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Abstract

This paper proposes a dynamic model of an order driven market with asymmetric
information and stochastic fundamental value. In equilibrium, informed traders submit
market orders only when they see a fundamental value far from the public price; oth-
erwise, they submit limit orders. Under fairly general assumptions, the price impact of
a market order is about four times larger than the price impact of a limit order; this
ratio is independent of the parameters of the model. The price impact of a market order
does not depend on the fraction of informed traders. Surprisingly, a higher fraction of
informed traders generates smaller bid-ask spreads. The ratio of intra-day price volatil-
ity to the average spread can be used to estimate the probability of informed trading.
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1 Introduction

This article studies the role of information in order-driven markets, where trading is done via
limit orders and market orders in a limit order book.! Given the importance of order-driven
markets,? there have been relatively few models to describe price formation in these markets.
This is due to the difficulty of the problem. Because in order-driven markets there is no
centralized decision maker, prices arise from the interaction of a large number of traders, each
of which can be fully strategic. The presence of traders with superior information about the
asset value further complicates the problem.

This paper proposes a tractable dynamic model of an order-driven market with asymmetric
information. It incorporates four key features. First, in contrast with most models with
asymmetric information in which the true asset value is assumed constant, we allow the
fundamental value to move over time according to a diffusion process.> This captures well
the fundamental uncertainty about the value of the asset. Also, it underlines the important
role of informed traders in price discovery under changing market conditions.

Second, the model has no order cancellation costs or monitoring costs. Traders arrive
randomly to the market, but once they arrive they are fully strategic and can change their
order at any time if they wish to do so. By contrast, most existing models assume that these
costs are so large that traders never cancel or revise their orders.*

Third, both the informed and uninformed traders in this model rationally revise their
orders based on all available information. In the case of the uninformed, this is the information
contained in the past limit and market orders, and in the case of the informed traders, it is

the public information together with their privately observed fundamental value. Given that

LA limit order is a price-contingent order to buy (sell) if the price falls below (rises above) a prespecified
price. A sell limit order is also called an offer, while a buy limit order is also called a bid. The limit order
book (or simply the book) is the collection of all outstanding limit orders. The lowest offer in the book is
called the ask price, or simply ask, and the highest bid is called the bid price, or simply bid.

2Today more than half of the world’s stock exchanges are order-driven, with no designated market makers
(e.g., Euronext, Helsinki, Hong Kong, Tokyo, Toronto), while in many hybrid markets designated market
makers have to compete with a limit order book (NYSE, Nasdaq, London).

3 Another paper which allows the fundamental value to be stochastic is Goettler, Parlour, and Rajan (2009).
They numerically solve for the equilibrium in a model where the fundamental value changes according to a
Poisson process.

4This feature is also present in Rogu (2009), but in his symmetric information model there is no fundamental
value and prices lie in an exogenously given fundamental band.



agents update rationally, they must have other reasons to trade besides profit; otherwise,
according to the “No-Trade” Theorem of Milgrom and Stokey (1982) there would be no
trading. Therefore, we assume that at the moment of entry the uninformed traders compare
their expected profit with a private cost ranging over some interval containing zero. This
implies that part of the trading population derives a private benefit from trading.’

Fourth, as in Foucault, Kadan, and Kandel (2005), traders are risk-neutral and have
waiting costs: they lose utility proportionally to the expected waiting time. Based on that,
traders are patient if they have small waiting costs, or impatient if they have high waiting
costs. As explained in Rosu (2009), this assumption generates a limit order book with orders
on different levels even in the absence of asymmetric information.® In order to focus on the
effects of asymmetric information, we assume that the waiting costs of the patient traders are
at least an order of magnitude smaller than the costs resulting from asymmetric information.
In other words, we assume that those traders are very patient.

Under this system of assumptions, we derive the equilibrium shape of the limit order
book and its evolution in time in relation to the fundamental value. The first set of results
concerns the nature of the equilibrium and the strategy of the informed traders. We note
that, alongside the fundamental value process there is also the public price, or the efficient
price, which is the uninformed traders’ expectation of the fundamental value conditional on
all public information (the order flow).

The limit order book always moves up and down along with the efficient price: after each
order, all traders modify their limit orders up or down to take into account the update of the
efficient price due to the information contained in that order. If we remove the dependence
on the efficient price, the equilibrium is stationary Markov and depends only on the number
of sellers and the number of buyers in the book. The value functions (expected utilities) of
the limit order sellers and buyers in the book satisfy a system of difference equations. The
system can only be solved numerically, and we derive several properties of the equilibrium

that way. Fortunately, the average properties of the limit order book, and the behavior of

5This benefit can be thought as coming from hedging needs or liquidity shocks.

6For example, a trader who places a sell limit order close to the ask waits less on average for execution,
but gets a lower price. A sell limit trader far from the ask gets a better expected price, but has to wait more.
Since agents can fully undercut each other, in equilibrium all these traders have the same expected utility,
and this makes the model easier to solve than models that do not allow for order cancellation.



the book around the average values can be expressed in closed form. Because the limit order
traders are very patient, this average behavior happens with probability almost equal to one.

The strategy of a patient informed trader depends on how far the fundamental value, v, is
from the efficient price, v°. The optimal order of the informed trader is: a buy market order
(BMO) if v is above v¢ plus a cutoff value; a buy limit order (BLO) if v is between v¢ and
v® plus the cutoff; a sell limit order (BLO) if v is between v® minus the cutoff and v¢; and a
sell market order (SMO) if v is below v minus the cutoff. The cutoff value is proportional to
the efficient volatility, which is the conditional volatility of the fundamental value given all
public information.

Put differently, an informed trader who observes an extreme fundamental value submits a
market order, while one who observes a moderate fundamental value submits a limit order.”
To understand why, we note that in the absence of private information a patient trader would
use a limit order in order to take advantage of the bid-ask spread. But an informed trader who
observes, e.g., a fundamental value well above the efficient price realizes that the order book
will drift upwards due to the action of future informed traders. This reduces the expected
profit from a buy limit order, thus making the buy market order more attractive. If the
fundamental value is above a cutoff, cashing in on the informational advantage with a market
order is better than waiting to be compensated for the limit order.

Once the informed trader makes the initial order choice, the behavior mimics that of an
uninformed trader. In other words, the equilibrium is pooling: if the informed trader observes
an extreme fundamental value, then he submits a market order and exits. But if submitting a
limit order is optimal (because the fundamental value is not far from the efficient price), the
informed trader does not want to lose the temporary informational advantage by deviating
from the behavior of the uninformed; nor does he want to cancel the limit order and submit
a market order instead.

The next set of results regards the price impact of a trade and the efficient price process.
Since both limit orders and market orders carry information about the fundamental value,
the efficient price adjusts after each type of order. A key result is that all types of orders
(BMO, BLO, SLO, SMO) are equally likely on average. First, if market orders were more

"This makes rigorous an intuition present, e.g., in Harris (1998), Bloomfield, O’Hara, and Saar (2005),
Hollifield et al. (2006).



likely than limit orders, the bid-ask spread would increase as limit orders were consumed by
market orders. As the bid-ask spread increased, limit orders would become more likely, to
the point where market orders and limit orders are equally likely. Second, if buy orders were
more likely than sell orders, price impact would increase on average the efficient price to the
point at which buy and sell orders are equally likely. Therefore, all order types are equally
likely. This argument also shows that the midpoint between the bid and the ask is close to
the efficient price, so it provides a good empirical proxy for it.

The average price impact of each type of order has a particularly simple form: A for BMO;
ul for BLO; —uA for SLO; and —A for SMO; where u ~ 0.2554 is a constant, and the price
impact parameter A is proportional to the fundamental volatility and inversely proportional to
the square root of total trading activity (the sum of arrival rates of informed and uninformed
traders). This implies that the price impact of a limit order is on average about four times
smaller than the price impact of a market order, and that this ratio (% ~ 3.912) is independent
of all the variables in the model. This result can be tested empirically.

The situation is different in states of the limit order book far away from the average, in
which the bid-ask spread is large and the midpoint is relatively far from the efficient price. In
that case, limit orders have the opposite price impact, e.g., a buy limit order has a negative
price impact. This situation only occurs with a very small probability.

A surprising result is that the price impact parameter A is independent of the ratio of
the arrival rates of informed and uninformed traders (the information ratio). First, a lower
information ratio decreases the probability of trading with an informed agent, and therefore
price impact should be smaller. But a smaller information ratio also makes efficient prices less
precise, i.e., the efficient volatility is larger. For this reason, price impact should be larger.
On balance, these two effects cancel each other.

The result above compares the average price impact in limit order books corresponding
to different values of the information ratio. If one fixes the information ratio and studies the
dependence of the price impact on the bid-ask spread, we show numerically that the price
impact of a market order is decreasing in the size of the spread. This is because when spreads
are larger, informed traders are less likely to submit market orders. This result can be tested

empirically.



The presence of informed traders ensures that the efficient price approximates the funda-
mental value. The speed of convergence is increasing in the information ratio: more informed
traders make the efficient price converge more quickly to the fundamental value. This sug-
gests that the unobservable information ratio could be estimated by measuring the speed
at which prices come back after a large order that moves the efficient price away from the
fundamental value.® Moreover, in a stationary equilibrium, the volatility of the efficient price
is approximately equal to the fundamental volatility. This result shows that the volatility of
the bid-ask spread midpoint is a proxy for the fundamental volatility.

Another consequence of asymmetric information is order flow autocorrelation. Biais,
Hillion and Spatt (1995) find that in the Paris Bourse the submission of each type of or-
der makes the subsequent submission of an order of the same type more likely; they call this
the “diagonal effect.” In this paper, because of the presence of uninformed traders, price
impact does not fully correct the pricing error (i.e., the difference between the efficient price
and the fundamental value). Thus, the pricing error is autocorrelated, and therefore the order
flow is also autocorrelated. Moreover, order flow autocorrelation has an inverted U-shape: it
first increases in the information ratio as long as the information ratio stays below one, and
it decreases above one.

The third set of results concerns the shape of the limit order book, as measured by the
bid-ask spread or price impact, in relation to trading activity, volatility, and information
asymmetry. Consistent with previous literature, we show that lower trading activity and
higher fundamental volatility generate larger spreads.® Smaller trading activity implies that
the volatility between two consecutive orders is higher, hence the uncertainty about the fun-
damental value is higher, which translates into wider bid-ask spreads. A similar argument
shows that a higher fundamental volatility causes a larger spread and price impact. These
predictions are tested by Linnainmaa and Rosu (2009), who use instrumental variables to
generate exogenous variation in trading activity and fundamental volatility.

A surprising result is that the average bid-ask spread is decreasing in the information ratio.

8The work of Pastor and Stambaugh (2003) shows that an aggregate measure of liquidity using such price
reversals can be used as a fourth factor, besides the three Fama—French factors, in a model of expected stock
returns.

9See Foucault, Kadan and Kandel (2005), Foucault (1999), and Rosu (2009).



In a static model such as Glosten (1994), in which the fundamental value is constant, a larger
percentage of informed traders increases adverse selection and makes spreads larger. But with
a moving fundamental value, a larger percentage of informed traders makes efficient prices
converge more quickly to the fundamental value. As the bid-ask spread measures the public
uncertainty in the fundamental value, more precise prices translate into smaller spreads.

This suggests another way of estimating the information ratio. The ratio of the intra-day
volatility of the spread midpoint to the average bid-ask spread depends only on the information
ratio, and not on the fundamental volatility or trading activity. This ratio therefore can be
used as a measure of the probability of informed trading, in the spirit of Easley, Hvidkjaer,
and O’Hara (2002).

Since both the informed and uninformed traders maximize expected utility, we analyze
welfare and information acquisition in this model. The expected utility of both the patient
uninformed traders and the informed traders (who are assumed patient) is decreasing in the
information ratio. This is true for the patient uninformed traders because their compensation
comes essentially from the bid-ask spread, which is decreasing in the information ratio. The
informed traders are worse off when the information ratio is higher because of the increase
in competition among them. By contrast, the impatient uninformed traders submit market
orders in equilibrium, and therefore benefit from the smaller bid-ask spread resulting from a
higher information ratio.

If informed traders can pay a fixed cost to acquire the right to observe the fundamental
value upon their arrival to the market, they choose to become informed only until to the point
where the benefit from doing so exactly equals the information cost. This means that the
information ratio is one-to-one with the cost of acquiring information.

The paper is organized as follows. Section 2 describes the model. Section 3 solves for
the equilibrium limit order book and describes the efficient price process. Section 4 discusses
welfare and information acquisition. Section 5 analyzes a numerical solution of the general

case. Section 6 discusses empirical implications of the model. Section 7 concludes.



1.1 Background Literature

The choice between market orders and limit orders has been analyzed in various contexts, see,
e.g., Chakravarty and Holden (1995), Cohen, Maier, Schwartz, and Whitcomb (1981), Handa
and Schwartz (1996), Kumar and Seppi (1993). Dynamic models of order-driven markets
include Foucault (1999), Foucault, Kadan, and Kandel (2003), Parlour (1998), Goettler, Par-
lour, and Rajan (2005, 2009), Back and Baruch (2007), and Rogu (2009). The price behavior
in limit order books has been analyzed theoretically by Biais, Martimort, and Rochet (2000),
Glosten (1994), OHara and Oldfield (1986), Rock (1990), and Seppi (1997). Models that an-
alyze liquidity traders, the dynamics of prices and trades and the convergence of prices to the
fundamental value include Glosten and Milgrom (1985), Kyle (1985), Admati and Pfleiderer
(1988), Easley and O’Hara (1987).

While in our model informed traders use market orders and limit orders equally likely,
much of the literature on order driven markets assumes that informed traders only use market
orders. See, for example, Glosten (1994) and Rock (1996). The argument is usually that,
in order to take advantage of their temporary informational advantage, informed traders
prefer to submit market orders and get immediate execution. Sandas (2001) rejects the
static conditions implied by the Glosten (1994) model, and also finds that liquidity providers
earn superior returns. Harris and Hasbrouck (1996) obtain a similar result for the NYSE
SuperDOT system.

Harris (1998) considers the dynamic order submission decisions of some stylized traders,
and shows that informed traders with a tight deadline submit market orders, while those
with a more distant deadline submit limit orders. Similarly, Kaniel and Liu (2006) propose a
model where informed traders do submit limit orders when information is long-lived.

Because our model has a moving fundamental value and competing informed traders, the
information is naturally short lived. However, we show that in equilibrium informed traders
may still prefer to submit limit orders, if the privately observed fundamental value is not too
far from the public (efficient) price. This is because there are benefits from supplying liquidity:
limit order traders essentially gain from the existence of the bid-ask spread. If informed traders
are risk-neutral and the fundamental value is close to the efficient price, there is no reason

why they should not want to get the expected profit from supplying liquidity.



Using experimental asset markets, Bloomfield, O’Hara and Saar (2005) show that informed
traders tend to use more limit orders than liquidity traders do. Moreover, informed liquidity
supply increases over time. The behavior they observe in these markets is similar to the
theoretical one predicted by our model: informed traders take liquidity with market orders
when the value of their information is high, and the provide liquidity otherwise. Our model
provides an equilibrium justification for the extent to which informed traders provide or
demand liquidity: ex ante the likelihood of all types of orders, buy or sell, limit or market,
must be the same.

Goettler, Parlour, and Rajan (2009) numerically solve a dynamic model of the limit order
book with asymmetric information. Informed traders, who decide whether to acquire infor-
mation at the beginning, observe the fundamental value of the asset, while the uninformed
traders observe it with a lag. Investors also have a private valuation on top of their estimate
of the fundamental value. They find that on average limit orders are submitted by informed
traders.

Foucault (1998) proposes a model with a moving fundamental value. Orders have a one-
period life and they are also subject to picking-off risks. These risks are also present in Handa
and Schwartz (1996). In our model there are no picking-off risks, as we assume that there
are no monitoring costs, so traders can immediately and fully adjust their limit orders to
incorporate the information contained in upcoming orders.

Kumar and Seppi (1993) propose a one-period model which assumes an exact factor struc-
ture for the uninformed order submission strategies. This factor structure therefore also de-
termines the structure of the informed traders’ strategies. Similar to Foucault (1999) and the
present paper, they find that limit order books are thinner in more volatile markets.

The empirical evidence on the information content of limit orders has been mixed. Biais,
Hillion, and Spatt (1995) bring evidence in favor of an information story, showing that, e.g.,
a buy limit order tends to increase the quotes. In contrast, Griffiths, Smith, Turnbull, and
White (2000) find that non-marketable limit orders have a significant price impact in the
opposite direction. Our paper allows for this possibility, namely in off-center limit order
books with sufficiently large spreads.

Hollifield, Miller, and Sandas (2004) test empirically whether optimal order submission is



a monotone function of of the trader’s private value for the asset. Traders’ private values are
assumed not get updated while the orders are outstanding. Hollifield, Miller, Sandas, and
Slive (2006) use data from the Vancouver exchange to estimate the gains from trade. They
find that traders with more extreme private values usually submit orders with low execution
risk and low picking-off risk, while traders with moderate private values submit limit orders

with higher execution risk and higher picking-off risk.

2 The Model

Consider a market for an asset which pays no dividends. The time horizon is infinite, and

trading in the asset takes place in continuous time.

2.1 Trading

The only types of trades allowed are market orders and limit orders, which are executed with
no delays. There is no cost of cancellation for limit orders.!® However, for technical reasons
we assume that, compared with order modifications, order cancellations can be done only
after an infinitesimal delay.!! Since new orders arrive at discrete, albeit random times, we
call the interval between two orders a period.

Trading is based on a publicly observable limit order book, which is the collection of all
the limit orders that have not yet been executed. The limit orders are subject to the usual
price priority rule; and, when prices are equal, the time priority rule is applied. If several
market orders are submitted at the same time, only one of them is executed, at random, while

the other orders are canceled.

2.2 Prices

The buy and sell prices for the asset are determined as the bid and ask prices resulting from

trading based on the rules given above. Prices can take any value, i.e., the tick size is zero.

10Tn most financial markets cancellation of a limit order is free, although one may argue that there are still
monitoring costs. The present model ignores such costs, but one can take the opposite view that there are
infinite cancellation / monitoring costs. See, e.g., Foucault, Kadan and Kandel (2005).

' This is in order to prevent market manipulation of the type described in the discussion after Proposition 8.

10



The fundamental value of the asset, or full-information price, v,, moves according to a
diffusion process with no drift and constant volatility: dv, = o, dW;, where W, is a standard

Brownian motion. We denote by
vy = E{v: | J:} = efficient price,

of = (Var{v | %})1/2 = efficient volatility,
where 7; is the public information at ¢, as defined below. Assume that the fundamental value
is normally distributed v; ~ N (v, (0f)?), and that (vf,of) is a Markov process given the
order flow, i.e., the changes in v and ¢° due to the future order flow depend only on their

current values and on the current limit order book.!?

2.3 Agents

The market is composed of two types of agents: informed traders and uninformed traders.
Both types of traders can be patient and impatient, in a sense to be precisely described below.
They trade at most one unit, after which they exit the model forever. The traders’ types are
fixed from the beginning and cannot change.

At any time t all agents know the complete history of market and limit orders, and they
know the current and past values of the efficient price v and the efficient volatility o¢. These
form the public information, 7;.

All agents in this model are risk-neutral, so their instantaneous utility function is linear in
price. Traders discount the future in a way proportional to the expected waiting time. If 7 is
the random execution time and P, is the price obtained at 7, the expected utility of a seller
is f(t) = E/{P. — v, — r(7 — t)}, where v, is the fundamental value at 7. (The expectation
operator takes as given the strategies of all the players.) Similarly, the expected utility of a
buyer is g(t) = E/{v, — P, — r(7 — t)}. The expected utility is also called the value function.

The discount coefficient r is constant.!® It can take only two values: if it is low, the

corresponding traders are called patient, otherwise they are impatient. As in Rogu (2009), we

12With a normal prior vy ~ N (vte, (05)2)7 Proposition 12 shows that the posterior distribution of v when a
new order arrives is not exactly normal, but is well approximated by the normal distribution. A similar result
holds for the assumption that the process (v¢, 0¢) is Markov.

13The nature of waiting costs is intentionally vague in this paper. One can interpret it as an opportunity cost
of trading. Another interpretation is that waiting costs reflect traders’ uncertainty aversion: if uncertainty
increases with the time horizon, an uncertainty averse trader loses utility by waiting.

11



assume that the discount coefficient of the impatient trader is high enough, which implies the
impatient agents always submit market orders. Then by r we denote only the time discount
coefficient of the patient agents.

All traders have a small one-time private benefit from trading, realized at the time of order
execution. This assumption is made in order to avoid no-trading regions for the informed
traders. The assumption is not strong: Proposition 15 shows that it is sufficient to consider

a private benefit as small as A/2, where A is the average price impact of a market order.

Informed Traders

Besides the public information, 7;, defined above, an informed trader who arrives at time ¢
observes the fundamental value, v,. Based on this, the informed trader decides whether to
enter the market, and if so, whether to use a buy or sell, market or limit order. Informed
traders only observe the fundamental value upon their arrival. For simplicity, we assume that
there are only patient informed traders. The informed traders arrive to the market according

to independent Poisson processes with the arrival intensity rate 2\Z.

Uninformed Traders

Uninformed traders are either patient or impatient, and are either buyers or sellers. There-
fore, there are four types of uninformed traders: patient buyers, patient sellers, impatient
buyers, and impatient sellers. All four types are assumed to arrive to the market according
to independent Poisson processes with the same arrival intensity rate, \¥.14

The decision to enter the market is based on a private one-time cost of trading, ¢, uniformly
distributed on the interval [—C,C]. This means that each trader who arrives at the market
makes the entry decision based on their private cost, c. For example, a seller who expects a
utility f — v¢ from trading would only enter the market if f — v > ¢.!5 A negative cost c

means that the agent has a private benefit of trading. This is done to avoid the “No-Trade”

4By definition, a Poisson arrival with intensity A implies that the number of arrivals in any interval of
length T has a Poisson distribution with parameter AT. The inter-arrival times of a Poisson process are
exponentially distributed with the same parameter, . The average time until the next arrival is then 1/\.

15 Alternatively, one can think of v¢ 4 ¢ as the seller’s total valuation for the asset, public and private. The
seller trades only if the expected payoff, f, is above the total valuation, v¢ + c.

12



Theorem of Milgrom and Stokey (1982), which says that there is no trading if agents trade
only for profit reasons.

This assumption also generates a downward-sloping demand: the probability that an
uninformed impatient buyer enters the market decreases with the offer price. For this reason,
the distribution of the cost ¢ also determines the extreme values of the limit order book:
Table 1 shows that, e.g., the sell limit order furthest away from the ask is placed at a distance

usually equal to about 2C/3 from the ask.

2.4 Strategies

Since this is a model of continuous trading, it is desirable to set the game in continuous time.
There are also technical reasons why that is useful: in continuous time, with Poisson arrivals
the probability that two agents arrive at the same time is zero, and this simplifies the analysis
of the game. Setting the game in continuous time requires extra care; see Rogu (2009) for
details. The concept of equilibrium is Markov perfect equilibrium (see Fudenberg and Tirole

(1991)).

3 The Equilibrium Limit Order Book

3.1 Intuition

Suppose the limit order book is empty and a patient seller labelled “1” decides to enter the
market and place a sell limit order at a price a; which is determined as a monopoly price.'6
When a second patient seller labelled “2” arrives, the two sellers must now compete. If
seller 2 undercut seller 1 at a price ay immediately below a;, then seller 1 would respond by
undercutting further. So in equilibrium ay should be significantly lower than a;, to the point
that seller 1 has no incentive to undercut. This implies that the two sellers have the same

expected utility: seller 1 gets a higher price (a;) but waits longer, while seller 2 gets a lower

price (ay) but her order gets executed first. The limit order submission strategy is always

16Geller 1 relies on the probability that some impatient buyer will place a buy market order and clear the
limit order at a;. If the price a; is high, the limit order takes on average a longer time to execute: as mentioned
in the previous section, there is a downward-sloping demand from impatient buyers. So the price a; depends
on the trade-off between getting a higher execution price and waiting longer.

13



spread-improving: seller 2 submits the limit order at a lower level than seller 1, seller 3 at
a lower level than seller 2, and so on. Moreover, no seller has an incentive to deviate and
change the order in the queue.

So far we have assumed that neither seller has superior information. But even in the
presence of asymmetric information it can be shown that the equilibrium is pooling, i.e.,
that the informed traders do not reveal their type. Indeed, suppose that seller 1 has more
information: at the time of entry he saw a fundamental value v significantly lower than the
efficient price v°. Because he knows that future informed traders are likely to also observe
low values of vy, seller 1 expects the limit order book to drift down on average. So he would
prefer to undercut seller 2 now and get a higher expected utility. In the absence of asymmetric
information, seller 2 would respond to this out-of-equilibrium behavior by moving her order
to ay: she knows that by placing a limit order below as seller 1 would get a lower expected
utility than her, so she has no incentive to further undercut. But in the presence of asymmetric
information, seller 2 realizes that seller 1 must be informed, so the best response is to undercut
seller 1 by an infinitesimal amount. This way, whatever information seller 1 has, seller 2 now
gets essentially the same expected utility by undercutting. So seller 1 has no incentive to
reveal his type.

Asymmetric information does make a difference in the decision of seller 1: since he does not
reveal his type but still expects the limit order book to drift down, he has an extra incentive
to submit a sell market order rather than waiting with a sell limit order. This leads to the
following optimal strategy of the informed trader 1: if the observed v is very low, submit a
sell market order; if the observed v is moderately low, submit a sell limit order. (The strategy
is symmetric on the buy side.) This implies that both market orders and limit orders carry
information: e.g., a sell market order potentially comes from an informed trader who observed
a very low v. This means that a sell market order decreases the efficient price, v°. Similarly,
a sell limit order decreases the efficient price, although usually by a smaller amount.

Given that the equilibrium is pooling, up to changes in the efficient price due to order
flow, the only state variables that matter are m, the number of sell limit orders; and n, the
number of buy limit orders in the book. The limit sellers in the book have the same expected

utility (value function) v®+ f,, ,, and the limit buyers have the same value function v+ gy, .

14



Because the arrival of each type of order changes the states (m,n), the value functions f and
g satisfy some recursive difference equations. The search for the equilibrium then reduces to

finding the solution for these difference equations and understanding its properties.

3.2 Equilibrium

We start with the arrival rate of uninformed sellers, \¥; the arrival rate of (patient) informed
traders, A%; the time discount coefficient of patient traders, r; and the fundamental volatility,
0y, 1.€., the volatility of the fundamental value, v;. We define a set of numbers and parameters

that are used extensively throughout the text.

Definition 1. We denote by ®(-) the cumulative density for the standard normal distribution

N(0,1). We define the following numbers:

a = -0 (1/4) ~ 0.6745,
B o= e o 07867,
u = e2-1 =~ 0.2554.
We define also the following parameters:*”
A= 20U 4 20T = trading activity,
i = A\ = information ratio,
e = r/A = granularity,
o = oo/ VA = inter-trade volatility,
A = lfUQ o ~ 137020 = price impact parameter,
O = 15} # A = efficient volatility parameter
k= li’ii, ap ~ 1.2729 = information decay parameter.

We assume that the trading activity A, the information ratio i, the patience coefficient r,
and the fundamental volatility o, are exogenous, and we study how the equilibrium shape of

the limit order book and the behavior of the efficient price v¢ depend on them.

1"We could define total trading activity as the sum of the arrival rates of all types of agents, A = 4\ +2)7T.
But because on average only half of the uninformed traders who arrive to the market decide to place an order,
it is more appropriate to define total trading activity as the actual arrival rate of orders: A = 2AY + 2)\Z.
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The next theorem describes the equilibrium limit order book. For simplicity of exposition,
the proof of the theorem is broken into Propositions 1-9. The results are interdependent, in
that most of them depend on the other results being true. Propositions 1, 2, 3, and 5 refer
to the equilibrium in general. The other results focus on a set of states which occurs with
probability almost equal to one.’® We also require that the efficient volatility o¢ be equal to
its steady-state value.'® We call this the average limit order book.

The results in this section assume, first, that the asset is relatively liquid: trading activity
A is high compared to fundamental volatility o, or equivalently A = \‘;—”X is small; and second,
that the patient traders are very patient: ¢ = { is much smaller than A (see Proposition 4
for more details); this can be done by choosing a small patience coefficient r. The results of
Theorem 1 are approximate statements: the statement about the probability of various order

types holds with an error of the order of A; the other statements hold with an error smaller

than the order of A.

Theorem 1. Under the assumptions above, there exists a pooling stationary Markov perfect

equilibrium for which, in the average limit order book:

e Upon observing a fundamental value v when the efficient price is v¢, the informed trader
submits: a buy market order (BMO) if v —v® > ao.; a buy limit order (BLO) if
v—2° € (0,a0.); a sell limit order (SLO) if v—v° € (—ao.,0); and a sell market order

(SMO) if v — v < —ao.. Here o, = ﬁ(% + 1)A s the efficient volatility parameter.
o All order types (BMO, BLO, SLO, SMO ) are equally likely ex ante, with probability i.
o After each order the whole limit order book moves, along with the efficient price v¢, by:

Ao =, A, =ul, Ay, = —ul, Ay, = —A. In particular, 3210 = 1 ~ 39152,

)
ABL()

e The average bid-ask spread is § = kao, + A(1+u(l —k)), where k = 11’;1@ is the infor-

mation decay parameter. § is increasing in fundamental volatility o,, and is decreasing
in trading activity A and information ratio i. The average ask price is v¢ + a = v° + %,

and the average bid price is v° + b = v° — g

18This set of states is defined by Case 4 of Proposition 3, with the additional requirement that the bid-ask
spread be less than the order of A. For more details, see Proposition 4 and the discussion that precedes it.

19This means that o® does not change when traders arrive at time intervals of equal length % By focusing on
steady-state results, we also ignore the role of time between transactions; this issue is addressed in Section 3.3.
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e The speed of convergence of v¢ to v (the inverse autocorrelation of the pricing error
1 ~ 1
—4 e (™ 0.8606 ()
T (14u)2 \i+1 . i+1

Proof. See Propositions 1-9. O

v® —v) equals 5, and 1S tncreasing in i.

We now analyze the equilibrium in more detail. The next result shows that the value
functions of the uninformed traders satisfy a system of difference equations, and that the
bid and ask prices depend on the value functions in a simple way. This allows one to find
where orders are placed in the limit order book, i.e., to determine the shape of the book.
A consequence of the next proposition is that the equilibrium “decouples,” i.e., the value
functions of the traders in the book do not depend on the efficient price v¢ or on the efficient

volatility o°.

Proposition 1. The limit order book evolves according to a Markov perfect equilibrium in
which the state variables are (m,n, v, o), with m the number of sell limit orders n the number
of buy limit orders, v° the efficient price, and o° the efficient volatility. The arrival of the
next order moves the order book to another state depending on the order type: BMO to
(m —1,n,v° + A,,0%,,), BLO to (m,n + 1,0° + A
A , SMO to (m,n—1,v°+A

SLO to (m + 1,n,v° +

e
BLO? JBL0)7

o¢..), where A, of are described in Proposition 5.

e
SLO? USLO) SMO’ Y smo

The expected utility of the uninformed limit sellers equals v¢ + fp, ., and the expected utility
of the uninformed limit buyers equals v + Gy, n, where fp,n and g, do not depend on v° or
o€, and satisfy a system of difference equations (3) in the Appendiz. The ask and bid prices

in state (m,n,v® o) are given, respectively, by

e _ e
v° + Umnp = U + fm—lﬂ"b + ABMO’
V4 bpn = V= Gmn-1 — Dgyo-

Proof. See the Appendix. O

The difference equations that f and ¢ satisfy are too complicated to be solved directly, so
in Section 5 we explain how to find an approximate numerical solution for the value functions.
For now, the more important quantity is the difference between the value functions from the
perspective of the informed and uninformed traders.

Because traders are risk-neutral, in the rest of the section we often omit the efficient

volatility component from the state variables (m, n, v, 0¢). We denote by QF = Q% (v, m,n, v°)
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the expected selling price minus the waiting costs from the point of view of an informed
trader, after the submission of a sell limit order, assuming that the informed trader observes
a fundamental value v and that the sell limit order has moved the book to the state (m,n, v°).
Similarly, we denote by QY = QY (m,n,v¢) = v° + f,., the expected selling price minus the
waiting costs from the point of view of an uninformed trader.?® Then the next proposition
shows that QF ~ QY + k(v — v°) for some number k € (0,1) which is increasing in the
information ratio 7. The intuition is: if an informed trader sees, e.g., a low fundamental
value, v, then he knows that the future informed traders are also likely to see low fundamental
values, and so their orders are likely to push the efficient price—and hence all other prices—
down. This knowledge makes the expected selling price for the informed trader Q% lower
than the corresponding value Q¥ for the uninformed trader. The parameter k is a measure
of information decay: if the information ratio ¢ is high, future informed traders arrive more
quickly and diminish the informational advantage of the current informed trader. Moreover,
they push the efficient price more quickly towards the fundamental value.

In the course of the proof of the next result, we see that the formula Q% ~ QY + k(v — v°)

in expected execution prices (minus waiting costs) translates to expected utilities into the

T

SLO(U,m,n,ve)

following formula: uzw R U — Dy — (V=0 — A, ) (1—Ek), where u;O =u
is the expected utility from the point of view of an informed trader before submitting a sell
limit order in state (m,n,v¢).2? We now compute the expected utility of the informed traders

and the patient uninformed traders.

Proposition 2. Consider a limit order book with m sellers and n buyers, with ask price

a = Gmy, and bid price b = by,,. Ift = MM s the information ratio, we define the

agt
Ttagi-

information decay parameter k = Suppose an informed trader arrives when the book
is in state (m,n,v), and observes a fundamental value v. Then, depending on the order

submitted, the expected utility of the informed trader is

20Here we assume that the informed and uninformed traders behave the same way until the order executes,
i.e., we assume that the equilibrium is pooling, which according to Proposition 8 is true.

21Due to price impact there is a difference between the utility before and after submitting an order. In
the previous proposition, e.g., gm,» represents the expected utility from waiting in the book after the BLO
is submitted. If instead we want the expected utility of an uninformed trader before he submits a BLO, this
equals Y | = gmi1.n — Ay, which takes into account the adverse impact of the BLO on the efficient price.
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u = v—(v*+a),

(U —v° = ABLO)(l - k) - (b - ASMO>7
UI ~ _(U_UE_ASLO)(]‘_k)+(a_ABMO>’
U = (v°*40b) —w.

S
l

The expected utility of a patient uninformed trader satz'sﬁes similar formulas, with v = v°©

u

and k=0:u =—a;u, =-N, — b0y )iu, =0, + (@A) ul =b.

BLO

Proof. See the Appendix. n

Next we discuss the strategy of an informed trader. Consider a limit order book in state
(m,n,v®) with ask price v® 4+ a and bid price v® + b. The bid-ask spread and the spread
midpoint are, respectively, s and v 4 p, where

s = a-—b,

p o= 5
We denote by Agno, Apro, Asro, Asyo the corresponding change in the efficient price v¢
after each type of order. Let also A} = —Agyo + (1 — k)Apro, AL = Agyo — (1 — k)Asro,
A= (A]+ A))/2, and A” = (A} — A})/2. The equilibrium behavior of the informed traders

in all possible states is given by the following proposition.

Proposition 3. In the setting of the previous theorem, consider the decision of an informed
trader who has just arrived at time t in state (m,n,v®), when the efficient price is v¢ =
vy. Suppose the informed trader sees a fundamental value v = v,. Then in equilibrium the

informed trader submits the following type of order:

Case 1: —|kp + A”| > s — A'. Then the order is: SMO if v —v® < p; or BMO if

v —0¢ > p.

Case 2: t|kp+ A"| > s — A > —|kp+ A”"| and kp+ A" > 0. Then the order is:

SMO ifv— vt < =55, SLO ifv—vt € (=225, 5542); or BMO if v —ve > %52,

) 1-k/2

Case 3: t|kp+ A"| > s — A > —|kp+ A”| and kp + A" < 0. Then the order is:

SMO ifv—ve<b;rAk1/22, BLO if v—v® € (%,%); or BMO if v —° >S a1
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Case 4: s — A’ > —\kp—i— A"|. Then the order is: SMO if v —v° < 8+A , SLO if

v—vee( SZAQ,HAH) BLO if v —° €(p+A SkA1> and BMO if v —v® > ==L &

In all cases BMO has a positive price impact, and SMO has a negative price impact. Assume
s, p sufficiently large compared with A”. Then, in Case 4, BLO has a positive price impact,
while SLO has a negative price impact. In Case 2, SLO has a positive price impact, and in

Case 3, BLO has a negative price impact.

The uninformed patient buyer submits BLO if s > —A,, + Ay, and BMO if s <

A0 T A,,. The uninformed patient seller submits SLO if s > A,,,, — A, ,, and SMO
if s <AL, — Asw-

Proof. See the Appendix. O

The intuition for this result is as follows. We note that in all cases the informed trader
uses market orders if the fundamental value is far enough from the efficient price, v°. Case 1
represents a situation in which the spread, s, is small and the spread midpoint, v + p, is
relatively centered (close to v¢). Then the informed trader has no incentive to submit a limit
order to take advantage of the spread, and is therefore better off placing market orders. Case 2
represents a situation where the spread midpoint is relatively off-center and positive, and the
spread is sufficiently large. Then the informed trader never submits BLO: there is a lot of
competition on the buy side (since the bid is closer to v® than the ask), while there is not
as much competition on the bid side. In that case, the spread is wide enough to support
SLO, but not wide enough to support BLO. Case 3 is symmetric to Case 2. Finally, Case 4
represents a situation with relatively centered prices and larger spreads. In Case 4 all four
types of orders are possible.

Proposition 3 shows that in Case 4, BLO typically has a positive price impact, and SLO
has a negative price impact. This is because the spread midpoint is relatively centered and
the spread is wide. This means that, e.g., SLO indicates a fundamental value in the negative
range. By contrast, in Case 2, SLO typically has a positive price impact. Case 2 can be
imagined as an off-center situation where the bid price is close to the efficient price, but the
ask price is well above the efficient price. This leads to a wide spread, and therefore the

informed has a good incentive to submit SLO, while BLO is never optimal as there is too
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much competition on the bid side. But this also implies that SLO is usually optimal when
the fundamental value is positive: the cutoff for BMO is large and positive, while the cutoff
for SMO is close to the efficient price. This shows that the price impact of an SLO in this
case is positive. This is surprising: a sell limit order is usually a negative signal.

From the previous result one can also see how the general equilibrium operates. Small

spreads (as in Case 1) lead to more market orders, hence to larger spreads. Large spreads

—s+A
k

li
s—A]

and i

(as in Case 4) make market orders very unlikely (as the cutoffs are large in
absolute value), which leads to more limit orders, hence to smaller spreads. In steady state
this tends to make market orders and limit orders equally likely in equilibrium. It also tends
to bring the order book to Case 4, since this is the only case in which the informed trader

submits all four types of orders.

Proposition 4. Assume that e = A>T, with § > 0. Then Case 4 of Proposition 3 occurs with
probability almost equal to one. The same is true if we further restrict Case 4 to include only
states in which the bid-ask spread is smaller than the order of A, the price impact parameter.
Under these conditions, the bid-ask midpoint is approximately equal to the efficient price.
All four types of orders (BMO, BLO, SLO, SMO) have approximately the same ex ante
probability, }1.

Proof. See the Appendix. n

If an order book satisfies Case 4 of Proposition 3 with a bid-ask spread of the order of
A, and if the efficient volatility o€ is equal to its steady-state value, we call it the average
limat order book. Starting with Proposition 6, we consider only the average limit order book.
Before that, we prove one more general result, about the changes in efficient price and efficient

volatility due to the four types of orders.

Proposition 5. Consider a limit order book in a state where the fundamental value cutoffs
for the optimal strategy of the informed trader are wy,wsy, ws, as described in Proposition 3,
i.e., we assume that BMO 1is optimal for v — v® € (wy,00), BLO for v —v® € (wq,wq), SLO
forv—v° € (w3, ws), and SMO for v —v® € (—oo,ws). Then the efficient price v° changes

after each type of order by the following amounts:
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where o€ is the efficient volatility, and ®(-) is the standard normal cumulative density. After
an order of type j € {BMO, BLO, SLO,SMO} the efficient volatility changes from o€ to of

given by Equation (5) in the Appendix.
Proof. See the Appendix. O

A A

BLO? SLO?

This implies that the efficient price changes, A A depend on the

BMO» SMO

cutoffs for the fundamental value wy, wsy, ws. Proposition 3 shows that, in turn, the cutoffs
depend on the efficient price changes. The endogenous nature of these variables is the reason
why we have to look for numerical solutions to the general problem. (This is done in Section 5.)
Fortunately, in the case of the average limit order book one gets closed form solutions.
First, we note that Proposition 4 implies that in the average limit order book the cutoffs
w1, Wy, ws are so that all four types of orders are equally likely. Because the fundamental value
v is perceived as normal with mean v° and standard deviation o€, the ex ante probabilities

that an informed trader submits a certain type of order are: P, , = 1—®(%), P, =

QL) — ®(22), Py, = ®(22) — ®(%2), Py, = ®(%2). Since all orders are equally likely,

o€ o€ o€

we can determine the cutoffs: w; = v® + ao®, wy = v, w3 = v° — ac®, where « is given, as
in Definition 1, by ®(—«) = ;. Substituting these cutoffs in Proposition 5, we get A, , =
uA A, = —uA A, =—A

SL0 where u = e*/2 —1. This implies that all efficient

BMO» BMO? SMO BMO?

price changes are constant multiples of A, .
The next result gives necessary and sufficient conditions for stationarity of the equilib-

rium in the average limit order book, and determines the value of A, as the price impact

o

2
14-u?

parameter A = o from Definition 1.

Proposition 6. The equilibrium is stationary in the average limit order book if and only if

A

= A, or equivalently if the inter-trade volatility o = Liu? Ao, or equivalently if the

BMO 2

efficient volatility o = o,.
Proof. See the Appendix. n
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There are two ways of looking at this stationarity result. One, given the assumption
of normality of v made by the uninformed (v ~ N(v¢ ¢¢)), is to require that the variance
of the prior does not change, i.e., Var(vyy 1 — vf, ) = Var(v, — vf). Now, each order contains
information, so it reduces the variance of the prior. But the passage of time increases the prior
variance because the noise of the fundamental value v from the perspective of the uninformed
increases with time. Then stationarity means that these two effects cancel each other out,
and the efficient volatility, o€, stays constant.

Another way is to observe that the volatility of the efficient price is a good proxy for the
fundamental volatility. (This is proved in Proposition 9.) Because of that, one should expect
the inter-trade volatility o to be equal to the volatility of the efficient price change. This
change equals £A , or £uA ,,, , with all four possible changes equally likely (as proved in

Proposition 4). But the variance of this change is () A2 so it should be equal to the

2 BMO’

inter-trade variance, o2.

Corollary 1. If the equilibrium is stationary, then in the average limit order book the optimal
strategy of an informed trader is to submit: BMO if v—v°® € (a0, 00); BLO ifv—v°® € (0, a0.);
SLO if v —v® € (—ao.,0); SMO if v —v® € (—o0,—ao.). The efficient price changes
corresponding to all types of orders are:

Ao=A A, =ul A, =-ul, A, =-A, (1)

SLO

where A is the price impact parameter from Definition 1.

Proof. From the discussion following Proposition 5, the optimal cutoffs are: w; = v® + ao®,

A pumy

SLO

wy = V°

—uA

, w3 = v° — ao®, and the efficient price changes satisfy A, , = uA,,,,

Ao = —A,,,- Proposition 6 implies that A, , = A and 0° = o.. O

BMO"? SMO

Corollary 2. The price impact of any type of order in the average limit order book does not

depend on the information ratio, i.

Proof. From Proposition 6, A = Wﬁ o= 1/1+% \J/_UX Since o, and A are exogenous, the
price impact parameter A does not depend on the information ratio 7. But according to

Proposition 5 the price impact of any type of order depends only on A. O
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This result is surprising. One might expect that a higher information ratio increases the

probability of trading with an informed agent, and therefore the price impact, A of a

BMO>
buy market order should be larger. But one also needs to take into account that a higher
information ratio also makes prices more precise, i.e., the efficient volatility, o, is smaller.
For this reason, the price impact should also be smaller. On balance, these two effects cancel

and the efficient price adjustment, A does not depend on 1.

BMO?
In the case of the average limit order book, the next proposition computes the average

bid-ask spread, and the average bid and ask prices.

Proposition 7. In the average limit order book

s = kao.+A(l+u(l—k)) = the bid-ask spread,
ve+a = Ve 4+ % = the ask price,
Vb = v — g = the bid price,

where v¢ is the efficient price, and o, B,u, A, 0.,1,k are as in Definition 1. The average

bid-ask spread can also be written:

ak—i-aki 1+u+aki 2 Oy
TR B+ : Z (2)
1+ axi 14 axe L4+u? /)

It increases in the fundamental volatility, o,, and decreases in the total trading activity, X,

and information ratio, 1.
Proof. See the Appendix. O

The next result shows that the equilibrium is pooling. This means that an informed trader
who submits a limit order does not deviate from the strategy of an uninformed trader. The
informed trader can deviate either by undercutting after the initial order submission, or by

cancelling the limit order and submitting a market order instead.??
Proposition 8. The equilibrium is pooling.

Proof. See the Appendix. O

22 An uninformed trader does not undercut, because that does not change his expected utility. Also, an
uninformed trader does not modify the limit order to a market order: once his initial value function is larger
than the private one-time cost, ¢, the subsequent value functions only change by the waiting costs, which are
assumed very small. So with probability almost one, his value function stays above c.
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The intuition for this result is given in Section 3.1. We note that the pooling result in limit
order books is very general. For example, it works also in an informed-only model, as long as
the quality of information is different across agents, e.g., if informed traders who arrive later
have more precise information that informed traders who arrived earlier (which is the case in
our model).

One consequence of the proposition is that informed traders do not switch sides, e.g.,
from buy limit orders to sell limit orders. This is because doing so reveals that they are
informed traders, so the uninformed traders (or less informed traders) would then be better
off undercutting the informed trader.

There is one more type of market manipulation that needs to be ruled out. Suppose
a newly arrived uninformed impatient seller arrives to the market and finds a bid price, b.
Consider the strategy to submit a buy limit order instead. Then, as buy limit orders are
usually interpreted as positive signals, the efficient price should increase right away by A, .,
and along with it all other limit orders, including the one previously at the bid. Now, the

new trader may cancel the buy limit order and submit a sell market order at b+ A thus

BLO?
improving the execution price. This type of behavior is ruled out by the assumption made
in Section 2: compared with order modifications, order cancellations can be done only after
an infinitesimal delay. This means that after the new trader cancels the buy limit order, the

traders in the book realize it was just market manipulation, and they have enough time to

move their limit orders back to their previous level.

3.3 The Price Process and the Order Flow

In this section we take a closer look at the efficient price process and at the filtration problem
that generates it. Recall that in the “average limit order book” the efficient volatility o¢ is
equal to its steady-state value, i.e., 0¢ remains constant if traders arrive at time intervals of
equal length, % But in fact orders arrive randomly, according to a Poisson distribution with
intensity A, so the time intervals are also random (exponentially distributed with parameter
A). Later in this section, we explain the role of time in the price process, and investigate how
price impact depends on the time elapsed since last transaction.

First, we analyze in more detail the price process for the average limit order book, in which

25



the time between transactions is constant, 7 = % We have a fundamental value, v, which
moves according to a diffusion process, and an efficient price, v®, which is brought closer to v
by the actions of informed traders. Corollary 1 shows that the efficient price moves only after
an order is submitted, by +A or +uA.

In order to describe the joint dynamics of v and v¢, consider the arrival of a trader at time

t. This trader is either informed, with probability or uninformed, with probability 24%1 It

i1
the trader is informed, the order submission depends on how the pricing error v, — vy compares
to three cutoffs —awoe, 0, ac. (see Corollary 1). If the trader is uninformed, all four order
types are equally likely. We denote by b; the Bernoulli binomial random variable with success
probability #17 where i is the information ratio; by ¢ the 1 x 4 vector [1,u, —u,—1]; by a4
the discrete random variable which can take the values 1,2, 3,4 with equal probability %; and
by wy = vy — vf. Then, if vf, is the efficient price immediately after the order is submitted,
ul + 1 (—ul) + I —A)] + (1= b)(as) A,

Uf+ = /Uf + b'L |:I A + [ wte[—ag(i’o) 7Ut<—(¥”e<
where I the indicator function: I, = 1 if  is true, and I, = 0 if z is false. Using this formula,

wg>aoe wi€[0,a0¢)

we derive several properties of the price process.

Proposition 9. We denote by 7 = % the average time interval between orders. Then in the

average limit order book,

. . . e e\ 4 1+'U,2 i 2 ~
1. The pricing error autocorrelation is Corr(vi, — vy, v, —vf) = 1 — 2 Tru)? (z+_1)

1 — 0.8606 (HLI)Z The speed of convergence of the efficient price to the fundamental

1
7 Corr(veqr—vg, ,v0e—vf)’

value 1S 1ncreasing in i.

2. Efficient price changes, vy . — vy, are uncorrelated with each other.

3. The volatility of change in the efficient price equals the volatility of change in the fun-

damental value: Var(vf, . — vf) = Var(vy, — vy).?

Proof. See the Appendix. O

The pricing error is autocorrelated because of asymmetric information: in the presence of
uninformed traders, price impact does not fully correct the pricing error. A small percentage

of informed traders (or a small information ratio i) makes prices converge slowly, so the

23 According to Proposition 6, this equality is equivalent to the equilibrium being stationary.
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pricing error is persistent, i.e., its autocorrelation is high. Therefore, the inverse correlation
coefficient is a measure of the speed of convergence of the efficient price to the fundamental
value.

Despite the fact that the pricing error is autocorrelated, the efficient price changes are
uncorrelated. If they were not, uninformed traders would be able to predict the direction of
the price change and would further adjust the efficient price. The fact that the volatility of
the change in efficient price is the same as the volatility of the change in fundamental value
comes from the stationarity of the equilibrium.

We now describe the properties of the price process by taking into account that the time
between transactions is random. Recall that the fundamental value follows a diffusion process
dv; = o, dW;. We adapt Proposition 5 to deal with different time intervals. Recall that the
fundamental value cutoffs for the informed trader are: w; = ao., wy = 0, wy3 = —ao,,
where o, is the efficient volatility parameter (a constant depending on the information ratio
i). Then at time ¢ the price impact of buy market orders and buy limit orders is given by:
-3(2)° (A A

yand A, =03 ﬁ+¢>(’j—§%)f®(’j—§)

Proposition 10. As a function of time since last transaction:

1
V2 e
1 w1
EH*‘I’(g)

N e
ABMO - Ut

o The efficient volatility, o¢, is increasing;

e The price impact of a buy market order, A 1S INCreasing;

BMO?’

o The price impact of a buy limit order, A s decreasing.

BLO?’

To get intuition for these results, we note that the efficient volatility oy is a measure of the
public uncertainty about the fundamental value. If the time since last transaction is longer,
there is no order flow to reduce the uncertainty, and so the efficient volatility gets larger.
This also means that an informed trader arriving at ¢ is more likely to observe an extreme
fundamental value. Thus, market orders from the informed traders more likely, and therefore
the price impact of a market order is stronger: a market order is more likely to come from an
informed trader. Conversely, the effect of a limit order is weaker: a limit order is less likely

to come from an informed trader.?*

1

24Tn this paper we assume that the average time between transactions, %> does not change. Suppose instead
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We now analyze the order flow and show that in the presence of informed traders the
order flow is autocorrelated. This is because informed traders choose their orders based on
the privately observed fundamental value v. Since v is autocorrelated (it is a random walk)
and since the uninformed traders prevent the efficient price from converging instantly to the
fundamental value, the order flow is autocorrelated.

Moreover, we show that the autocorrelation of the order flow has an inverted U-shape with
respect to the information ratio ¢. Proposition 9 shows that the autocorrelation of the pricing
error is decreasing in ¢, but this autocorrelation only affects the orders of the informed traders.
When ¢ is small, despite the pricing error autocorrelation being large, the number of informed
traders is small. As the latter effect dominates, the order flow autocorrelation is actually
increasing in ¢ when ¢ is small. When i is large, the former effect dominates, and the order
flow autocorrelation is decreasing in ¢. This intuition is made rigorous by Proposition 11.

We define order flow autocorrelation as the percentage difference between the conditional
probability of a market order, P(BMO,,, | BMO,), and its unconditional probability, which
according to Proposition 4 is equal to 1/4. We denote by I, the indicator function, ¢ the

standard normal density, and ® the standard normal cumulative density.

Proposition 11. The order flow autocorrelation is

P(BMO,., | BMO,) —1/4 T+4il 1+ 4id(Tt=8=00%
(B0 | BUOY 11 _ [V +0iLy b))
1/4 141 141
It is increasing in i for 1 < 1 and decreasing in i for i > 1.
Proof. See the Appendix. n

The next table displays the order flow autocorrelation for selected values of .

Information ratio ‘ 0.01 0.1 0.5 1 5 10 100
Order flow autocorrelation‘0.0Q% 0.85% 5.17% 6.15% 3.86% 3.03% 2.14%

trading activity A varies over time and traders infer A from the order flow. Then a larger time since last
transaction suggests reduced trading activity, which makes the price impact parameter A larger (A varies
inversely with v/)), thus the price impact is larger for both market orders and limit orders. This strengthens
the results in Proposition 10 for market orders, but weakens it for limit orders.
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We now discuss the assumption that the fundamental value is normally distributed and
that the price process is Markov. In the average limit order book, assume that the prior dis-
tribution of v given v® is normal: v; ~ N(v¢, 02). Then we compute the posterior distribution
given the order flow, and compare it to the normal distribution. Consider an order of type
j € {BMO,BLO, SLO,SMO} submitted at time t. We denote by w* and w? the upper and
lower cutoffs for order j, respectively, as in Corollary 1: if j = BMO, w? = ac,, w* = oo;
if j = BLO, w? = 0,w* = ao.; if j = SLO, w? = —aoc.,w* = 0; and if j = SMO,

w? = —o0,w" = —ao..

Proposition 12. If 7 = %, the density of viy, conditional on vy and order j is:

Cv)? ] 44 {‘P< = U%g) - <1>< ce(e—vf) _ w“V"z*"g)]

1
e 2 o2+o? U\/02+Ug 00, U\/02+Ug 00e

f@) = 27(0% 4 02) 142

)

where the cutoffs w" and w? for order j are defined as above.
Proof. The computation is similar to the proof of Proposition 11. n

If F(z) and G(x) are two cumulative density functions (CDF), we define the CDF error
as max, |F'(z) — G(x)|. The next table displays the CDF error when F(x) is the posterior
distribution corresponding to order j = BMO, BLO as in Proposition 12, and G(x) is the

normal distribution N (v, o2).

Information ratio 0.01 0.1 0.5 1 5) 10 100
CDF error for BMO | 0.48% 2.89% 6.56% 6.64% 2.87% 1.80% 1.46%
CDF error for BLO | 0.50% 3.12% 7.31% 7.45% 4.03% 2.90% 1.60%.

The maximum CDF error for BMO equals 6.817% and is attained at i = 0.895; the maximum
CDF error for BLO equals 7.617% and is attained at ¢ = 0.832.

The same type of analysis shows that the Markov approximation for the efficient price

1

process vy is good. We perform the analysis only for two successive BMO. If 7 = 1, we define

E(’l)t+7 I UtE,BMOt,BMOtJ,_T)*

the Markov error N

22 " The maximum Markov error is 3.990%, attained

at ¢« = 0.206.
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4 Information Acquisition

In this section we assume that, in exchange for a fixed cost 7, patient traders can observe
the fundamental value v; upon entering the market. The decision to become informed is
made before observing the actual state of the limit order book, based only on its average
properties.?> We first study how the expected utility of the informed an uninformed traders

depends on the information ratio. Recall that, according to Proposition 7, the average bid-ask

e = [ agtags 1tutage
spread is § = <1+a = + Trars >A where A =

T +u2 f does not depend on .

Proposition 13. We denote by U™ and U" the unconditional expected utility of the informed

traders and the uninformed (patient) traders, respectively. Then

UI _ 1+u(1-—k)’ Uu _

5 — A1+ u).

DO | »

Both U" and U" are decreasing in the information ratio 1. The informational advantage,

Ut — Uu, 18 also decreasing in 1.
Proof. See the Appendix. H

The results are intuitive. An informed trader gets a lower utility from a higher information
ratio, as this implies more competition and a quicker loss of informational advantage. But the
uninformed traders also have a lower utility, since their compensation is determined by the
bid-ask spread, which is decreasing in i. The only traders who benefit from more competition
among the informed are the impatient uninformed traders, who have an expected utility of

—2, which is increasing in 4.

Now, consider the case with few informed traders, i.e., ¢ is low. Their expected utility

U' = w is very large compared to U", therefore incoming traders have a strong incentive

26

to acquire information.”® They do so to the point when there is no more informational

advantage from acquiring information.

25This assumption is not too restrictive since the average properties of the book occur with probability
almost equal to one (see Proposition 4).

26When 4 converges to zero, 5 converges to (ara + 1+ u)A, which is a finite number. Therefore, U s
finite, while U~ is infinite.
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Proposition 14. In equilibrium, the information acquisition cost equals the informational

advantage: v = Ut —u“.

Proof. In equilibrium, a trader is indifferent between acquiring and not acquiring information.

Therefore, if we include the cost v, the expected utilities for the informed and uninformed are

U

equal: U" —~ =U". O

This result implies the equivalence between having an exogenous information ratio, 7, and
an exogenous information acquisition cost, .
In the final part of this section, we discuss the utility of the informed trader conditional

on observing the fundamental value.?”

Proposition 15. In the average limit order book, the expected utility of the informed trader

after observing a fundamental value v is (w = v —v°): w— 35, if w > aoe; w(l — k) + 5 —

A(l+u(l = k), if w e [0,a0.); —w(l —k) + 5 —A(l+u(l — k), if w € [~ao.,0); and

s . .. . i(1— 1 _
—w— %, ifw < —aoc.. The minimum value is —2 wil=of)tltw-a.af
27 2 14ag

, attained at w = 0.

Proof. See the Appendix. O

This implies that the minimum expected utility of an informed trader is at least —%,
regardless of the information ratio i. In Section 2, the informed traders are assumed to
receive a private benefit from trading, so that it is always optimal for them to trade. The

previous result shows that it is sufficient to consider a private benefit of %.

5 Numerical Results

In this section we discuss an approximate solution to the general case described in Proposi-
tions 3 and 5. This allows us to determine several variables of interest: the maximum number
of limit orders in the book, the endogenous limits of the book, the minimum bid-ask spread,
and the standard deviation of the spread.

The difficulty in solving the difference equations resulting from the model (Equation (3) in

the Appendix) comes from the fact that they depend on two variables: the number of sellers,

2"The value computed in Proposition 13, UZ, is the expected utility of the informed computed before
observing the fundamental value.
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m, and the number of buyers, n. Our method is to search for an approximate solution which
considers only the variation in m. This is suggested by Proposition 4, which shows that the
average limit order book occurs with probability almost equal to one. Thus, we can study
only one side of the limit order book, assuming that the other side is in the average case.

We normalize C' = 1. Thus, in Equation (3) we set frnt1 = fmn-1 = fmn, and omit the

dependence on n. We denote by f; = f,,+A,,,. We get the following equations: fm(l_;m +
1+f/ . 1+f! . —a . .

+f2m+1 + 2Z(PBMO + PSLo)) = fm—&—l(% + 21 PSLO) + fm_l (1Tm + 24 PBMO) — 5(2 + 21), and
fm—1 = am — A,,,,. The last equation makes us able to replace f,,_1 by a,,, and get the
recursive equation only in terms of a,,. The probability of BMO and SLO from the informed

trader is computed using the cutoffs from Proposition 3. The cutoffs depend on the bid-ask

spread s and the midpoint p. Here, a = a,, and b = b = —%, so we compute s = a — b,
_ atb
p="5"

To solve the new recursive equation for a,,, we start with an arbitrary value az € (b, 1).
Then we compute as as a function of a; (and the fixed ag) from the recursive equation. In
state m = 1 the patient seller is a monopolist, so he chooses a level a; that maximizes his
expected utility, f; = ag — A,,,,- This produces the optimal level a;, which is the top order
in the limit order book. From this we also obtain as. We construct recursively the sequence
ai, as,as, ..., ay, with ap; the last value such that the following properties hold: the expected
utility fa; > b (otherwise the seller at ay; is better off submitting a market order at the bid;
and the sequence f,, is decreasing. We choose the largest value of ag for which the sequence
fim also goes below b (i.e., far41 < b).

Table 1 describes variables extracted from the numerical solution: the maximum number
of sell limit orders in the book (M), the highest level in the book (a;), the minimum bid-ask
spread, and the standard deviation of the bid-ask spread. For comparison, we also include
the average bid-ask spread. The numerical solution depends on several parameters: A, the
price impact parameter; €, the granularity parameter; and ¢, the information ratio. We choose

A = 1072, and let ¢ take three different values ¢ = 107%,1078,1071°. The information ratio

i = 0.01,0.1,0.5, 1,5, 10, 100.
<< Table 1 about here >>

We find that the maximum number of traders in the book, M, is in general decreasing in
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the information ratio, ¢: according to Proposition 13, the expected utility of all patient traders
(informed or uninformed) is decreasing in i, so fewer traders are willing to submit limit orders
as ¢ increases. The maximum number of traders is increasing in the granularity parameter

e = L. smaller waiting costs makes it possible to accommodate more patient traders in the

>3

book. The highest level of a SLO in the book, a;, is between % and % (recall that we

normalized C' = 1). For most values of i, a; ~ %2,

The minimum bid-ask spread is increasing in 7. The intuition is the same as for the average
bid-ask spread: more informed traders generate more precise prices and smaller spreads. The
bid-ask spread standard deviation, o(s), displays a U-shape in the information ratio: as i
increases, the average spread is smaller, which decreases spread volatility; but the number
of limit orders in the book is also smaller, which increases spread volatility. Also, o(s) is
decreasing in the e: with smaller waiting costs, the book is more dense, and the bid-ask
spread volatility is smaller.

Finally, we check numerically that the price impact of a market order is decreasing in the
size of the spread. In the context of a one-sided limit order book, this translates into the
price impact of a BMO being smaller if m is smaller (hence, the bid-ask spread a,, — b is
wider). We observe that when the spread is very large (m is small), the price impact of a

market order, A is very close to zero. This is because a large spread reduces the incentive

BMO?
of an informed trader to submit market orders. If market orders are unlikely to come from

informed traders, their price impact is small.

6 Empirical Discussion

In this section we discuss testable implications of the model. The exogenous parameters are:
the arrival rate of informed traders, 2\%; the arrival rate of each type of uninformed traders,
M and the volatility of the fundamental value, o,. All these parameters are unobservable, but
the sum A = 2(\ 4+ \¥) is observable: it is the arrival rate of all types of orders. Therefore, we
choose as exogenous parameters: the total trading activity, \; the information ratio, i = i—i;

and the fundamental volatility, o,.

We can estimate the fundamental volatility by using the efficient price. This is unobserv-
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able, but Proposition 4 shows that the bid-ask midpoint is a good proxy for it. Moreover,
Proposition 9 shows that the volatility of the efficient price between two trades, o(vi . —vf),
is equal to the inter-trade fundamental volatility, o = % Thus, we can approximate the
fundamental volatility, o,, by the volatility of the bid-ask midpoint, multiplied by the square
root of trading activity.

Before we discuss the information ratio, we analyze the dependence of the bid-ask spread
on the parameters of the model. Proposition 7 shows that more trading activity causes bid-
ask spreads to narrow. In Foucault, Kadan and Kandel (2005) and Rosu (2009) this occurs
because of waiting costs: when trading is more frequent, limit order traders wait less and
accept to be compensated with smaller spreads. In this paper, waiting costs are assumed
small compared to asymmetric information costs, so the channel is different: more trading
activity implies that the volatility between two consecutive orders is lower, and less public
uncertainty about the fundamental value narrows the spreads. Also, larger fundamental
volatility widens the bid-ask spread. The intuition, as in Foucault (1999), is that the bid-ask
spread is a measure of the public uncertainty about the fundamental value.?® Linnainmaa
and Rosu (2009) test these predictions in the Helsinki Stock Exchange by using instrumental
variables: deseasonalized sunshine for trading activity, and lagged CBOE volatility index
(VIX) for fundamental volatility.

According to Proposition 7, a higher percentage of informed traders (or, equivalently, a
higher information ratio) leads to smaller spreads. This is because in the presence of more
informed traders the efficient price converges faster to the fundamental value. Thus, the
uncertainty about the fundamental value of the asset is lower, and consequently the spreads
are also smaller. This result is in contrast with other models of order driven markets. For
example, in Glosten (1994) a higher information ratio leads to higher spreads. This is because
in that model the fundamental value does not change over time, and informed traders always
submit market orders.?”

The dependence of the bid-ask spread on the information ratio suggests a method to

28The same intuition holds for different types of markets: see for example Kyle (1985) or Glosten and
Milgrom (1985).

29Under Glosten’s assumptions, a higher information ratio increases the probability that a limit order is
cleared by an informed market order. Thus, to protect themselves, limit order traders set larger spreads.
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estimate the information ratio. One benefit of estimating this parameter is its relation to the

probability of informed trading (also called “PIN”) of Easley, Hvidkjaer, and O’Hara (2002).

Indeed, in our model, the probability of dealing with an informed trader is #17 where 7 is

the information ratio. Proposition 7 suggests using the average bid-ask spread to estimate

the information ratio. But the bid-ask spread also depends on the price impact parameter,

A, which is proportional to the inter-trade volatility, o = % Thus, the ratio of the bid-ask

14u? ) 1/2 1+ayi

spread to inter-trade volatility £ = (14 e Tarialt (rarar

) depends only on ¢, and is
increasing in .

Another way of estimating the information ratio is to use market resilience, i.e., the speed
of convergence of the efficient price to the fundamental value. According to Proposition 9, a
higher information ratio makes prices revert more quickly to fundamentals. This also suggests
that our market resilience measure is related to the liquidity measure of Pastor and Stambaugh
(2003), which estimates the speed of reversals of prices after trades.

This discussion raises the question why spreads are larger around earnings announcements.
According to our results, the answer is not asymmetric information, since by itself it would
generate smaller spreads. The explanation must be either lower trading activity, or larger
volatility, or a combination of both. The main reason seems to be the high fundamental
volatility surrounding these events, since without this type of uncertainty it is not clear why
there would be lower trading activity.

We next discuss empirical implications about price impact. In Corollary 1, we find a price
impact ratio of % ~ 3.912, i.e., the price impact of a market order is about four times larger

than the price impact of a limit order. This fact can be tested empirically, and appears robust

to alternative specifications of the model.>* Moreover, the magnitude of the price impact of

2 )I/QU_U

a market order, A = (1 vy T is proportional to the fundamental volatility and inversely

proportional to the square root of total trading activity. Another empirical implication is

30For example, suppose the fundamental value is not normally distributed around the efficient price, and
instead has a “fat tails” distribution, i.e., the distribution has positive excess kurtosis. A standard example

—m
is the Pearson type VII family given by the density f(x; m= g + %) = ((2m73)7r1;$7;)1—‘(m71/2) (1 + 2;{13) ,
where I'(+) is the Gamma function. For b > 0 this yields a one-parameter family with zero mean, unit variance,
zero skewness, and arbitrary positive excess kurtosis. If b = 1, the excess kurtosis equals 0.990 and the price
impact ratio equals 4.166. If b = 5, the excess kurtosis equals 3.190 and the price impact ratio equals 4.464.

Thus, even with large excess kurtosis the price impact ratio is not much larger than 4.
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that the price impact of a market order is negatively correlated with the bid-ask spread: a
wider spread provides a bigger incentive to provide liquidity with a limit order, thus reduces
the probability of a market order from an informed trader.

According to Proposition 10, as a function of time since last transaction, the price impact
of a market order is increasing, and the price impact of a limit order is decreasing. To our
knowledge, the result about limit orders is new. In the case of market orders, Hausman, Lo,
and MacKinlay (1992) do a probit analysis of the price process and find that, opposite to our
theoretical prediction, a longer time since last transaction is correlated with a smaller price
impact. This could be due to the fact that both price impact and time since last transaction
are determined endogenously.

We note that Proposition 10 refers to the actual time since last transaction, not to the
average time between transactions (i.e., duration). Most theoretical papers focus on duration
when studying in price formation.?! In Easley and O’Hara (1992), agents only trade when
they have a signal (“news”), therefore long durations are likely to be associated with no
news, and with small price impacts. In our paper, duration is constant and equal to %, the
inverse of trading activity. Empirically, Dufour and Engle (2000) find that longer durations
are correlated with smaller price impact. Since longer durations means lower trading activity,
this seems to contradict the fact that lower trading frequency causes higher price impact.
This again can be attributed to the endogeneity of variables. Linnainmaa and Rosu (2009)
use instrumental variables to generate exogenous variation in trading activity. They find that
the opposite result is true.

In our model the order flow is autocorrelated. Proposition 11 suggests that the order flow
autocorrelation can be used a proxy for the unobserved information ratio, i, at least when
t < 1. But the diagonal effect can be explained in at least two other ways. One is by taking
the view of Evans and Lyons (2002), who replace private information about fundamentals
with private information about order flow. Agents with signals about the future order flow
rush to trade in the direction of their signal (front running) and prices adjust in the direction
of the orders. To distinguish such a model from ours, one can analyze price reversals: in our

model traders are informed about the true value of the asset, so there are no price reversals

31See, for example, Diamond and Verrecchia (1987) and Easley and O’Hara (1992).
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(i.e., efficient price changes are uncorrelated). Another explanation of the diagonal effect is
that uninformed traders optimally “work” their orders, i.e., divide them into smaller orders
and execute them over time. In our model, agents trade only one unit so we do not have
this effect. But in general multi-unit trading also creates order flow autocorrelation. Such a

model can be distinguished empirically from ours if the identity of traders is known.

7 Conclusions

This paper presents a tractable models of an order driven market with both liquidity traders
and informed traders. The informed patient traders submit market orders if they observe a
fundamental value of the asset far from the efficient (public) price, and a limit order if the
fundamental value is close to the efficient price. As a result, both market orders and limit
orders carry information. On average, the price impact of a limit order is about four times
smaller than the price impact of a market order. In rare cases, in off-center limit order books
with wide bid-ask spreads, a buy limit order can have a negative price impact. As a function
of time since last transaction, the price impact of a market order is increasing, and the price
impact of a limit order is decreasing. The price impact of a market order is decreasing in the
size of the spread.

The market displays two types of resilience: a “micro” resilience, related to the shape of
the limit order book: the bid and ask prices tend to stay close to the efficient price, which
also leads to small values of the bid-ask spread; and a “macro” resilience: the efficient price
converges to the fundamental value. The order flow is autocorrelated, and the autocorrelation
has an inverted U-shape in the information ratio.

A higher fundamental volatility and a lower trading activity cause the bid-ask spread to
widen. In contrast to static models of order driven markets, a higher percentage of informed
trader (a higher information ratio) causes lower spreads. A higher information ratio also
makes prices converge more quickly to the fundamental value. We use these facts to provide
an empirical proxy for the probability of informed trading.

Some of the limitations of this model point towards future directions for research. In

particular, the model assumes that at all times traders monitor the market and make the
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right inferences. It would be useful to see how the results of this paper change in the presence
of monitoring costs. This would create the risk of limit orders being picked off, which does
not occur in our model. Also, in this model the liquidity traders incur a one-time private
cost upon their arrival to the market. This is essentially equivalent to a private valuation
that does not change over time. While relaxing this assumption arguably does not change
the qualitative predictions of our model, it probably leads to a richer model in which some

traders cancel their orders.

A  Proofs of Results

PROOF OF PROPOSITION 1: We denote by f; .1, = fmi1ntAg,,; and by P, the probability
that an informed trader submits an order j € {BMO, BLO,SMO,SLO,NO}. Then the

recursive equations for f and g, and the equations for a and b are:

a

u 1 _ Gm,n 1 + Am,n u 1 _ g;n,n«l»l 1 —I_ g;n,n«l»l
fmn = 4>\”>\+2>\I ( 9 C— fn—t1 + chmn> + 4/\MA+2>\Z ( 2 C— frm1 + %fm”)
u 1 + 1in+1,n 1 _ 1in+1,n u 1 + bm,n _ bm,n
4)\1’{)\4—2)\1 ( 2 < fm+11n + chm’n) + 4>\M>\+2)\I ( 2 C fm,n—l + chm,n>

z
+ﬁ <PBMO fm—l,n + Psro fmnt1 + Py fm-l-l,n + Psuo fmm—l + Pro fmJI>

DT
p 1- GT 1+ amT
Imn = DUtaxZ ( B Im—1,n + Tgm,n) +
amn = fm-1n+ Bpyos
bmn = —gmn—1+ Bgyo-

The last two equations describe the ask price and the bid price in terms of the value functions.
Suppose the book is in state (m,n,v¢), and a buy market order is submitted. Then the seller at
the ask gets the ask price, v® + @y, 5, while all the sellers above the ask get v® + A, + fo—1n,
which is the expected utility of the sellers in state (m — 1,n,v° + A,,,,) (the new efficient price
is v* + A,,,,). Since all sellers have the same expected utility, amn = fim—1,n + Ay, Similarly,
b = Gmmn—1 + Dgyo-

The proof for the recursive equation for f is similar to that of Theorem 1 in Rogu (2009). Suppose
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the system is in state (m,n) (for brevity, we omit v¢, 0¢). Consider an uninformed patient seller with

a sell limit order. His utility depends on what the next trader does. Since traders arrive according to

1

m. This eXplainS the last

a Poisson process, the next trader arrives after an expected time of

term 7 - from the Equation (3) for f: the agent loses utility proportionally to the expected

S S
ANU4+2)T

waiting time. We now explain the second term, involving f,, n+1. Suppose the next trader is an
uninformed patient buyer, an event which occurs with probability ﬁ. If she submits a BLO,
she pays in expectation v*+A ,, ) +Gm.n+1 (taking into account the impact of BLO on v¢) for an asset
worth v¢ in expectation; this implies an expected profit of —g;, ,, .1, where g;, . 11 = gmnt1+ 85,

Moreover, she incurs a one-time private cost ¢ uniformly distributed on [-C,C]. Thus, she enters
794n,n+1
the market only if ¢ < —gjmn 41, which has an ex ante probability of 1+ In that case, she

submits a BLO, which sends the system to state (m,n+1). If ¢ > —g;, , .1, with ex ante probability

/
Im,n

of —5%—, she exits the market, and the system remains in state (m,n). The discussion for the other

types of uninformed traders is the same.3?

am,n

Suppose now a, b, f, g are of the order of A, which is assumed small. Then —5“— ~ %, etc. The

recursive equation for f becomes

14+4iP g6 1+4iP g, 1+4iPg; 1+4iPg, 0
fm,n = 4144 fm—l,n + 4+4i fm,n—i—l + 4144 fm+1,n + A+4i fm,n—l — & (4)
up to the order of A2, where i = 25 and £ = =" O
p ’ \U 22U 20T

PROOF OF PROPOSITION 2: If an informed trader submits a SMO, he sells for v¢ + b,,,, an
asset that is worth v. Thus, the expected utility is (v¢ + by,,) — .

We analyze the submission of a SLO by an informed trader. If the book is in state
(m,n,v%), the SLO moves it to (m + 1,n,v° + A
state, QF ~ QY +k(v—v°—A

s10)- Suppose we already know that in this

<o) Where QF and Q¥ are the expected execution prices (minus

waiting costs) from the point of view of the informed and uninformed seller, respectively. The

z
SLO

expected utility of the informed seller is v_ = = Qf — v, and the expected utility of the

uninformed seller is fy,41, = QY — (v*+ A The difference of the two expected utilities

SLO)'

equals UZLO - fm+17n = (QI - Qu> - (U — v = ASLO) = _(1 - k)(v — v = ASLO)' We get

A

U = forin— (1 —k)(v—0v"—=A,). But fruy1n = fm_1m, up to the order of A? (the

32Note there are also changes in the efficient price: e.g., the term containing f,,_, should have instead
fm—1,n + AL,,. But because the changes in the efficient price cancel out in the aggregate, we omit them.
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difference is given by the negligible waiting costs). From the second to last equation in (3),
fr—1n = @mn — A,,,,- Putting all these equations together, we get u = —(1—=k)(v—2°—
Biyo) + (@ = D).

[t remains to show that in state (m, n, v¢), Q* ~ Q¥ +k(v—v°). The average time between
transactions is 7 = %, where A = 2(AT 4+ M) is the total trading activity. This is called a
“period.” We denote by v; = v;(v) the expected fundamental value next period, conditional
on all the public information and on observing [ periods before a fundamental value, v; and
by o, the corresponding standard deviation. (We have vy = v, 09 = 0.) Let w;, = v; — v°,
where v° is the current efficient price. We denote by Qil = f’l(v) the expected execution
price of the a’th sell limit order in the queue (@ = 1 being at the ask) from the point of view
of an informed trader who observed the fundamental value [ periods before. If Q¥ is the same
concept from the point of view of an uninformed seller, this does not depend on a, as the
uniformed sellers have the same expected execution price once we include waiting costs. Let
Gai(wy, 00) = QL — QY. We note that goy = 0 for any I, since Qf, = Q“ is the ask price, up
to the negligible waiting costs.

The current expected execution price equals the average expected execution price next

period (minus waiting costs). This implies

Qa,l(wl; Uz) = P (wz, Ul)(A + Qafl,lJrl(lerla Uz+1)) + PBLO(UH, Uz) (UA + Qa,l+1(wl+17 Uz+1))

+ Psm (wl, Ul) (—UA + Qa+1,l+1(wl+1, Ul+1)) + PSMO(UJZ, Ul) (—A + qa,z+1(wz+1, Ul+1)),

where P; is the probability of having an order of type j € {BMO,BLO,SLO,SMO} next
period, conditional on observing the fundamental value [ periods before. We simplify the
search for a solution by assuming that we are in the average limit order book. To describe
the evolution of (w;,0;), we can use the same arguments as in the proof of Proposition 5,
except that we have to account for the fact that the fundamental value changes during until
next period by a normal variable, v, — v; ~ N(0,0). We define the cutoffs w* and w? by:
if j = BMO, w* = oo and w? = —w; + ao,; if j = BLO, w* = —w; + ao, and w? = —wy;
if j = SLO, w* = —w; and w? = —w; — ao,; if j = SMO, w* = —w;, — ao, and w? = —oo.

If j € {BMO,BLO,SLO,SMO}, we denote by A; = A uA, —uA, —A, respectively. Then,

40



C1(w?)? _1fw®
(wy, o) evolve according to: w1 = wi+oyp;—A;, with p; = \/% (e 2 ( 71 ) —e 2 ( 7y )

2
w®

(L) —(IJ(w—d)>; and (0141)* = 02+ (0;)? [1+\/L2—W<1g—j efé(W) —w—uefé(%) >/<4—11+ (%) —

o (o} gy
1+4¢(<1>(%)7<1>(%7)) |

4441

a1

@(w—d)) - /,LJQ] Also, we compute P; =

We look for stationary solutions of the recursive equation for ¢, i.e., solutions which do not
depend on [. Moreover, we reduce the number of variables for ¢ by looking at homogenous
solutions in z; = w;/0;. We simplify the recursive equation for z; by making 0,11 = 0, = o,
(which is the asymptotic limit of oy): @41 = 2+ p; — Aj/o.. We also redefine g,(z) to

(0)

equal ¢,(z)/0.. We make an initial guess for g (x) for all a: qq x, where

(¥) = Fmavnm
i = M /A is the information ratio. This satisfies qo(z) = 0 and ¢(z) ~ z for | very large
(if the SLO is very far from the ask, there is only a very small probability that the SLO
is executed before the pricing error v — v° is corrected). Then we define qénﬂ)(-) to satisfy
the recursive equation with q((ln)(-) on the right hand side. The algorithm converges. We are

interested in ¢;(x), the expected execution price for a limit order at the ask. Numerically,

this is approximately linear: ¢;(x) = kxz, where k = 11’;12., and a; ~ 1.2729. We know that at

=0, q(r) =(QF —Q4) /0., and x = (v —1°)/0.. This proves that Q% ~ Q" + k(v —v°¢). O

PROOF OF PROPOSITION 3: We denote by w = v — v°. Then, from Proposition 2, the

expected utility of an informed trader is: uIBMO =w—a, u;o —w(l—k) —b—A, u, =

SLO
—w(l —k)+a— A u, = —v+b where Al = -Ay , +A, (1 —Fk)and Ay = A, —
A, (1 — k). We define A" = (A} + AL)/2, A" = (A} — A))/2. We write BMO > BLO
to indicate that BMO is preferred to BLO. Then BMO > BLO <= w > S_kA/l, BLO >

SLO = w > A" SL0 > SMO = w > % BMO > SLO <= w > T3

k> k 1—k/2 °
b+A% /2
BLO > SMO <= w > 37,

T

BMO > SMO <= w > p. An analysis of all possible cases
proves the main result.

To analyze the price impact of an order of type j, suppose this is the optimal order when
w = v —1v° € (wlw"). Because w has a normal distribution centered at zero, the price
impact A; > 0 <= w*+w? > 0. If j = BMO, w" = oo, so A > 0;if 7 = SMO,

BMO

w? = —o0, s0 A,,, < 0. We now show that A,,, > 0 in Case 4, and A,,, < 0 in Case 3
if A” sufficiently small. (A similar analysis works for A, .) In Case 4, we know that
s— AN >—L(kp+ A"). If j = BLO, w" = S_kAll, w? = 2 The condition w* 4+ w? > 0
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(positive price impact) is equivalent to s — A’ > — 1 (kp + A”) — 2A”, which is true if A”
is sufficiently small compared to s. In Case 3, we know that —ﬁ(k‘p + A" >s— A" If

j = BLO, w"* = %, w? = %. The condition w* + w? < 0 (negative price impact) is

equivalent to s — A’ < —ﬁ(k:p + A”) — 2A”1f£2, which is true if A” is sufficiently small

compared to |p|.

The statement about the patient uninformed buyers and sellers follows directly from
Proposition 2. (For buyers we only need to compare BLO with BMO, and for sellers we
only need to compare SLO with SMO.) [

PROOF OF PROPOSITION 4: It is enough to show that Case 4 of Proposition 3 occurs with
probability approximately one when the ask and the bid are close to the efficient price, to
the order of A. This means that f,, n, Gmn, @Gmn, bmn are of the order of A. Then the value
function of the uninformed traders, f, satisfies the recursive equation (4), up to the order of
A?. (See the proof of Proposition 1.) Consider the ask side of the limit order book. The ratio

of the arrival rates of SLO and BMO is ¢ = —Csto Proposition 2 of Rogu (2009) shows

14+4iPghi0

that if ¢ < 1, i.e., if market orders arrive faster than limit orders, the average bid-ask spread

5 is wide (of the order of one); and if ¢ > 1, 5 is proportional to £In(1/¢) (CC(CH) where

—1)1In(c)’
e = ¢, and the spread standard deviation o(s) is proportional to (ﬁ)lﬂ. Since ¢ = A?*9,

with 0 > 0, eln(1/ 5)% is smaller than the order of A. It follows that near the average

spread ¢ ~ 1. This implies P, , = P and similarly, for the bid side, P,,, = P,,,- These

BMO» BLO

are two equations in two unknowns: the spread s and the midpoint p.

We solve for s and p: s = § = kao.+A(14+u(l—k)) (as in Proposition 7), and p = p = 0.
For this, we assume A} = A, = A’ = A1 + u(l — k)), A” = 0, and 0¢ = o, (these
conditions must be checked at the end). We are in Case 4 of Proposition 3, in which all order

! I

s—A
= aoe, wy = 0, wg = ==

s—A
k

probabilities are positive, so the cutoffs are w; = = Q0,.

Now it is straightforward to verify that s = 5 and p = p satisty P, , = P,,,, and P, , = P,,,-

Moreover, using the cutoffs, we find that all probabilities are equal to }L. We use Proposition 5

1 —%a2

= ae% = A, etc. This implies the desired values for A’; A}, AL A”.
47

The condition ¢¢ = 0. comes from Proposition 6: the equilibrium is assumed stationary.

to compute A,

Suppose the spread s is in some vicinity of 5 of length of the order of A*%/% Assume that

_ 1+4iPg L o _s=A] . e -
= TEras > 1 on that vicinity. We compute P, = ®(—2=2t). Since o is of the order of
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A PLo—3= @(—s;ﬁﬁ) — CID(—‘taAell) is of the order of A%%. The same argument holds for
P e )1/2

therefore, ¢ — 1 is of the order of A%, We know that o(s) is proportional to (—
and that ¢ = A*" therefore, o(s) is of the order of Al*9/2730/8 — AI+3/8  Because the

(c—1)°
standard deviation of s is of a smaller order (A'*%/®) than the length of the vicinity (A'*9/4),

SLO?

it follows that the probability of s being in this vicinity is almost one.

We have just proved that Case 4 of Proposition 3 occurs with probability approximately
one when the spread is of the order of A*%/4  Moreover, the midpoint v¢ + p is close the
efficient price, to the order of A'*%/4 The order probabilities are all equal to %1, to the order

of A%/4, m

PROOF OF PROPOSITION 5: We know v ~ N(v¢, (c¢)?). We note that an informed trader
submits an order of type j € {BMO, BLO, SLO, SMO} if v — v¢ € (w?, w®), for some cutoffs

w? and w*, which depend on j. As in Equation (4), conditional on the fundamental value
1+4i]v—v56(wd,wu

s L where I_ is the indicator function.
+44 z

v, the probability of an order of type j is

By Bayes’ rule, this implies that conditional on an order of type j being submitted, v = v¢ 4
e 1+4i‘[v7vee(wd,w“)

’ aai(@() - ()

1440l g : .
ve+0o° Lt )qb x), where ¢(-) is the standard normal density. We compute the
( 4 (@(2t)—a(2d)) (z) )
conditional expectation and variance given order j (and the public information up to that
1 wd 2 1( w" 2

(A0 ()
int): E(v|j) = v° “ui, wh =T d
point): E(v[j) = v® + 0°p;, where p; () e(@) 0™

, where ®(+) is the standard normal cumulative density. This has density

\/%(1;}_: e_%(%‘?)Q _z_:e_é(ziz)2>
d) — K- (5)

Var(v|j) = (d5)* = (0°)* |1+ LT+ o) —o(%

J

PROOF OF PROPOSITION 6: The equilibrium is stationary in the average limit order book

if Vary(viy,) = Var_,(v) for 7 = % We have Var;_.(v;) = (0¢)?% so we need to show
that the variance next period is also equal to (0¢)?. Equation (5) states that Var,(v|j) =
(¢¢)?[ -], which implies that Var,(vei,|j) = 02 + (6)?[-+]. Then, Var,(vs4,) is the average
corresponding to the four types of orders. When we sum the four terms, the middle terms

inside the square brackets cancel each other out, because of the sum of the telescopic series has
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end terms corresponding to w* = oo and w? = —oo, so the terms are zero. We get Var;(vy,,) =
o+ (0°)[1 = 15, 15)] = 0% + (0°)? — 1 20,(0°my)* = 0® + (0°)® — 1242 + 2uA2 ).
(According to the discussion before Proposition 6, all efficient price changes are proportional
to A,,,,.) Thus, Var,(v,,) = (06)2 = o= HEA? e o= [N

BMO
Since by definition A =

BMO

T + —=5 0, the stationarity of the equilibrium is also equivalent

to A,,,, = A. The only thing left to prove is that this is also equivalent to ¢¢ = o..

1 —a?)2 ’
Proposition 5 implies that A, = ae% = 0°3 tr. This implies 0¢ = § 2L A
Since by definition, o, = 8 %L A, 0° = o, is equivalent to A, = A. O

PROOF OF PROPOSITION 7: Proposition 4 shows that all probabilities are equal to }L. We

denote by A" = A(1+u(l — k)) and A” = 0. The cutoffs for the four types of orders in the

average limit order book (Case 4 of Proposition 3) are w; = g_TA,, g = ﬁ;’_Ak”, w3 = —g_kA/.
Since Pg,,, = ®(—2 £) = 1 we get 2" = qa, which implies § = kao. + A'. From P, =
CID(({H,CA)” ) — <I>(—‘§]€_UA/)}l we also get (erkA) = 0, which implies p = 0. Since 5 = @ — b and
D= a+b Wegeta—gandl_yz—g. O

PRrROOF OF PROPOSITION 8: We show that informed traders who submit limit orders do not
deviate from the strategy of uninformed traders. Thus, they preserve the limit orders in the
book and move them up or down along with the efficient price. Deviation means either that
an informed trader undercuts after the initial order submission, or that the informed trader
cancels the limit order and places a market order instead. As discussed in Section 3.1, the first
kind of deviation cannot exist in equilibrium: by undercutting, the informed trader reveals
his type; thus, the other traders in the book have an incentive to undercut to the point at
which the informed trader no longer has an advantage. The same argument shows that the
previously informed traders do not deviate either: they are at a disadvantage compared with
the newly arrived informed trader. In conclusion, the only kind of deviation we need to worry
about is the modification from a limit order to a market order.

Without loss of generality, assume that the informed trader submits a BLO. This means
that the informed observes a fundamental value v;, so that the pricing advantage w; = v, — vy
is in (0, o). The efficient price moves from vf to v + uA, thus, the new pricing advantage,

w, is in (—uA,ao. — uA). Suppose the trader who arrives next period (at t + 7, with
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T = %) submits a BMO. This order moves the efficient price by A, but also moves the
expected fundamental value from the perspective of the informed trader (the new trader

might be informed). As in the proof of Proposition 2, we compute the new pricing advantage

1 e 2P
W' = Ey(vigr|vy, BMOyyr) — (vf + A) by w' = w + a% — A, where p = =4£2% We use

Proposition 2 to compute the expected utility under maintaining BLO, or from submitting

BMO: v (w') = (1 —kw — (b+A), u.

oo wno (W) = w' —a. (We note that the formula

for u* from maintaining BLO does not have the A,,, term.) Then BLO > BMO <=

B

/ 5—A
w < T

One can now verify this inequality numerically, for all information ratios ¢ and
w € (—ul, ac, — ul)).
A similar method works if the next trader submits SLO. If the next trader submits BLO,

then the informed trader is in competition with the new trader on the bid side. The new
vz (i)
L 40 (—p1)—®(—p2)

before, BLO > BMO <= u' < g;f, where ko is the information decay parameter for an

.. . r _ w _ —wtao
pricing error 18 w = w + o0 - UA, where P1 = Y and P2 = Te. AS

informed trader who has a limit order on the second level on the bid side. This is computed
using the method in Proposition 2, and the verification is again done numerically. If the next
trader submits SMO, the buy order of the informed trader is executed, so no analysis needs
to be made. One can further check that the informed trader does not deviate when he is not

the first at the bid, but the second, or third, etc. O

PROOF OF PROPOSITION 9: Given the expression for the price process:

vte+7— - vte + b’L [thZaUeA _|_ thG[O,ao'e)UA _|— the[—ao'e,()) <_UA> _'_ th<—ao'e <_A)] + (1 - bl)¢(a4) A’

the results follow by direct computation using the definition of covariance. We note that
the result Var(vf,, — vf) = Var(vyy, — v;) translates into o? = #AQ, which according to

Proposition 6 is equivalent to the equilibrium being stationary. O

PROOF OF PROPOSITION 10: We denote by ¢ the time when the last transaction took place,
and by T the time since the last transaction. Because the fundamental value follows a diffusion
process, dv; = o,dW;, the increment vy, 7 —v; is normally distributed N (0, c2T). Equation (5)
implies that (of,7)? = Var,(viyrlj) = 02T + (0¢)[--+], is increasing in 7. At2time t+T

1

the price impact of BMO and BLO is, respectively, A, 6 = oaT\/% eii(ﬁ) /(4% +1-—

ace
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2
®(22)) and A, = Uﬁyﬁ(l _ e_%(ﬁ) )/ (£ + @ (22=) —1). As functions of of,, we

e
4T Ieir

can check that A,

is increasing, and A,

and A

is decreasing. Since of, , is increasing in 7', the

o o

same results hold for A as functions of 7. ]

BMO BLO

PROOF OF PROPOSITION 11: We compute the probability of BM O, conditional on observing
1+47:Ivt>vf+ao'e

ywwr , where I, is the

vy, and all public information up to that point. P(BMO,|v;) =

indicator function. If 7 = % is the average time between orders, P(BMO,,|BMO;,v;) =

)
) 14441 _ e 1444l e
144il,, | s qe Vigr TV VETVE A vt vt
t47 >0 Faoe — Je Ge et Te ~ =
e . Then, P(BMO,,, BMO,) = [ - e dy, =
1+421120L6+21>%+a 14402, >a

¢(x1)p(x2) doy dag, where ¢(+) is the standard normal density.

4445 A44i

14+44d r10e—A—aoe il - . .
Then, P(BMOy., BMO,) = [ (4+4; ) e () day. Since P(BMO) = 1, it
follows that Z(BMOu-|BMO)-1/4 _ 1 P(BMOy,,, BMO,)— 1. This proves the desired formula.

1/4
O

PROOF OF PROPOSITION 13: We denote by w; = v, — vf the pricing advantage, and by

A" = A(1 + u(1 — k)). The unconditional expected utility is obtained by integrating out

w ~ N(0,0.) in the conditional expected utility from Proposition 15. Then, U = }1(2;'; +
2%u(l — k) - A = %' The uninformed patient seller submits an SLO and gets expected

utility U = —uA + (@ — A) = £ — A(1 + ). This is the same expected utility as for the

:
uninformed patient buyer, who submits a BLO. It is straightforward to show that U” and

U T u . . .
U, as well as U — U, are decreasing in 1. O

PROOF OF PROPOSITION 15: We denote by A" = A(1 + u(1 — k)). According to Proposi-
tion 2, conditional on wv;, the expected utility of the informed trader is: w — £ if w > ao.
(BMO); w(l—k)+5—A'ifw € [0,a0,) (BLO); —w(1—k)+5—A"if w € [—ao.,0) (SLO);
and —w — £ if w < —ao, (SMO). It is straightforward to check that the minimum value is

attained at w = 0. OJ
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Table 1: Numerical results for the ask side of the limit order book

This table reports: the maximum number of sell limit orders (SLO) in the book; the highest level of a SLO in
the book; the average bid-ask spread; the minimum bid-ask spread; and the standard deviation of the bid-ask
spread. The numerical solution depends on three parameters: the price impact parameter, A = 1072; the

granularity parameter, ¢ = 1075,1078,1071°; and the information ratio s = 0.01,0.1,0.5, 1, 5, 10, 100.

’ Information Ratio
| 001 01 05 1 5 10 100
Maximum number | ¢ =106 154 259 164 124 62 43 19
of SLO e=10"8 2080 1263 706 555 263 198 99
e=10"19 | 6269 4386 2952 2285 1106 813 430
’ Highest SLO ‘ Al e ‘ 0.6644 0.6233 0.5513 0.5287 0.6424 0.6421 0.6419 ‘
’ Average spread/A ‘ All e ‘ 1.9399 1.8975 1.7819 1.7109 1.5859 1.5602 1.5338 ‘
| Minimum spread/A | Ale | 12431 11431 08571 0.6768 0.3922 0.3441 0.3172 |
Spread standard e=10"% | 0.8500 0.4761 0.3441 0.3765 0.4204 0.4362 0.6513
deviation/A e=10"% | 0.1294 0.0546 0.0359 0.0380 0.0418 0.0434 0.0654
e=10719 1 0.0174 0.0067 0.0040 0.0039 0.0041 0.0043 0.0065

20



