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1 Introduction

This paper develops new nonparametric techniques for the estimation and prediction of consumer
demand responses. The objectives are two-fold: First, to impose minimum restrictions on how
unobserved heterogeneity enters the demand function of the individual consumer. Second, to utilize
restrictions arriving from choice theory to improve demand estimation and prediction.

Our analysis takes place in the commonly occurring empirical setting where only a relatively
small number of market prices are observed, but within each of those markets the demand responses
of a large number of consumers are reported. In this setting, it is not possible to point identify the
predicted demand response to a new, unobserved price. We will instead use restrictions derived
from revealed preference theory to establish bounds on the demand responses: If consumers behave
according to the axioms of revealed preference their vector of demands at each relative price will
satisfy certain well known inequalities (see Afriat, 1973 and Varian, 1982). If, for any individual,
these inequalities are violated then that consumer can be deemed to have failed to behave according
to the optimisation rules of revealed preference. In this paper, we will employ the results of
Blundell, Browning and Crawford (2003, 2008) who extend the analysis of Varian (1982) and
obtain ‘expansion path based bounds’ (E-bounds) which are the tightest possible bounds, given
the data and the theory. These restrictions will be used to obtain improved demand estimates at
observed prices, and to establish bounds on predicted demands at new prices.

We first develop nonparametric sieve estimators of the stochastic demand functions at any given
set of observed prices, and show how revealed preferences can be imposed in the estimation. In the
estimation, we impose weak assumptions on how the unobserved heterogeneity enters the demand
function. In particular, we allow for non-additive heterogeneity which is in contrast to most of the
existing literature on the estimation of Engel curves. We show how the estimator can be formulated
as a constrained nonparametric quantile estimation problem, and derive its asymptotic properties.

The second part of the paper is concerned with predicting consumer demand responses to a new
relative price level that has not been previously observed. Given the limited price variation it is not
possible to nonparametrically point identify demand at new, previously unobserved, relative prices.
However, the revealed preference restrictions developed in Blundell, Browning and Crawford (2003,
2008) allow us to establish bounds on the demands for the nonseparable heterogeneity case that is
the focus here. We show how the demand functions estimated at observed prices, can be used to
recover these bounds nonparametrically. The estimation problem is non-standard and falls within
the framework of partially identified models (see e.g. Manski, 1993). We employ the techniques
developed in, amongst others, Chernozhukov, Hong and Tamer (2003) to establish the properties
of the nonparametric demand bounds estimators. As in that part of the literature, the asymptotic
distribution is non-standard and confidence bands can in general not be computed directly.

The estimation and prediction strategy outlined above heavily exploits revealed preference in-
equalities. In the third part of the paper, we develop a nonparametric test for this rationality
assumption. This testing problem is again non-standard since the testable restrictions take the

form of a set of inequality constraints. As such the testing problem is similar to one of estimation



and testing when the parameter is on the boundary of the parameter space as analyzed in, for
example, Andrews (1999, 2001) and Andrews and Guggenberger (2009). By importing the tech-
niques developed there, we derive the asymptotic properties of the test statistic. Again, this is
highly non-standard and requires the use of either simulations or resampling techniques.

Our empirical analysis is based on data from the U.K. Family Expenditure Survey where the
relative price variation occurs over time, and samples of consumers, each of a particular household
type, are observed at specific points in time in particular regional locations. Employing the devel-
oped methodology, we obtain demand function and E-bounds estimates for own- and cross-price
demand responses using these expansion paths. We find that it is indeed important to relax the
additive restriction normally imposed in empirical consumer demand analysis, and that the bounds
are informative.

A key ingredient of the analysis we conduct is the Engel curve which describes the expansion
path for demand as total expenditure changes. The modelling and estimation of this relationship has
a long history. Working (1943) and Leser (1963) suggested standard parametric regression models
where budget shares are linear functions of log total budget; the so-called Piglog-specification.
This simple linear model has since then been generalised in various ways since empirical studies
suggested that higher order logarithmic expenditure terms are required for certain expenditure
share equations, see e.g. Hausman, Newey and Powell (1995), Lewbel (1991), Banks, Blundell and
Lewbel (1997). An obvious way to detect the presence of such higher order terms is non- and
semiparametric methods which have been widely used in the econometric analysis of Engel curves,
see for example Blundell, Chen and Kristensen (2007), Blundell and Duncan (1998) and Hérdle
and Jerison (1988).

In most of these empirical studies it has been standard to simply impose an additive error
structure which greatly facilitates the econometric analysis since the demand model collapses to
a regression. This type of specification allows relatively straightforward identification and estima-
tion of the structural parameters. Additive heterogeneity on the other hand imposes very strong
assumptions on the class of underlying utility functions, see e.g. Lewbel (2001), and as such is in
general inconsistent with economic theory; see also Beckert (2007). In response to this problem
with existing empirical consumer demand models, we allow for non-additive heterogeneity struc-
tures thereby allowing for observed and unobserved characteristics to interact in a much more
involved manner compared to standard additive specifications. See Lewbel and Pendakur (2009)
for one of the few parametric specification that allows non-additive interaction.

An early treatment of nonparametric identification of non-additive models is Brown (1983)
whose results were extended in Roehrig (1988). Brown and Matzkin (1998, 2003) and Matzkin
(2003a,b) building on their work propose estimators. A number of other papers have addressed
identification and estimation: Chesher (2001, 2002a, 2002b, 2003) consider quantile-driven identifi-
cation; Ma and Koenker (2003) make use of his results to construct parametric estimators; Imbens
and Newey (2009) and Chernozhukov, Imbens and Newey (2003) establish estimators which allow
for endogeneity. Our unconstrained demand function estimator is similar to the ones developed in
Imbens and Newey (2009).



An important feature of the estimation of Engel curve is the possible presence of endogeneity
in the total expenditure variable. In a parametric framework this can be dealt with using stan-
dard I'V-techniques. In recent years, a range of different methods have been proposed to deal with
this problem in a nonparametric setting. The two main approaches proposed in the literature is
nonparametric IV (Ai and Chen (2003), Hall and Horowitz (2003), Darolles, Florens and Renault
(2002)) and control functions (Newey, Powell and Vella (1998)). Both these methods have been
applied in the empirical analysis of Engel curves (Blundell, Chen and Kristensen (2003) and Blun-
dell, Duncan and Pendakur (1998) respectively). We briefly discuss how our estimators and tests
can be extended to handle endogeneity of explanatory variables by using recent results in Chen
and Pouzo (2009), Chernozhukov, Imbens and Newey (2007) and Imbens and Newey (2009).

Finally, we note that other papers have combined nonparametric techniques and economic
theory to estimate and test demand systems; see, for example, Haag, Hoderlein and Pendakur
(2009), Hoderlein (2008), Hoderlein and Stoye (2009), Lewbel (1995).

The remainder of the paper is organized as follows: In Section 2, we set up the basic econometric
framework. In Section 3-4, we develop estimators of the demand functions at observed prices. The
estimation of demand bounds is considered in Section 5, while a test for rationality is developed
in Section 6. In Sections 7 and 8, we discuss the implementation of the estimators and how to
compute confidence bands. We briefly discuss how to allow for endogenous explanatory variables
in Section 9. Section 10 contains an empirical application on British household data. We conclude

in Section 11. All proofs have been relegated to the Appendix.

2 The Framework

Suppose we have observed a consumers’ market over T' periods. Let p (¢) be the set of prices for
the goods that all consumers face at time t = 1, ..., 7. At each time point ¢, we draw a new random
sample of n > 1 consumers. For each consumer, we observe his demands and income level (and
potentially some other characteristics such as age, education etc.). Let q; (t) and z; (t) be consumer
i’s (1 =1, ...,n) vector of demand and income level at time ¢ (¢t = 1,...,7"). We stress that the data
{p),q:(t),z;(t)},t=1,..,T and i = 1,...,n, is not a panel data set since we do not observe the
same consumer over time.

We focus on the situation where there are only two goods in the economy such that q(t) =
(1 (t),q2(t)) € R2 and p(t) = (p1 (t),p2 (t))’ € RZ.} The demand for good 1 is assumed to arrive

from the following demand function,

¢ () = di(z(t),p(t),e()),

where ¢ (t) € R is an individual specific error term that may reflect individual heterogeneity in

preferences (tastes). To ensure that the budget constraint is met, the demand for good two must

!By the end of the paper, we discuss extensions to general, multidimensional goods markets.



satisfy:

) — (o (0) . (0) 2 (1) o EO P @ (0P (). (1)
p2 (1)
We collect the two demand functions in d = (di, d2). The demand function d should be thought of
as the solution to an underlying utility maximization problem that the individual consumer solves.
The demand function could potentially depend on other observable characteristics besides in-
come, but to keep the notation at a reasonable level we suppress such dependence in the following.
If additionally explanatory variables are present, all the following assumptions, arguments and
statements are implicitly made conditionally on those.
We here consider the often occurring situation where the time span 1" over which we have
observed consumers and prices is small (in the empirical application 7' = 6). In this setting, we do
not observe enough price variation to identify how these impact demand; thus, we are not able to

identify the mapping p — d (z,p,e). To emphasize this, we will in the following write

d(.%'(t),t,é‘(t)) :=d($(t),p(t),€(t>).

So we have a sequence of 7" demand functions, {d (z,t, 5)}3;1.

The unobserved heterogeneity ¢ (¢) is assumed (or normalized) to follow a uniform distribution,
e(t) ~ U[0,1] and to be independent of z (¢).2 This combined with the assumption that d; is
invertible in € (¢) implies that d; (x,t, 7) is identified as the 7th quantile of q; (¢) |z (t) = = (Matzkin,
2003; Newey and Imbens, 2009):

dl (ZE, t) 7—) = Fq_lzt)\x(t):x (T) ) TE [07 1] : (1)

3 Unrestricted Sieve Estimator

We here develop sieve estimators of the sequence of demand functions d (z,t,¢) = (dy (z,t,¢) ,ds (z,t,¢)),
t=1,..T.

As a starting point, we assume that for all ¢ = 1,...,7 and all 7 € [0,1], the function z +—
dy (x,t,7) is situated in some known function space D; which is equipped with some (pseudo-
)norm |[|-||.> We specify the precise form of D; and ||-|| below. Given the function space Dy, we
choose sieve spaces D1, that are finite-dimensional subsets of D. In particular, we will assume
that for any function d; € Dy, there exists a sequence m,d; € D, such that ||7,d; —di| — 0 as

n — 00. Most standard choices of the function space Dy can be written on the form

D, = {d1 cdy (x,t,T) = Zﬂ'k (t,7) Bk (z), w(t,7) GRK},

kek

?The independence assumption can be relaxed as discussed in Section 9.
3The function space could without problems be allowed to depend on time, ¢, and the errors, 7. For notational

simplicity, we maintain that the function space is the same across different values of (¢, 7).



for known (basis) functions {By},cx, and some (infinite-dimensional) index set KC; see Chen (2007,

Section 2.3) for some standard specifications. A natural choice for sieve is then
IDLTL = d”,l : d”,l (337 t, T) = Z Tk (t> T) By, (.I‘) y T (ta T) € R\}CM ) (2)
kekn

for some sequence of (finite-dimensional) sets I, C K. Finally, we define the space of vector

functions,

D= {d = (di,dg2) : dy (z,t,7) € D1, da(t,x,7):= ron (;i(él)(xvtﬁ)}’

and with the associated sieve space D,, defined similarly to Dy ,,.

Given the function space D and its associated sieve, we can construct a sieve estimator of the
function d (+,¢,7). Given that d; (x,t,7) is identified as a conditional quantile for any given value
of z, c.f. eq. (1), we may employ standard quantile regression techniques to obtain the estimator:
Let

pr(2) = ({z< 0} —7)z, T€[0,1],

be the standard check function used in quantile estimation (see Koenker and Bassett, 1978). We

then propose to estimate d (x,t,7) by

d(.t,7)=arg inel%prT qui (t) = d (i (8) £,7)) (3)
forany t =1,...,T and 7 € [0,1].

The above estimator can be computed using standard numerical methods for linear quantile
regressions when the sieve space is on the form in Eq. (2): Define W; (t) = {By (z; (t)) : k € K, } €
RIXnl as the collection of basis functions spanning the sieve D1 Then the sieve estimator is given
by dy (z,t,7) = > kexc, Tk (t,7) By (z), where

w(t,r)—argﬂer?k}}rcl,banpT a1 () —7TW; (), 7€l0,1]. (4)
That is, the estimator 7 (¢, 7) is simply the solution to a standard linear quantile regression problem.
Finally, the estimator of the demand function for the "residual" good is given by

IR S AU XSRS

()

To derive the asymptotics of d (-,¢,7) = (dy (-, ¢,7),ds (-, ¢,7)), we introduce the following Lo-

function norm which will be used to state our convergence rate results:
ldllz = VE[lld (z,¢,7)]]-

The following assumptions are imposed on the model:



A.1 The variable z (¢) has bounded support, = (t) € X = [a,b] for —00 < a < b < 400, and is
independent of € ~ U [0, 1].

A.2 The demand function d; (z,t,¢) is invertible in ¢ and is continuously differentiable in (z, ).

These are fairly standard assumptions in the literature on nonparametric quantile estimation.
It would be desirable to weaken the restriction of bounded support, but the cost would be more
complicated conditions and proof so we maintain (A.1) (see e.g. Chen, Blundell and Kristensen,
2007 for results with unbounded support). The independence assumption rules out endogenous
income; in Section 9, we argue how this can be allowed for by adopting nonparametric IV or
control function approaches. We refer to Beckert (2007) and Beckert, and Blundell (2008) for more
primitive conditions in terms of the underlying utility-maximization problem for (A.2) to hold.

Finally, we need to impose some restrictions on the function space D;. We consider two different

choices of function spaces, and assume either of the two following assumptions, (A.3.1) or (A.3.2):
A.3 The function d; (-, t,7) € Dy, where D; satisfies either of the following two conditions:

i D1 = W3*([a,b]) where W} ([a,b]) is the Sobolev space of all functions on [a,b] with L,-

integrable derivative up to order m > 0.

ii D1 = By'\(c), m > 0, p > 2, where B}, (c) is the Besov ball of Ly-functions with
ldall gy < c:

Under (A.3.i), we may use tensor-product splines as a sieve space to approximate dj, while under
(A.3.ii), tensor-product wavelets may be used; for the definition of those, see Chen (2007, Section

2.3). Given the chosen sieve space, define the following class of functions indexed by d (-, 7) € D,

Fn(6) ={Qr (A (7)) = Qr (do (7))  [[d (1) =do ()]l € 0n, (-, 7) € Dnj,

where
Q- (do (7)) = Elp; (@1 — di (z,7))].

Let Hyj (w, F (6), [|-[l3) = log (N (w, Fr (6), [|]l5)), where Ny (w, F (6), ||-[l5) is the so-called L-
covering numbers with bracketing of the function class F,, (§), see Van der Vaart and Wellner (1996)

and van de Geer (2000) for the precise definitions. We now have the following result:
Theorem 1 Assume that (A.1)-(A.2) hold. Then for anyt=1,...,T and T € [0, 1]:
1d (- t,7) = do (- £,7) ]2 = Op (max {8n, [|madi0 (- £,7) = da (-8, 7)[1})

where

1 J
57), = : f _— H s Fns I d S t :
56%,1){\/552 /b52 g (w, F, ||-)dw < cons }

Hpy (w, Fu, ||-]]) is the metric entropy with bracketing and mndi o is an element in D1 p.



n particular, under either (A.8.i) [using splines| or (A.3.11) [using wavelets],

In particul d ither (A.3.1 ing spli A.8.ii ing let
14 (,6,7) = do (,£,7) s = Op (/D).

for suitable choice of approximation parameters.

Next, under additional assumptions, we obtain by following Kim (2006) the following result

regarding the asymptotic distribution of the sieve estimator:

Theorem 2 [INCOMPLETE!] Assume that [?229]. Then for any x(t) € Ry, t =1,...,T, and
T € [0,1],
d(z(1),1,7) —do(x(1),1,7)
Vrn : 4N (0,3 (z,7)),
(@(T),T,7) —do ((T),T,7)

d
where ry, = ... and X (z,7) = ...

A consistent estimator of ¥ (z, 7) is

Y (z,71) = ....

4 GARP-Restricted Sieve Estimator

We now wish to impose revealed preferences (GARP) restrictions on the function d in the esti-
mation. First, we briefly introduce the concept of GARP; see Blundell, Browning and Crawford
(2003, 2008) for a more detailed introduction to GARP and its empirical implications.

Consider a given income level x (T') at time 7', and compute recursively for t =T —1,T—2,...1,

an income expansion path {z (¢)} by
z(t)=pt)d@t+1),t+1,7).
We then require that the demand of a given consumer characterised by 7 € [0, 1] satisfies:
p®)d(x@®),t,7) =) <p@#t)d(z(s),s 1), s<t, t=2,..T. (6)

If the demand functions d (z,t,7), t = 1,..., T, satisfy these inequalities for any given income level
x (T) we say that "d satisfies GARP".

We expect that if indeed the consumers in our sample satisfy GARP, more precise estimates
of d(+,-,7) can be obtained by imposing this restriction. Furthermore, once a GARP restricted
estimator has been obtained, it can be used to test for GARP by comparing it with the unrestricted
estimator developed in the previous section. A GARP-restricted sieve estimator is easily obtained
in principle: First observe that the unrestricted estimator of {d (-, ¢, 7) }?:1 of the previous section

can be expressed as the solution to the following joint estimation problem.

T n
SN o (qui () = dig (B2 (), 7€ [0,1],

t=1 i=1

3 1
{d ('7 i, T)}ItT:I = arg min —
{dn(-t,7)}_,€DT N

8



where DI = ®]_ | D,, and D,, is defined in the previous section. Since there are no restrictions across
goods and t, the above definition of {a (-,t,7)}, is equivalent to the unrestricted estimators in
egs. (3) and (5). In order to impose the GARP restrictions, we simply define the constrained
function set as

DL :=DT'n{d (1) satisfies GARP}, (7)

and similarly the constrained sieve as
ng =Dl n{d, (-,-,7) satisfies GARP}.

We define the constrained estimator by:

1 T n

{do (8, 7)oy = arg min =3 > o ai () —dig (b (1), T€[0,1].  (8)
{dn(t.7)}—1€DE, T 1T i1
Since GARP imposes restrictions across both goods (I = 1,2) and time (¢ = 1,...,T), the above
estimation problem can no longer be split up into individual subproblems as in the unconstrained
case.

The proposed estimator shares some similarities with the ones considered in, for example,
Berestenau (2004), Gallant and Golub (1984), Mammen and Thomas-Agnan (1999) and Yatchew
and Bos (1997) who also consider constrained sieve estimators. However, they focus on least-
squares regression while ours is a least-absolute deviation estimator, and they furthermore restrict
themselves to linear constraints. There are some results for estimation of monotone quantiles and
other linear constraints, see Chernozhukov et al (2006), Koenker and Ng (2005) and Wright (1984),
but again their constraints are simpler to analyze and implement. These two issues, a non-smooth
criterion function and non-linear constraints, complicate the analysis and implementation of our
estimator, and we cannot readily import results from the existing literature.

In order to derive the convergence rate of the constrained sieve estimator, we employ the same
proof strategy as found elsewhere in the literature on nonparametric estimation under shape con-
straints, see e.g. Birke and Dette (2007), Mammen (1991), Mukerjee (1988): We first demonstrate
that as n — oo, the unrestricted estimator, d, satisfies GARP almost surely. This implies that
{a (,t, 7))}, € Dan with probability approaching one (w.p.a.1) which in turn means that d=d¢
w.p.a.l, since d¢ solves a constrained version of the minimization problem that d is a solution
to. We are now able to conclude that d¢ is asymptotically equivalent a, and all the asymptotic
properties of d are inherited by de.

For the above argument to go through, we need to slightly change the definition of the con-
strained estimator though. We introduce the following generalized version of GARP: We say that

"d satisfies GARP(¢)" for some ("small") € > 0 if for any income expansion path,
z(t)<p@t)d(z(s),s1)+e s<t, t=2..,T.

The definition of GARP(¢) is akin to Afriat (1973) who suggests a similar modification of GARP

to allow for waste ("partial efficiency"). We then define the constrained function space and its



associated sieve as:
DL (e) =D n{d(,-, 1) satisfies GARP (¢)},

Dan () =DI n{d, (-,-,7) satisfies GARP (¢)}.

We note that the constrained function space DL as defined in eq. (7) satisfies DL = DF (0).
Moreover, it should be clear that DZ (0) C D (¢) and DL, (0) C Dg,n (€) since GARP(¢), € > 0,
imposes weaker restrictions on the demand functions.

We now re-define our GARP constrained estimators to solve the same optimization problem as
before, but now the optimization takes place over D¢y, (€). We let aEC denote this estimator, and
note that d% = d¢, where d¢ is given in Eq. (8). The assumption that {do (-,t,7)}l_, € DL (0)
implies that {El (,t, 7))}, € Dg}n (¢) w.p.a.l. Since aec is a constrained version of d, this implies
that ag = d w.p.a.l. Similar assumptions and proof strategies have been employed in Birke
and Dette (2007) [Mammen (1991)]: They assume that the function being estimated is strictly
convex [monotone], such that the unconstrained estimator is convex [monotone| w.p.a.l. Since
Dg,n (0) C Dg’n (€), our new estimator will in general be less precise than the one defined as the

optimizer over ng (0), but for small values of € > 0 the difference should be negligible.

Theorem 3 Assume that (A.1)-(A.3) hold, and that dy € DE (0). Then for any e > 0: ||dS (- t,7)—
do (-, t,7)||]2 = Op (n_m/(2m+1)), t=1,....,T, and the estimator has the same asymptotic distribu-

tion as the unrestricted estimator given in Theorem 2.

It should be noted that in terms of convergence rate our unconstrained and constrained esti-
mators are asymptotically equivalent. In terms of asymptotic convergence rate, we are not able
to show that our additional constraints lead to an improvement of the estimator. This is simi-
lar to other results in the literature on constrained nonparametric estimation. Kiefer (1982) and
Berestenau (2004) establish optimal nonparametric rates in the case of constrained densities and
regression functions respectively when the constraints are not binding. In both cases, the optimal
rate is the same as for the unconstrained one. However, as demonstrated both analytically and
through simulations in Mammen (1991) for monotone restrictions (see also Berestenau, 2004 for
simulation results for other restrictions), there may be significant finite-sample gains.

We conjecture that the above result will not in general hold for the estimator dc defined as
the minimizer over Dg’n (0). In this case the GARP constraints would be binding, and we can
no longer ensure that the unconstrained estimator is situated in the interior of the constrained
function space. This in turn means that the unconstrained and constrained estimator most likely
are not asymptotically equivalent and very different techniques have to be used to analyze the con-
strained estimator. In particular, the rate of convergence and/or asymptotic distribution of it would
most likely be non-standard. This is, for example, demonstrated in Andrews (1999,2001), Anevski
and Hossjer (2006) and Wright (1981) who give results for inequality-constrained parametric and
nonparametric problems respectively.

Finally, we note that the above theorem is not specific to our particular quantile sieve estimator.

One can by inspection easily see that the arguments employed in our proof can be carried over

10



without any modifications to show that for any unconstrained demand function estimator, the

corresponding RP-constrained estimator will be asymptotically equivalent.

5 Estimation of Demand Bounds

Once an estimator of the demand function has been obtained, either unrestricted or restricted,
we can proceed to estimate the associated demand bounds. We will here utilize the machinery
developed in Chernozhukov, Hong and Tamer (2007) and use their results to develop the asymptotic
theory of the proposed demand bound estimators.

Consider a particular consumer characterized by some 7 € [0, 1] with associated sequence of
demand functions d (x,t,7), t = 1,...,T. Since we keep 7 fixed, we suppress the dependence of this
variable in the following. Suppose that the consumer faces a given new price pg at an income level

xg. Define the consumer’s budget set as

Bpo,zo = {q € Ri|p6q = xO} )

which is compact and convex. The closure of consumer’s so-called demand support set can then be

represented as follows:

SPO#EO = {q € BPO7$O|p (t)/q 2 P (t)l d(m (t) 7t77_)7 t= 1’ 7T} )

where {x (t)} solves

pod(z (t),t,7) =x9, t=1,...,T.
A natural estimator is then to simply substitute the estimated demand functions for the unknown
ones. Define {Z (t)} as the solution to

pode(z (t),t,7) =20, t=1,...,T.

We then define the estimator of the support set as

A~

Spo,z0 (c) = {q S Bpoﬂ?o‘p (t)/q 2P (ﬂldC(@ (t),t,7) —c/n, t=1, ---7T} )

for some positive sequence ¢ — oo with ¢/n — 0. In order to do inference, we wish to choose a

(possibly data dependent) sequence ¢ such that
P(Spg,z0 © Spo,xo @) —1-a

for some given confidence level 1 — . Here, we need to choose ¢ > 0 to obtain the correct coverage,
even if S (0) is consistent.

To derive the asymptotic properties of Spo,xo (¢), we employ the general results of Chernozhukov,
Hong and Tamer (2007). To see how our estimator fits into their general framework, define the

following set of "moments" m (q),
m(q) = —Pa-+b, i (q)=—-Pa+b,

11



where q € R?,
P - [p (1) T 7p(T)]/ € RIX27 (9)

and

b= [p (Uld(x (1)7177)7"' ,p(T)/d({L‘ (T)7T77-)]/7 B: [p(l),ac(ﬂj (1)7177_)"" 7p(T),aC’($ (T)?T7T)

!/

We can then express Sp, 2, and Sp, o (€) in terms of a set of moment inequalities:

N

SPOJEO = {q € Bpo,xo|m (q) < 0}’ SPO,SCO (C) = {q € Bpo,$0|m (q) < C/n}

The asymptotic results for S’pom (c) will be stated in terms of the Hausmann norm given by:

yeAr yeA2

dH(AlaAQ) = maX{ sup Io(yaA2)’ sup p(yaAl)} ; p(yvA) = ;Ielf“ HLB - y” 3

for any two sets Aj, As € R2. We impose the following additional condition:s are imposed on the

demand functions d and the observed prices p:
A4 x(t)—d(z(t),t ) is monotonically increasing, t = 1, ..., T
A.5 The matrix P € R2*? defined in Eq. (9) has rank 2.

Theorem 4 Assume that (A.1(-(A.5) hold. Then for any sequence ¢  log (n),

dH(‘épo,ro (C) 78}’072?0) = OP( V/ log (TL) /Tn)

Also,
P(Spoﬂvo C Spo,wo (é)) —1-aq

where ¢ = ¢1—q + Op (log (n)) with ¢1—q being an estimator of (1 — a)th quantile of Qp, 4, given by

Qpoo = sup [ Z(y) +£ )5

qGSpO ,ZQ

Here, q — Z(q) is a zero-mean Gaussian process with covariance matriz
S (q1, q2) = q) ® It Opxr 0O 0O A2 ® It Oarxr
Orxer —Ir 0 Q Orxr  —Ir
Q= P (I, Iop) S (z,7) V' (Iop, Ior) P,

where W is given in Eq. (25), while £ (q) = (&1 (Q),....&7 (q)) is given by

_ —0Q, p(t),q > p(t)/ d(l‘ (t) ataT)
fla)= { 0, p®'a=p@) d(),tr)

In order to employ the above result, one either have to simulate the asymptotic distribution

with

=1,..,T.

by Monte Carlo methods, or use resampling methods. In the latter case, one can either use the
modified bootstrap procedures developed in Bugni (2009,2010) and Andrews and Soares (2010) or
the subsampling procedure of Chernozhukov, Hong and Tamer (2007); we discuss in more detail in

Section 8 how the bootstrap procedure of Bugni (2009,2010) can be implemented in our setting.
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6 Testing for Rationality

In the previous two sections, we have developed estimators of the demand responses under revealed
preferences constraints. It is of interest to test whether the consumers in the data set indeed do
satisfy these restrictions: First, from an economic point of view it is highly relevant to test the
axioms underlying standard choice theory. Second, from an econometric point of view, we wish to
test whether the imposed constraints are actually satisfied in data.

We here develop a test for whether the consumers satisfy the revealed preference aximom;
that is, are they rational? A natural way of testing this hypothesis would be to compare the
unrestricted and restricted demand function estimates, and rejecting if they are "too different"
from each other. Unfortunately, since we have only been able to develop the asymptotic properties
of the constrained estimator under the hypothesis that none of the inequalities are binding, the
unrestricted and restricted estimators are asymptotically equivalent under the null. Thus, any
reasonable test comparing the two estimates would have a degenerate distribution under the null.

Instead, we take the same approach as in Blundell et al (2008) and develop a minimum-distance

statistic. For given price and income levels pg and zq, define the associated intersection demands,
a(po, zo,t,7) = d (& (t),t,7) € R?, (10)
where d is the unrestricted demand function estimator, and {Z ()} solves
pod(@ (t),t,7) =z, t=1,...,T. (11)

We then introduce the following statistic to measure discrepancies between a given alternative set
of demands, q = (q(1),...,q(T)) € R?T and §:

T
M D, (g’meUOaT) = Z (q (t) - Q(p()a ant77—))/ Wi (q (t) - 61 (p07x07ta T)) )
t=1

where W; € R?*2 is some weighting matrix; it could for example be chosen as an estimator of the
inverse of the asymptotic covariance matrix of q (po, o, ¢, 7) as given in Theorem 2. We then define

the projection of the unrestricted demand prediction as:

§* =arg min MD, (q|po,z0,7),

9€Spg,zg

where Sp, z, is the set of intersection demands that satisfy GARP. As demonstrated in Blundell et
al (2008), this can be written as:

SPO,IO = {QE Bgo,mo |EIV > 07)‘ Z L: V:‘, - VS Z )\tp (t)/ (q(S) 7q(t))? t= ]-a"'aT}v (12)

where By, », Was defined in the previous section. The associated Wald-type statistic is given by

MD;; (p07$077') = MDn (g*|p0)IOaT) )
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which will be used to test for rationality. The idea is that if indeed the consumer is rational, then
d (2 (t),t,7), t =1,...,T, in the limit will be situated in Sp, s, and as such M D}, (pg,zo,7) — 0.
Conversely, if the consumer is irrational, then limp M D} (po,xo,7) # 0. In other words, we are

testing the hypothesis that
q, = d(po, o, t,7) = (d (x(1),1,7),....,d (z(T),T,7)), (13)
satisfies g € Sp,z,, Where {z ()} is given as
pod(z (t),t,7) =x9, t=1,..,T. (14)

The asymptotics of M D} (po,xo, ) under the null hypothesis of rationality are non-standard
due to the fact that under the null, q, is situated on the boundary of Sp, &,. Thus, the problem falls
within the framework of Andrews (1999, 2001) who consider estimation and testing of a parameter
on the boundary of the (restricted) parameter space. We employ his general results to derive the
asymptotic distribution of M D} (po,xo,7). In the Appendix, we demonstrate that there exists
mappings V' (q) and A\(q) that takes a given demand and maps them into the corresponding utility
levels and marginal utilities. Defining B(q) = {Bg’lt) (9), Bf@ () }1<s,t<T Where

Bil@ : =Vi(@ Vi@ +Ml@p () (a(s) ~a(t)),

BPq) = —y(),

for s,t = 1,...,T, we can then write the constrained set as Sp, 2, = {q|B(q) < 0}, and define the

cone A by
OB
A:{veRﬂb m&vgo}, (15)
dq
where 0B(q)/dq = {03;12 (9)/04q, 0B§2) (g)/@g}Ks . with
9B} (a) Wil@) Vi) oM@
— 1 = - + p (1) Ast,
9q dq 99 dq
oB>
ti(g) = —lifr=tand =0 for 7 #¢,
9q

and Ag; =1if 7 =35, Ayy = —1if 7 =¢, and A,; = 0 otherwise.
Theorem 5 Assume that (A.1)-(A.5) hold and W,, —¥ W > 0. Then
raM D, (po, o, 7) —* inf (A -2 (Po, %0, 7)) W (X = Z (po, 20, 7)) ,
€

where A is the convex cone given in Eq. (15) and Z (po,xo,7) ~ N (0,% (po,zo,7)). Here,
Y (po, xo, T) is the asymptotic variance matriz given in Theorem 2 with x = (z (1) ,...,x (T)) defined
by Eq. (14).

14



Sometimes, it may also be of interest to draw inference regarding the constrained set of demands,

g*. Applying Andrews (1999, Theorem 3) we obtain under the null that
V(@ = yo) = X* (Po, z0,7), A" (Po, @0, T) = arg inf (A -2 (Pos 20, 7)) W (A = Z (po, 0, 7)) -

The distributions of the estimator and the test statistic are non-standard. Andrews, (1999,
Theorem 5) shows that the asymptotic distribution A* can be written as a linear projection of
Z (po, o). Alternatively, it may be simulated.

The proposed test only examines rationality for a particular income level, zg, and set of
prices, po. A stronger test should examine rationality uniformly over incomes and prices would be
SUpPp, o M D;, (Po, To) where the sup is taken over some compact set. If d (Po, o) is stochastically
equicontinuous and V (pg, zo) is continuous as functions of (py, z¢), the asymptotic distribution of
this test statistic would be

sup M D}, (po, o,7) = sup inf (A — Z (po, 20, 7))’ W (A = Z (o, 70,7)) ,
P0,70 po,xo AEA
c.f. Van der Vaart and Wellner (1996). Unfortunately, we have not been able to establish stochastic

equicontinuity of our sieve estimator of d (po, o, 7).

7 Practical Implementation

In this section, we discuss in further detail how the unconstrained and constrained estimators can
be implemented in the leading class of sieves on the form of Eq. (2). In the following, we again
suppress the dependence on 7 since this is kept fixed throughout. Let d, € DI be some given
function in the sieve space. This function can be represented by its corresponding set of basis
function coefficients, 7 = [ (1), ..., 7 (T)']/ e RIEAIT be a given set of parameter values.

Also, choose (a large number of) M income "termination" values, =} (T'), m = 1,..., M. The
latter will be used to generated income paths. The idea is that as M — oo, we cover all possible
income paths in the limit.

We then first compute M SMP paths {z}, (t)}, m=1,..., M:

wy, (8) =P (1) du(a, (E+1),t+1), (16)

where
x—p1(t)din (x,t)
p2 (t) '

Note that z* (¢) implicitly depends on 7. For any of these paths, say, {z* (¢)}, we can rewrite the

din(z,t) =7 (t) B(x), don(z,t)=

restriction in Eq. (16) as:
CL(S,t,?T)ﬂ'(S)Sb(S,t,TF), s <t,

where

alstim) = {” © i (s) —m <t>} B(2* (s)) € RF, (17)

b(s,t,m) = ¥ (s) —a* (t) € R,




for s < t. For the given set of M income paths, we collect these inequalities and write them on
matrix form,

A(m)m <b(m),
where
A () = [O1x(s-1)kcn|» @m (8, £, 7) ,O1x(T—s)u<:n\7]m:17.,.7M,s<t7 b= [bm (8,8, 7)) y0z1 ars<t -

Here, a, (s,t, ™) and by, (s,t, ) denote the coefficients in Eq. (17) associated with the income path
{z¥, (t)}, m=1,..., M. For example, with T'=3 and M = 1, we have

a(1,2,m)  Oixk, Oixikal 7 (1) b(1,2,m)
a(1,3,7) Oixk, Oixik,| m(2) | < | b(1,3,7)
O1xjk,|  @(2,3,7) Oy, ™ (3) b(2,3,m
We now see that the original estimation problem is an inequality constrained quantile estimation
problem:
1 T n
fic = argmin ~ S o (i (@) =7 (@) Wi () st A(m)m < b(m). (18)
t=1 i=1

Unfortunately, A (w) and b(w) both depend on ; otherwise, the estimator would be a simple
linearly constrained quantile estimator as discussed in Koenker and Ng (2005).

In some cases, it may be simpler to compute an least-squares projection estimator instead:
Ao =min |7 — 7| s.t. A(m)7w <b(n), (19)
s

where 7 is the unconstrained estimator of the coefficients given in Eq. (4).

8 Bootstrap Inference

We here propose to employ bootstrap procedures to compute confidence regions and critical values of
the estimators and tests developed in the previous sections. Since the estimators and test statistics
are non-standard in the sense that they suffer from boundary problems (binding constraints) and/or
the population parameters are not point identified, standard bootstrap procedures will not be valid.
Instead, we base our proposed bootstrap procedures on the ideas developed in Bugni (2009,2010) in
the context of moment inequalities. Both estimation problems in Sections 5 and 6 can be expressed
as a set of moment inequalities and as such fit into the framework of Bugni (2009,2010).

As an alternative to the proposed bootstrap procedure, one can employ "plug-in" methods,
where nuisance parameters appearing in the relevant asymptotic distributions are estimated from
the sample such that one can directly evaluate quantiles from the "estimated" asymptotic distrib-
ution (using simulations). These can then be used to obtain confidence regions for the population

parameters of interest.
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Below, we demonstrate that each of our estimators and test statistics fit into the framework of
Bugni (2009,2010), and describe how his bootstrap procedure can be used in our setting. First,
we briefly summarize his procedure: Suppose we are given a set of "moments" , m () € R?, that

defines the set of parameters through equality constraints,
Or:={0cO©:m(0) <0}.

This set may be a singleton such that we have point identification. We have at our disposal a sample
estimator of m (), say 1 (0) € R, such that {\/r (1 (§) — m (#)) : 6 € O} has a well-defined, tight
weak limit. This is then used to define the estimator of © by

O1(cn) ={0€0:G (M (9) <cn//rn},

where ¢, is a slack variable satisfying ¢,/ /r, — 0 and \/loglog (r)/c, — 0, and G (2) is given by
either G (z) = 3.1 w;z; or G (z) = max;=1,. qw;z, for some weights w; > 0. Bugni (20010) then

proposes the following bootstrap procedure given our estimator O (cn):

1. For b=1,...., B: Draw a bootstrap sample with replacement from the data and compute the

moment estimator based on the bootstrap sample, mj(0).

2. Compute

ey (0) := /ra(iy,; (0) — My (0)) x T{]m; (0)] <cn/Vrn}, i=1,..,4,

and
Iy := sup Glep(6)).
0€61(cn)
The empirical (1 — «) quantile of {I'; : b=1,..., B}, ¢1—q, is then used to estimate the (1 — )
quantile of the statistic supycg, G (2 (0)). Moreover, the (1 — a) confidence set of Oy is estimated
by

O1(1—a)={0€0:G () <éia//rm}.

Bootstrapping RP-Restricted Demand Estimates: We here wish to bootstrap the con-
strained version of the demand function, d. We focus on the restricted least-squares estimator
given in Eq. (19). Let 7 (d) be the set of coefficients corresponding to a given demand function d

situated in the function space D. Define
i (d) =d—d, ma(d)=d—d, rig(d)=A(r(d))r(d)—b(r(d)).

We now have that D; = {do} and D; (¢) = {(Aiec}, where Dy (¢c,) = {m:m(d) <cn/\/Tn}. We
then propose to use the following bootstrap procedure to obtain a confidence region for the RP-

constrained demand functions:
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1. For b=1,...., B: Draw a bootstrap sample with replacement from the data,
{Zf;(b):i=1,..,n,t=1,..,T}.
Compute the unrestricted demand function estimator based on the bootstrap sample, a*,
2. With 7} (d) = d — d* and 73 (d) = A (7 (d)) 7 (d) — b (7 (d)), compute
e5i (d) == /ra(mf (d) =y (d)) x T{|m, (d)| < e/}, t=1,..,T,
and

Iy = sup Ge(d)).
dGD[(Cn)

We then compute the confidence region of the demand function by

A~

D(l1—a)={d €D, :G(n(d) <é o/}

Bootstrapping Demand Bounds: Define
m(q) =Pq—acR?, m(y)=Pq—aeR?,
where P is given in Assumption C.2, while a and & are given as
a(t)=p@)dx®),t), a®):=p@)d@),t), t=1,..,T.

Finally, note that B is the "parameter space." We now have that S = ©; and S (c) = O, and we

use the following bootstrap procedure to obtain a confidence region for the demand bounds:

1. For b=1,...., B: Draw a bootstrap sample with replacement from the data,
{Zf;(b):i=1,..,n,t=1,..,T}.

Compute the demand function estimator based on the bootstrap sample, El;’;(:c (t),t), and the

income path associated with (po, zo), {2} ()},

pod; (25 (t),t) =20, t=1,...T.

-~

2. With mj ,(q) = p ) a—p @) d;(@; (t),t), compute

ep(a) == V(i (a) — (@) x H{|{mu(a)| < en/v/rn}, t=1,...T,
and

Iy := sup G(ep(a)).
q€S(cn)
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We then compute the confidence region of the bounds by

$(1—a) = {a € B: Gi(q)) < é1-a/vin}-

Bootstrapping RP Test: To translate the "moment" equalities used to test for rationality
into moment inequalities, we define rm(q) = (1 (q), m2(q), ms(q)) € R*, where m(q) = q —
d (po, o) € R?7, ma(q) = d (po, o) — q € R?"T, and m3(q) = B(q), where B(q) is defined in
Section 7. Furthermore, we restrict the weighting matrix in the test statistic, W,,, to be diagonal,
Wy, = diag {w;}. We then introduce the following set of RP-restricted demands:

Srp (cn) = {q €S : G(1(q)) < cn/\rn} s

and note that Sgp (0) = {@*} while M D,,(q|po, zo) := SUD, c510(0) G(m(q)). Our bootstrap proce-

dure now proceeds as follows:
1. For b=1,...., B: Draw a bootstrap sample with replacement from the data,
{Zf;(b):i=1,..,n,t=1,.,T}.
Compute the demand function estimator based on the bootstrap sample,
& (po. w0) = (& (3 (1) 1), .. & (31 (1), T)) € BT
where dj is the unrestricted demand function estimator, and {#7 ()} solves
podi(2; () ,t) =z, t=1,..,T.

2. With rin ( 5(@), 75 0(a) ), where i, (a) = a = dF (Po, @0), 115,5(a) = d (Po, 20) — @
and mb3(g = compute

ez,t (0) = \/a(mz,t (0) -y (0)) X H{|Tht (9)| < Cn/\/a}v t=1,...,2T,

and
Ij:= sup  Gle(a))
qESrp(cn)

The (1 — «) critical value of M D,,(q|po, zo) is now estimated by the (1 — a) quantile of {I'; : b =1, ...

Cl—q-

We unfortunately have no theoretical justification for the above two bootstrap procedure when
the demand function estimators are nonparametric. The theoretical results in Bugni (20010) are
restricted to parametric estimation problems; in particular, the moments are based on i.i.d. av-
erages that converge with /n-rate and are unbiased. In contrast, our "moments" are based on

nonparametric estimators that converge with slower rates and are biased (in finite samples). As
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such, we can unfortunately not directly appeal to his theoretical results showing the validity of the
above bootstrap procedures. It is outside the scope of this paper to demonstrate that the bootstrap
procedures proposed here are in fact valid. It should be noted though that if we treat the sieve
estimator as a parametric estimator (keeping |IC,,| fixed), then Bugni’s results should apply.

The finite-sample biases of nonparametric estimators can lead to inferior performance of boot-
strap procedures if the same smoothing parameter is used for the estimator based on the actual
sample, and those based on the bootstrap samples, see Hall (1992, Section 4.5). As in Blundell
et al (2007), we handle this issue by computing the demand function estimators in Step 2 of the
bootstrap procedures with |ICy,| (and/or the penalization term) chosen slightly larger (smaller) than

for the estimator based on the actual sample.

9 Endogenous Income

Suppose that income, x (t), is endogenous such that the independence assumption made in (A.2)
fails. The proposed sieve quantile estimator will in this case be inconsistent. One can instead then
employ the IV quantile estimators developed in Chen and Pouzo (2009) and Chernozhukov, Imbens
and Newey (2007). Alternatively, the control function approach taken in Imbens and Newey (2009)
can be used.

With the assumptions and results of either of these three papers replacing our assumptions
(A.1)-(A.3) and our Theorem 1, the remaining results of ours as stated in Theorems 2-5 remain
valid since these follow from the properties of the unconstrained estimator. Thus, all the results
stated in Theorems 2-5 go through except that the convergence rates and asymptotic distributions

have to be modified to adjust for the use of another unrestricted estimator.

10 Empirical Application (to be completed)

In our application we apply the methodology for constructing demand bounds under revealed
preference restrictions to data from the U.K. Family Expenditure Survey. The data set contains
expenditure data and prices from UK households. We use the same sample selection as in Blundell
et al (2008) and we refer to that paper for a more detailed description. The distribution of relative
prices over the central period of the data is give in Figure 1. It shows periods of quite dense relative
prices, in the 1980s for example, and periods of sparse relative prices as in the 1970s.

We choose food as our primary good, and then group the other goods together in this application.

The basic distribution of the Engel curve data are described in Figures 2 and 3.
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Price of services

Figure 1: Relative prices in the UK FES: 1975 to 1999
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Figure 3: The Density of Log Consumption: UK FES
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10.1 The Quantile Sieve Estimates of Expansion Paths

In the estimation, we use polynomial splines

din(z,t,7) =7 (t,7) Br, (y Z?T] (t, 7 a:j—&—ZanHg ) (x—vp ()i, Kn=gu+r+l,

(20)
where ¢, > 1 is the order of the polynomial and vy, kK =1, ...,7,, are the knots. For a given choice
of r,, we place the knots according to the sample quantiles of z; (t), i = 1,...,n, i.e., v (t) was
chosen as the estimated &/ (r, + 1)-th quantile of x (¢) .

In the implementation of the quantile sieve estimator, a small penalization term was added to
the objective function to robustify the estimators (see Blundell, Chen and Kristensen, 2007 for a

similar approach). That is,

7 (t,7) = arg min ZPT q; (1) —7T'W; (1)) + AQ (m), T €[0,1], (21)

neRIKnl TV

where
Wi (t) = (L (t), ooz (), (x =1 ()17, .o, (2 — vy, (t))‘f),,

and AQ (7) is an Lq-penalty term. Here, @ (7) is the total variation of dd, 1 (z) / (0z),

Q(W)—/ab

while A > 0 is the penalization weight that controls the smoothness of the resulting estimator.

,0°B (x)
0z2

™

‘d$€R+,
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By following the arguments of Koenker, Ng and Portnoy (1994), the above estimation problem
can be formulated as a linear programming problem. The computation of the unrestricted estimator
was done using Matlab code kindly provided by Roger Koenker.

The restricted estimator is computed by solving the least-squares problem in Eq. (19). We
opted for this estimator instead of the quantile estimator proposed in Eq. (18) since numerically
we found it easier to solve the constrained least-squares problem.

In our application, we focus on the six year period 1983-1988. As in Blundell at al (2008) we
use a group of demographically homogeneous households and estimate conditional quantile spline
expansion paths using a 3rd order polynomial (g, = 3) with r,, = 5 knots. The RP restrictions are
imposed at 100 z-points over the empirical support = (log total expenditure on non-durables and
services).

Each household is defined by a point in the distribution of log income and unobserved het-
erogeneity (z,€). For households at the median of the income (total expenditure) distribution the

unrestricted 7—quantile expansion paths for food share are given in Figure 4.

Figure 4: 7—Quantile Expansion Paths for Food Shares
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10.2 Estimated Demand Bounds

The key parameter of interest in this study is the consumer response at some new relative price
Po and income x or at some sequence of relative prices. The later defines the demand curve for
(z,€). The estimated (e-)bounds (support sets) using the revealed preference inequalities and our
FES data are given in Figures 5-8.

The Figures display the bounds on demand responses across the two dimensions of individual
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heterogeneity - income and unobserved heterogeneity. For a given income we can look at demand
bounds for consumers with stronger or weaker preferences for food. Figure 5 shows the bounds on
demands at the median income for the 50th percentile (7 = .5) of the unobserved taste distribution.
Notice that where the relative prices are quite dense the bounds are correspodngly narrow. Figure
6 contrasts this for a consumer at the 25% percentile of the heterogeneity distribution - a consumer
with much weaker taste for food. At all points demands are much lower and the price response
is somewhat less steep. Figure 7 considers a consumer with a strong taste for food - at the 75th
percentile of the taste distribution. Demand shifts up at all points. The bounds remain quite
narrow where the relative prices are dense. Finally, to illustrate the power of this approach, Figure

8 considers a higher income consumer but with median taste for food.

Figure 5: Quantile (RP-Rest) e-Bounds on Demand (Median InC) 7 = .50
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11 Conclusion

This paper has developed a nonparametric estimator of revealed-preference restricted demand
functions and their associated demand bounds for the case of nonseparable heterogeneity. The
asymptotic properties of the estimators were derived and the implementation discussed. A test for

rationality was proposed and its asymptotic properties analyzed.
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Figure 6: Quantile (RP-Rest) e-Bounds on Demand (Median Inc) 7 = .25
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Figure 7: Quantile (RP-Rest) e-Bounds on Demand (Median Inc) 7 = .75
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Figure 8: Quantile (RP-Rest) e-Bounds on Demand (75% Inc)
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A Proofs of Section 2 and 3

Proof of Theorem 1. We suppress the dependence on t since it is kept fixed in the following.

Write the first demand equation as a quantile regression,
@ =dy(x,7)+e(r), (22)

where e is defined as the generalized residual, e (7) := dj (z,¢) — dy (z,7). This formulation of
the model for corresponds to the quantile regression considered in Chen (2007, Section 3.2.2). We
then wish to verify the conditions stated there. First, we show that the distribution of e (7) |z is
described by a density f: - (e|z) that satisfies

0 < inf f- (e|z) < sup fr (e|lr) < oo, (23)
reX rEX
sup | f- (e|x) — fr (0]z)] — 0, |e[ — 0. (24)
TEX

To see this, we first note that due to the independence between x and &, the invertibility and
differentiability of € — d; (x,¢), and that ¢ ~ U [0, 1],

Bdfl (r,e —dy (z,7))
Oe '

fr(elz) =1{0 < d;* (v,e —d (z,7)) < 1}

>From this expression it is easily seen that Eq. (23) holds since d; (z,t,¢) and its derivative w.r.t.
¢ are continuous in = and X’ is compact. Eq. (24) clearly holds pointwise due to the continuity of
g+ dy (z,€). This can be extended to uniform convergence since sup,e x ccpo,1] fr (€lz) < 0.

Given the above results, we can conclude from Chen (2007, Theorem 3.2) that the first part
of our theorem holds if the Conditions 3.6-3.8 in Chen (2007) are satisfied. However, in the Proof
of Chen (2007, Proposition 3.4), it is demonstrated that these conditions are satisfied under Egs.
(23)-(24). Next, applying the results of Chen and Shen (1998, p. 311), we obtain the desired result
under either Assumption (A.3.1) or (A.3.2). m

Proof of Theorem 2. [TBC] Kim (2006) shows the result for quantile spline estimators in

varying-coefficient models. We proceed as there... ®

Proof of Theorem 3. Let z((t) be a given income expansion path generated from d. We

first note that the expansion path based on the unconstrained demand function satisfies
#(T = 1) = p (T~ 1) (& (T),t,7) = 20 (T~ 1) + Op (n~ /@m0

By recursion, we easily extend this to max,—1,_7 |2 (£) — 2o (t)| = Op (n=™/m+))_ Thus,

-~

E(t)—p ) d(@(s),s 1) = {&(t)—z0 (75)}+P(t)'{do (zo (s),5,7) —a(:i(s),s,T)}
+ao (1) —p (t) do (20 (5), 5, 7)
= Op (n—m/(2m+1)> )

7 A

Thus, as n — 0, Z(t) — p(t) d(Z(s),s,7) < e with probability approaching one (w.p.a.l) as
n — oo. This proves that d € Dgn (€) w.p.a.1 such that d5 =d w.p.a.l asn — co. m
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B Proof of Theorem 4

We here prove a more general version of Theorem 4 since we believe this has independent interest.
In particular, the general result takes as input any set of demand function estimators and derive the
asymptotic properties of the corresponding bounds. The result is stated in such a fashion that it
allows for both fully parametric, semi- and nonparametric first-step estimators. Let in the following
d(z,t) = (dy (x,t),...,dL, (z,t)) be any given set of demand function estimators for L > 2 goods.

We then assume that the following conditions are met:
C.1 z(t) — do (z(t),t) is montonically increasing.
C.2 The matrix P = [p(1),---,p (7)) € RY*% has rank L.

C.3 For some sequence 7, — 00, and for any vector z = (z (1),...,z (T)) € RT:

(i) maxi—t,...r[|d (@ (8),6) = do (= (£),0) | = Op (1/ /7).
(i)
d(z(1),1) —do((1),1)
Vi : —1N(0,%(z)),
d(a(T),T) — do (& (T),T)
where ¥ (z) € RETXIT g the joint asymptotic variance of the sequence of demand

function estimators.

We then show the following result which includes our sieve estimator as a special case:

Theorem 6 Assume that (C.1)-(C.3) hold. Then the conclusions of Theorem 4 hold for the general

demand estimator in (C.3).
To show this result, we first define b and b by
be=p (1) do(z (t),1), b=p@)d(E(),t), t=1,..T,
where
podo(t, z (1)) = podo(t, @ (1)) = 20, t=1,...,T,
while A = P where P is given in Assumption C.2. The support set now takes the form considered

in Appendix C, and we verify Assumptions 1-2 and 4 of Theorem 10 stated there. It is easily seen

that Assumptions 1-2 hold, so we only have to verify Assumptions 4: We have
Vin (b= b) =Py (D - D),
where D = (d(1,2 (1)), ...,d(T, & (T))") € RET, D = (do(1,z (1)), ...,do(T, 2 (T))")" € RXT and

p(1) 0 0
P— 0 p(2) : c RTXLT
: . 0
0 0 p(T) |




We write
(d(1,

where D

0 =

= T
of(D D,D— D)

b-p={b-D}+(D-D),
(1)),...,d(T, z (T)))'. We then wish to derive the joint asymptotic distribution
We first derive the asymptotics of & (¢) which is characterized by
p6a(t7 T (t)) — X0
od (t,x)
Ox

pod (¢, (1)) — 0 + P

- od (t,
il (1 (1) — 0 + B} { \n2)

., @ (T)) satisfies

Vi (& —2) = Q5 "Poy/ra (D = D) + o (1),
where
B 0] B on 0 U
od(z(2),2
P, = 0 po e RTXT 0, = 0 Po- egx((z)) : e RT*T.
: 0 : 0
od(x(T),
| 0 0 pp | I 0 0 p()%
Next, use this result to conclude that
a = oD . oD
\/a(d— d) - [ag; —i—oP(l)} Vi (@ —2) = 5200 Po\/ﬁ<D D) +op (1),
where  ad(z(1).1) )
9z(1) 0 0
od(z(2),2
oD - 0 éw((2)) : c RETXT
oz 0
od(z(T),T)
L 0 0 0x(T) J
In total,
D-D
(878 ) < (o-5) o,
with 5
d -1
U — %Qo 0 € R2LTXLT (25)
Iy

In conclusion,
D—-D
Vi (b= b) = <ILT,ILT)W< 5 D

which is Op (1) under C.3(i) while under C.3(ii),

NG (13 - b) 4 N (0,P (I, Ipr) U8 () ¥ (I, Ipr) P') .
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C Proof of Theorem 5

As with Theorem 4, we here prove a more general version of the theorem that takes as input any
estimate of the demand system. As before, let d (z,t) = (d1 (2,t),...,dr, (x,t))" be any given set of
demand function estimators for L > 2 goods, and let § (po, zo) be the implied demands computed
as in egs. (10)-(11). We then show that Theorem 5 holds under the general assumptions C.1-C.3

stated in the previous section.

Theorem 7 Assume that (C.1)-(C.3) hold, and that W,, —¥ W > 0. Then the conclusions of
Theorem &5 hold for the general demand estimator in (C.3).

To prove this result, define £,,(q) = r,M Dy(q|po, zo) as the normalized version of the statistic,
and let §q be the unrestricted estimator, § = arg minqeRzL ln(q). Clearly, § = §(po,zo) and
n(@) = 0. Also define the restricted estimator §, by q, = argminges {n(q) such that £,(q,) =

rnM D} (po, zo). Thus, our test can be written as
raMD; (P, w0) = { €n(@y) — tulay) } = {n(@ ~ fulay) } (26)

where g, = g, (Po, zo) is given in Eq. (13). For convenience, let Z (o, po) = rn(q, — d (0, o))
denote the normalized estimator such that Z (zg, po) ~ N (0, X (xg, po)) is its limit, Z,, (zo, po) —¢
Z (xg,po), c.f. (C.3.ii). In the following, we suppress all dependence on (zg,pg) since these are
kept fixed.

We first note that the second term in Eq. (26) follows a standard distribution since the criterion
function is smooth and qj, is situated in the interior of ]RJTFL: The first and second order derivatives

are given by

9ln(q) 9ty (q)
= = 2W,rn(q — g ’ ) = = 2r,Wh,
9q Warn(d — @ (Po, zo)) Ja0q rn W,
and the third derivative being zero. Thus, by a third order Taylor expansion
9tn(q) 1 ,0%,(Q)
; —0(q) = q oAy Lo o t\aq) 9
tn(q,) — tn(@) 9q (4, - @ +5@-4q) Ja0q (@-gq,) (27)
= v Tn(g (p03$0) _go)/Wn V Tn(g (pOamU) _go)

= Z'\WnZy.

The first term in Eq. (26) requires some more work since g, will be on the boundary of the
constrained set S as defined in Eq. (12). In order to deal with this, we employ the general results of
Andrews (2001) [A01]. Using his notation, the parameter of interest is § = q € R, the parameter
space is given by © = S and the objective function is given by ¢ (8) = £,(q) (A0l uses T" for
sample size). A01’s norming matrix B,, is chosen as B,, = /7. We now verify Assumptions 1, 22"

3*, 5* and 6 in A01 for the constrained estimator such that we can appeal to his Theorem 1.

Assumptions 2% : We first note that S — 9q, is a union of linear inequality constraints. Thus
Assumption 22" (a) holds with St = SN B(q,,9) for some (small) § > 0. Assumption 22" (b) and
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2% (c) clearly hold since £,(q) is three times differentiable with B;,20%(,(q)/(0q0q’) = 2W,, —F
2wt > 0.

Assumptions 3*: By (C.2.ii),

-1 8&1 (ﬂ())

" g = Wy (4= a(Po,w0)) = 2WaZy —* 2012,

while B, 20%(,(q)/(090q’) =T 2W =1 > 0 by (C.3).

Assumptions 5* and 6: We wish to find a cone that is locally equal to S — 9, To this end, we

wish to write S on the form

S={alVi'(a) - V(@) = N (@p (1) (a(s) —a(t), s,t=1,.,T},

for some functions V* : RJLrT — Ri and \* : RJLrT — Rz that takes any set of demands, q =
(a(1),...,q(T)) and maps it into an associated set of unique utility levels and marginal utilities. For
q € S, the mapping can be constructed by, for example, Varian/Arifat’s algorithm. Alternatively,
we may define the two mappings as
. ! /
(V(a),AM(g)) = arg VglelﬁT V'V 4+ XN
st. Vi—Ve > ap@®) (q(s)—q(t), x>1, V; >0, t=1,...T.

This convex optimization problem has a unique solution for any given value of q € S. However,
this mapping is only defined for q € S - not outside of the set. And we need the mapping to be
well-defined and differentiable in a small neighbourhood of q,- If q, lies on the boundary of S, this
implies that we need to extend the mapping to also be well-defined outside of S. For any q and
(V, \) satisfying with |[q — g*|| < § and ||(V,A) = (V(q*), A(a@¥))|| < 6, for some small § > 0, define
e(q,V, ) as

— i o2
e(q,V,\) = arg min e
st. Vi—Ve+e > Mp@®) (a(s)—q(t), t=1,...T.

This is a well-defined function, which is continuously differentiable in a small neighbourhood of

(g, V(g*), A(g*)). For any q with Hg — g*H < 6, we now redefine (V(q), A(q)) as

st. Vi—Vite(ad,V,N) > AMp() (a(s)—a(t), x>1, V>0, t=1,.,T.
The solution mapping (V(q), A(q)) is differentiable for q with |[q — g*|| < 4, and we can restrict
our attention to this set since under the null, §* — q*.With B(q) defined in Section 7, we can then

write the constrained set as S = {q|B(q) < 0}, and employ Andrews (1997, Lemma 2) to obtain
that the cone A is given as in Eq. (15).
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It now follows by A01, (proof of) Theorem 1, that
Un(ag) = (@) = ZyW Zn — inf (A = Zn)' Wi (A = Zn) +0p (1) (28)
— = €
Substituting Eqgs. (27) and (28) back into Eq. (26) yields the desired result:

MD;, (wo) = inf (A - Zp) W +op (1) =4 inf (A~ YW tn=2).

D Auxiliary Results

We here state a general result for a family of set estimators involving linear constraints. These
should have independent interest outside of demand bounds estimation. In particular, this seems
to be the first general treatment of linear two-step set estimators. We consider a compact and

convex parameter space © C R? and define the set of identified parameters by
O = {0 € ©]40 < b},

for some known function ¢ : © — R? and some unknown matrix A € RP*? and unknown vector
b € RP. Since A and b are unknown, we cannot compute ©;, but suppose we are given preliminary
estimators, A = A,, € RP*4 and b =b, € RP for some sample of size n > 1. A natural estimator of

Oy is then the following plug-in one,
éI:{ee@\fwgz}}.

However, in some situations, a different estimator has to be used to ensure that the estimator is
consistent and in order to construct confidence sets, c.f. Section 3.
We note that by defining

~ ~

m(0) = A0 —b, m(0) = A0 —b,

we can express O and O in terms of a set of moment inequalities: ©; = {# € ©m (A) < 0} and
O; = {0 € Om(h) <0}.
As already demonstrated in Section 7, the demand bound estimator fits into this framework.

Some other problems are:
Example 8 (OLS with Errors-in-Variables) Consider the regression model
Y =B+ 81X +e,
where we only have contaminated observations of X € R?,
Z =X +u.

Here, uy are the errors-in-variables. Assuming that w and X are independent with E [u] = 0 and
E [uu'] = D, we obtain by following e.g. Klepper and Leamer (1984) that B, satisfies

r'by <71r'By < Var(Y),
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where

by = Var(Z) ' Cov(Z,Y) eR?, r=Cov(ZY)eR.

Here,
A=[r,—r] €R¥? b= [Var(Y),—r'b:] € R

Example 9 (Regression with Interval-Censored Outcomes) Consider the regression model
Y =p5'X +e¢,

where X € {x1,...,xr} is discrete and we don’t observe Y but only Yimin and Ymax where Y €
[Yinin, Ymax).- Then

E [Ymin‘X = .’L‘l] S 5’1‘1' S E [Ymax‘X = xl] y Z = 1, ,L

Here,
A= [2f,...,2}] e REX b= (B [Yinin| X = 1], o, B [Youin| X = 1))’ € RE.

We derive the asymptotic properties of ©; and construct confidence sets for ©; by utilizing the
general set of results found in Chernozukhov, Tamer and Hong (2007) [CHT07]. We will do so

under the following high-level assumptions:

Assumption 1 The parameter space © C R? is compact and convex.
Assumption 2 The matrix A = [a’l, ...,a;,]l € RP*? g, € R%, has rank p.
Assumption 3 The set
©,°={0€0O1]aid <b;—¢e, i=1,..,p} COy
has a non-empty interior for some (sufficiently small) ¢ > 0.

Assumption 4 For some sequence r, — oo:

(i) 14— All = Op (1/y/7) and |[b— bl = Op (1/ /7).

(i)
\/ﬁ( vec (121) —vec(A) > Ay (07 ( Qaa Qap )) ,

b—b Qpa Qg

where V € RPA+TDxp(d+1) 5 the joint asymptotic variance.

Depending on whether Assumption 3 holds or not, we will use two different estimators of O7.

These can both be written on the form

@NQZ{GeengmWWiédm},
I
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for some sequence ¢ = ¢, > 0, and where ||z||2 = |max {z,0}]|?. If Assumption 3 does not hold,

then int®; = &, and we need to choose 7 o log (n) to obtain consistency. If it does hold, we may

choose 7 = 0 such that ©; = O (0) = {0 € 0|40 < I;}
In order to do inference, we wish to choose a (possibly data dependent) sequence 7 such that

P(©; CO1(7) = 1—a,
for some given confidence level 1 — . Here, we need to choose 7 > 0 to obtain the correct coverage,
even if ©7(0) is consistent.

Theorem 10 Assume that Assumptions 1-2 and 4(i) hold.

1. If Assumption 3 does not hold, we choose ¢ x log (n), and obtain:

du (O (7),07) = Op(y/log (n) /rn).

2. If Assumption 3 does hold, we choose ¢ = 0 and obtain:

du (071 (0),07) = Op(\/1/ry).

3. If additionally Assumption 4(ii) hold then

sup 7,Qn (6) =4 Q== sup [|Z (0) + £ (0)]1%
0cO 0cO;

where 0 — Z (0) is a zero-mean Gaussian process with covariance matriz

,1®Ip Opxp ) ( Qaa Qap ) ( 02®Ip OdeP >
~1I, ’

Y (61,02) =
( Opxpa —1Ip Qpa Oy Opxp

while £ (0) = (&£, (0),...,&, (0)) is given by

—0Q, a;0 < b; .
, 1=1..p.
0, aiH = bz'

& (0) =
Let consistent estimator ¢1—o, of the (1 — a)th quantile of Q. We then have
P(O; CO1(7)—1—a,

where T s given by

Assumption 3 does not hold T=2¢_o+0p(log(n));

Assumption 8 does hold : T = ¢1_q.
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Proof. We verify conditions C.1-C.5 in CHTO07 with @, (6) = ||/ (0) ||2, . (0) = A — b, and
Q (0) = ||m ()2, m (0) = A — b. This will yield the stated results.

Condition C.1: Given the definitions of @, (¢) and @ (6), this holds with a,, = r,, and b,, = /7,

as an immediate consequence of Assumption 1 and Assumption 3(i).

Condition C.2: We show that this holds with v = 1. Consider any # € ©\©O;: Let 0* =
argming g, ||0 — 0'|| be the unique point in ©; which has minimum distance to 6. Let §* = 6 — 6"
be the difference such that ||0*|| = p (6, ©1). We can decompose the rows of (A, b) into binding and

non-binding constraints respectively of 8*. We write A = [a’l, ey al

/ . . .
, ap} , where a; € R? is an individual

row of A. Let (A(l),b(l)) and (A(Q),b@)), with AD) = [agl),,...,al(,ll),}, and b1 = (bgl),...,béll))’,
denote the set of rows which contain the binding and non-binding constraints respectively. That
is, m (6*) := AMg* — p(M) = 0 while m® (6*) := APg* — b2 < 0. Let Ayin be the minimum
eigenvalue of AA’. Due to Assumption 1, Ay, > 0 and we have

< ,max ]a(1)5*|
17 - P1

Aumin [[5]] < HA<1>5*

Thus, there exists at least one ig € {1,...,p1} such that either az(;)é* < —Amin ||6%]] or Amin [|07]] <
a%)é*. We then obtain

Im (6)]% 0%

ZW —bil} >

ag*l)é*

2
= ‘aﬁ) (0" +6%) — bP)
+

2 2 * 2
I 2 )‘min H6 || = )‘minp (97 ®1)

This establishes that @ (0) = ||m (0 )HJr > A2..0%(0,07). Following the same steps as in CHTO07’s
Proof of Theorem 4.2(Step 1) this verifies (C.2).

Condition C.3: Assume that Assumption 3 holds. Consider for any (small) ¢ > 0, the con-
traction ©;° defined in Assumption 3. Note that we here do not use the same contraction as the
one considered in CHTO7, Section 4.2. We then wish to verify their (C.3) with ©,, = ©,°" where
en=O0Op (1/\/@) For any 6 € ©,,

nQn (6) = nlm(8) —m (@) +m @)%

M@

< | {V/nri; (0) —m (0)} + vVam (6) |2
i=1

= Y 10p (1) + Vam ()
=1

< ) 10p (1) + yaenl}

-

Next, observe that, due to ©;° C © with both being compact,

du(0;°,05) = eseué) p(0,0,°) = eseug)) a*ierg*E 16* — 0| =1|6" - 9],
I I I
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for some 6 € O and §” € ©;°. These optimizers must satisfy § € 907 and 6" € 90 ¢; in particular,
there exists i € {1,...,p} such that m;(6") = 0. Thus,

Hé* - éH < Amax ‘mz(a*) - mz(é)‘ = Amax ‘mz(é*)‘ < )\max5>
where A\pax is the maximum eigenvalue of AA’.

Condition C.4-C.5: We here follow the same arguments as in CHT07, Proof of Theorem 4.2
(Step 2-3), and verify their high-level conditions in M.2 for our specific choice of m. Define

@I:{He@]azﬂzbi, 1€T, a0 <b;, ’iGIc},

for any subindex Z C {1,...,p} with Z¢ = {1,...,p} \Z, which is convex as the intersection of two

convex sets. Also, define

Viz = {6,301 xB0,0)A = vap (01 - 0)},
Vﬁoz = {(9,)\)€@I><B(0,5)|)\:\/an/(9179) forsomen'Zl}.

Since ©7 x B (0,9) is convex, it follows that VEZI 1 Vgo 7 montonically in the set-theoretic sense.

Since VfL’I, Vgol C ©7 x B(0,6) where ©7 x B(0,6) is compact, this in turn implies convergence
in the Hausdorff distance.

Re. convergence of m: We have

Van (m (6) —m (6))

Van(A — A0 — an(h—b)
= (0'®1,) anvec(A — A) — \/an (b —b)

B 0 @1, Opxp Jan vec(A — A)
= " N .
Opxpd _Ip b—1b
Under Assumption 2(i), the last expression is Op (1) while under Assumption 2(ii) it converges

towards N (0,%(0,60)). This shows pointwise weak convergence, while the following inequality

demonstrates that 6 — \/a, {m () —m ()} is stochastically equicontinuous:
V@ (i (1) = m (61)} = Van {7 (02) =m0} = |[Van (A= A) (61— 05)]

|vau(d - 2| o2 - 6o
= Op (1) x |01 =2l

IN

In total, the stochastic process 6 — \/a, {m (6) —m (0)} weakly converges on the compact set ©
towards a zero-mean Gaussian process Z (0) with Cov(Z (01),Z (62)) = X (61,02), c.f. Van der
Vaart and Wellner (2000, Example 1.5.10). We also note that Vgm () = A is well-defined. In
conclusion,

U (0,0) = 10Qn (0 + N/ /1) =% loo (0,X) = || Z (0) + AN|%.
In particular,

sup 1,Qp (0) = sup £, (0,)) =% Q = sup | Z(0) +£0)]>.
0€O 0,\)eVy, 0O
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