) exp (,ﬁ n,un) + P sup =
Hn v (0,1,2)EOXH,xZ T

> pnk(zi) (Ai = Gi)

i=
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The second term can be evaluated with the aid of Lemma 33 in Pollard (1984):

P| sup —
(0,m,2) T

As a result, we find that

Zka zi) (A — GY)

i=1

2
1
> 64u> < 4exp (Anwo log ;) exp (—nv).

1, n A1 o o N 1 ne?é2
P sup ~[p"(2)Q P (A-G)| > §2Nexp<An 0log — — —
((G,n,z)ee)x‘l-tnxz n” =) ( > o & ebn 128 N2p

1
+ 4N exp <AnzrU log o nu) .

A similar analysis can be conducted for the kernel-based estimator for the conditional moment function. We
note that

Hm (97 m, Z) -m (67 7, Z)”

:(nblzx(;)) bdz( >[p(977yz)—m(97n7Z)}-

i=1

We note that the variance of each term in the summation has order O (bdz ) Using the proof of Lemma 3, we

find that the choice 6, > 4/ % guarantees that the stochastic order sup ||l (0,m,2) —m (0,1, 2)| =

(0, EOX M ,2€2
0p (0n)-

Denote G(6, 1, z;) = LI (0,1, 2;), and Gi(0,n,2) = L] ”’% m(0,n,z;) and G(0,7, z;) and G;(0,n, z;) their
population analogs. Then we can decompose

Gz, 0,m) W (z) (72 (8,1, ) — m (0,1, 20)) + (G2, 0,mW (26) = G2, 0, W (=) ) (72 (6,m, ) — m (6,1, %))
We can provide the same expansion for B().

Consider the difference G(zz,b’ n) ( ) (21,0 n)W(z;). From the proof of Lemma 2 it follows that

‘G zi,0,m) — G(zi, . This means that

sup
(0,M)EOXHn,2EZ

sup |G 0,mW )0, m,20) = Gis 0, MW (z0)m (0,1, 20) | = 0, (1).
(0,m)EOXHn,2EZ
We have also provided the proof that sup |l (8,7, 2) —m (0,m,2)|| = op(1). This would imply
(0,M)€EOXHp,2€2Z
that
sup |G 0, W () = Glaa 0, W (20)) (2 (0,1, ) = m (6,m,20))| = 0p(1).

(0,mM)EOXHn,2E€EZ

Then this means that

Z( (20, 0.m)' W (22)1i (60,1, ) = Gz, 0, )W (z)m (6,1, ) ) = 0,(1),
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provided that for n non-negative functions sup >, f(s) < >°"_, sup f(s). This proves that
s€S seS

3@ 9Q (0,m)

LTY1Q(0,1m) — [v;]

sup
(0,m)EOXHn

= 0p(1).

A.12 Proof of Lemma 6

The result of the theorem can be obtained by adapting the argument in Lemma 1 to the argument in the proof
of Theorem 9 of Nolan and Pollard (1987). We define the class of functions F, = {e.L{%,g (-,+,0),0 € N (60),
with envelope function F, such that PF < C. Then we can write

sup €| L1%g(0) — Ling (0) ] < sup |Sn(f)|-
d(0,60)<o(1) L‘ 1,p ) 1,p ( ) || n ('I’L _ 1) feFn | n )l
Noting (5.11), lemma 1 can be shown separately for the fi, (6) and S, (u) /n(n — 1) components of the
decomposition. Because assumption 14 is a special case of assumption 7, Theorem 3 applies with v = 1.
Therefore the result of lemma 6 holds for the fi, (-) component as long as e,. We will hence with no loss of

generality focus on S, (u) and assume that g (-, -, 0) is degenerate.

Due to Assumption 15, for each f € Fy, E|f|* = F |<—:nL§’,‘pg (-,(9)|2 = O (€n). Define t,, > max{ei/Z7 1ong}
as in Lemma 10 of Nolan and Pollard (1987). Under the condition n,/€,/logn — oo in lemma 6, for large
enough n, t, = €,. Denote &, = ut2 n®. By the Markov inequality,

P(sup |Sn ()] >5n> <6.'P sup |Sn ()]

fE€EFn fEFn

By assumption 6, the covering integral of F,, is bounded by a constant multiple of H(s) = s[1 + log (1/s)].
the maximum inequality in Theorem 6 of Nolan and Pollard (1987) implies that

P sw S,/ < CPH | sup [T 120
f€Fn fE€Fn

where T), is the symmetrized measured defined in Nolan and Pollard (1987). The right-hand side can be

further bounded by Lemma 10 in Nolan and Pollard (1987). This lemma states that there exists a constant

3 such that

P < sup |San (f)| > 8% 4n’ ti) <2Aexp(—2nt,),
fEFn

where A is the Euclidean constant in assumption 6. Since f(-) is globally bounded, |f(:)|*> < B|f(-)| for a

constant B. In addition, note that |Sen (f)| > |Tnf|. Therefore, we find that |T}, f*| < B|San (f) |, which

implies

P(sup Ty £2] > B 2ti> <2Aexp(—2nty).

fE€Fn
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Also note that HJ[-] achieves its maximum at 1 and is increasing for its argument less than 1. For sufficiently
large n the term % t2 < 1. Then

1 4°
PH {sup T f2|1/2/n} = P(H [7 sup |T, f2|1/2] 1{ sup |T, £ > inzti}
FEFn feF B

N feFn n
1 43?
+H {f sup |Tn f2|1/2] 1{ sup |Tn %] < in%i})
N feFn fEFn B
4> 5 2) {25 }
<1-P| sup Tn2>—n t, | + H|— tn| -1
(sup 1 s1> %5 ¥

_ 26
<2A exp( Qntn)—i—H(\/Etn).

Substituting this result into the maximum inequality one can obtain

P (fs;l}_)n [Sn(f)| > 6n) <né,;* (H (\2/—% tn) +2A exp(—Qntn))

=(tnn) "+ (ntn) P exp (=2ntn) — (tnn) " log ty.

By assumption t,n >> logn — oo, the first term vanishes. The second term also vanishes by showing that
n~ 't % exp (—2nt,) — 0, because it is bounded by, for some C,, — oo, 1/ (log nnn tn). Finally, considering

the term ¢, 'n~!log t,, we note that it can be decomposed into t,, 'n~"! log (ntn) — tnin~'logn. Both terms

tnn
log n

converge to zero because both t,n — oo and — 00. We have thus shown that for any u > 0

1
P (fseu})n |m5n(f)\ > u5n> = o(1).

This proves the statement of the theorem. O

A.13 Proof of Lemma 7
Proof. (i)
We note that for the projection part

1
sup  ——=||L{%a(0) — Li%p (0) || = 0p(1).
d(0,60)=0(1) ﬁ” Uph (0) = Lpp (0) || = 0p(1)

log2 n
n2e, °

As a result the U-process part will dominate and the convergence rate will be determined by its order

The rest follows from the proof of Lemma 5.

(ii)

The proof of this lemma largely relies on the proof of Lemma 5 Consider a class of functions

1 2
gn: {g('79n+€n)_g('yen_€n)_g('790+57L)+g('>00_5n)79n:60+tn (’:ngn}’

with €, — 0 and #, = O(1). We can evaluate the L? norm of the functions from class G, using Assumption
6 (ii). Note that

E[(9(Zi,2,0n +en) — g(Zi, 2,00 —e0))?] = O (en),
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with the same evaluation for the second term. On the other hand, we can change the notation to 61, =
0o +en + %’% and 01, = 6o + 2 + ty, log? . The we can group the first term with the third and the

7’L26

second one with the fourth. For the first group this leads to

tn log? n tn log? n 2 log® n
Z’i7 70 n 5 - Z’ia 50 n T 5 = ’
(g ( %01+ 2 n2e, ) 9 ( =0 2 n2e, © n2en

and for the second group

E

En

E [(g (%0020 + 5) =9 (112,020 — 7))2} —O(en).

Thus, two different ways of grouping the terms allow us to obtain two possible bounds on the norm of the

entire term. As a result, we find that
2 . log® n
Pf"=0(min{en, —— , f€Egn.
n2en

2
Next we denote d,, = min {Em 12% - }

€n

Due to Assumption 15, for each f € Fy, E|f|*> = E |enL§7pg(~,9)]2 = O (en). Define t,, > max{4,/?, &}
as in Lemma 10 of Nolan and Pollard (1987) then for nv/d,/logn — oo
T ()|l = 0p (57) ,

Fo n(n—1)

where T), is the symmetrized measured defined in Nolan and Pollard (1987). By Assumption 6 (iii), the
covering integral of F, is bounded by a constant multiple of H(s) = s[1+log(1/s)]. The maximum
inequality in Theorem 6 of Nolan and Pollard (1987) implies that

P sup |Sn(f)|/n<CPH {sup |Tnf2|1/2/n].
fE€EFn fEFn

Then the stochastic order of % Sup ez, [Sn(f)| can be evaluated as

lo nZey
1 5n g log n
YL sup 5.0 =0 (21080, ) =0, o (55)) _

En NEn feF, n2e2
log n

This delivers the result in the Lemma.

A.14 Derivation of the mean-value expansion (6.12)

Consider the mean-value expansion for an individual element EnLigg (a; é) at point 8y = 0. We split the

arguments into two components for the element |z — 6 +¢,|* and |z — 6 — ,|*. We will use the mean-value
expansion to represent the value of the objective function at 0 using the value at 0. Consider the following

cases for |z — 0 + e,|*.

1. Ifx>—e, and & — 6 > —&, then for § € [0,0] |z — 0 + €, = |+ €] — alz — 0 + £,|*16.
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2. If £ < —e, and z — 6 < —e,, then for 6 € [0,0] |z — 0+ e,|* = |24 €4|* + a|z — 6 +£,|*10. We note
that the latter mean-value expansion is valid with sign +. In fact, if 6 > 0 in the considered case,
then |z —0+e,| > [z +e,| and if § < 0 then |# — O +&,| < |z +&,|, making the mean-value expansion

valid.

3. If £ > —e, and © — 0 < —¢n, then these points lie in different “branches” of function |z|*. We use
the symmetry of this function about zero to represent the function using the expansion at the point
—z — e, < 0 such that both points are on the same “branch”. Then for 6 € [2(z + £,), 0] we have
|2 — 0+ en|® = |z + en|® + alz — 6+ en]*" (é - 2(3:—|—5n)).

4. If £ < —e, and z — @ > —¢e,, then these points lie in different “branches” of function |#|®. Then for

0 € [2(x+en),0) we have |z — 0 + £,|* = |z + &n|* — afr — 0 4,271 (é — 2(x+6n)).

We can also count the same cases for |z — 0 — e, |*.

1. Ifz>e, and z — 0 > &, then for 0 € [0,0] |z — 0 — ,|® = |z — en|® — oz — 0 — £,|*7 0.

2. Ifz < e, and z — 0 < &, then for § € [0,0] [¢ — 0 — e,|* = |z — £n|* + alz — 6 — £, 0.

3. If £ > ¢, and x Sy < &n, then these points lie in different “branches” of function |z|*. Then for
62z —en),0] wehave |z — 0 — e,|* = |z — en|* + alz — 0 — e, ! (é —2(x — sn)).

4. If & < €, and & — 0 > &, then for § € [2(z — €,),0] we have |z — 0 — e,|* = |# — &,|* — alz — 6 —
en|*! (é —2(x — sn)).

Combine those cases to include the first and the second ones indexed as in the lists above:

1.1 Leads to z > en, . — 0 > &: 2e,Lig (3;, é) =2, L1%g (2,0) — agn LT |z — 6°~10.

1.2 Leadsto|z| < en, |z—0| < &: 2en,L7g (m,é) = 2e,Li%g (z,0) - (\x R e - 5n|°‘_1) 0.

1.3 Leadstoz > &y, [z—0| < e 2e,Lig (a:, é) =2, L1%g (7,0)— (|x —O+en* P4z —0— 5n|"_1) 6+
20|z — 0 — en|* Mz — €n).

1.4 Leads to |z < en, . — 0 > & 2e, Li%g (x,é) = 2enL1%9 (2,0) — agn Li%|z — 0710 — 20|z — 0 —
en|* (@ —€n)

2.1 Not compatible

2.2 Leads to z < —€,, z — 0 < —&: 2e,Li%g (1:, é) = 2enL1%g (2,0) + aen Li% |z — 6]>~14.

2.3 Not compatible

2.4 Not compatible

3.1 Not compatible

3.2 Leads to |z] < &, z — 0 < —e: 2enL1"%9 (x, é) = 2en,L1%9g (%,0) + acn L2 — 61716 — 2alz — 6 +
en|* (@ +en)

3.3 Leadstox > ¢, z—0 < —¢: 2enL1"%g (ac7 é) =2, Li%g (, 0)+aanL‘ij‘2|x—é|a’lé—2a (|a: —O4 e Nrden)—|z—0—cn

3.4 Not compatible

4.1 Not compatible
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4.2 Leadstox < —ey, [z—0] < e 2e,Lig (x, é) =26, L%g (z,0)—a (|m e [ S Py 5n|°‘71) O+
20)x — 0 4 e, |z + £5).
4.3 Not compatible
4.4 Leadstox < —e,, z—0 > e 2enL17%g (:m é) = 2e,L1%g (, 0)—a5nL§TQ|m—9~|D‘719A+2a (|w —O4 e Nr4en)—|z—0—cn

We unify the cases in a parsimonious way. First, we note that we can collect 1.1, 1.4, 2.2, 3.2, 3.3 and 4.4

where |z — ] > e,,, thus for these cases (taking into account that |z — 0| > &,) we can write:
2e,Li%g (x, é) =2e,L7%g (2,0) — ag, LT |z — 6]* 'sign(z — 0)0
—2alz — 0+ e, Mz +en) (l{x < —e}l{z> -} — Mz —0>e)1{z < —En})
—2alz — 0 —e,|" Mz —en) (l{x —O>e ) {r<en} —1{z—0< —e,}1{z > En}) ,

where we used the fact that 1{|z| < e,} + 1{z > e,} = 1{z > —e,}. Second, we collect 1.2, 1.3, and 4.2

for the case where |z — 0| < &,:

2enL1"yg (x, é) =2e,Li%g (2,0) —a (|x R A [y £n|°‘71) 6

+201{x > ep | — 0 — " (z —en) + 201{x < —en}|x — 0+ £0|* (x4 €0).

We note that in all of these expressions we can represent the mean-value expansion as
2, L5"g (m é) =26, L% (2,0) — aen L%z — 6)° ' 1{|z — ] > . }sign(w — 0)0
-« (\x R e gy 5n|a_1> 1{|z — 6] < e.}0 + R(z,en).

We can write the residual term combining the above expressions for the derivatives. The final expression for

the numerical derivative is
2e,Lig (az, é) =2e,Li%g (z,0) + H (x, é) 0+ R(z,en).
The Hessian term takes the form
H (m, é) = aenLi%le — 0] "1 {|z — 6] > e, }sign(z — 6)
—a (|x R I [y anrH) |z — 0] < e},
and the residual term
R(z,en) = —2alz — 0+ e0]* (2 + €0) (1{95 < —e}1{z > —ent — Uz — 0> —e,}1{z < —en}>

—2alz — 0 —en|* (- en) (1{3& 0>z <en) -z —0<en)l{z> 5n}) .
Consider the term 2¢,L3% g (0). Noting that

2, Li%9 (2,0) = o + en|” — |z — €],

we can locally represent this element as:

L If x> ent enLihg (7,0) = alz + ) e, where £* € (—en,n).
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2. If & < —en: e, Li%g (2,0) = —a(—z + &%) 'e,, where " € (—&n,&n).

3. If x € (—en,en): €nLi%g (2,0) = &5 (|1 + 2" — [1 — 2|%), where z = x/en.

Thus, we can briefly express the numerical derivative of the objective function at 0 as

n

. 1 o1 . i
2e,L17%,9 (0) = - Z (04331’ + &% tsign(zi)enl (|zi| > en) + €5 (‘1 44

n

2
_‘1_7

n

a) 1(|zi| < 5n))
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Figure 1: Sample numerical first derivative (1st-order) for decreasing step sizes (from top to bottom)
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Figure 2: Sample numerical first derivative (2nd-order) for decreasing step sizes (from top to bottom)
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Figure 3: Sample numerical first derivative (3rd-order) for decreasing step sizes (from top to bottom)
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Figure 4: Mean-squared error of the estimated parameter
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Figure 5: Bias of the estimated parameter
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